
QUANTUM MECHANICS

the representation of continuum
of metrical and vector spaces

Rastko Vuković
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Quantum Mechanics

Foreword

Quantum mechanics is one of the most exciting relationships between mathematics and the
material world. When we see it as a bridge that connects infinitely to the final, causally
with random, interaction with information, it becomes again as new as its known parts are
the difficult topic.

In the first version of this book, written in 2017, I avoided all of the above, and even
the smallest speculation. I gasconade with the school level of quantum mechanics from the
early 1980s, as when I, as a student of mathematics at the Belgrade Faculty of mathematics
and natural sciences from the Department of Theoretical Physics, took the three-semester
Quantum Mechanics at prof Fedor Herbut. It was a frightening school subject obnoxious
even among the student of physics, so I had to learn it better than usual. Of course, the text
of the book happened to be scholarly naive and stodgy. No imagination, no initiative, no
courage! Even for the teaching of quantum mechanics, I thought, such preparations would
not roll.

The next phase of the book went to another extreme. Under the impression of disap-
pointment in the first version and wanting not to repeat already published (hypo) theses,
my fantasies had the form of the “Alice in Wonderland,” which some serious mathematician
would not want to publish, except perhaps under a fake name. I finished it carefully by
deleting files wherever.

The third version is this. I hope at least half as successfully as how carefully, on the
spoon I added the news, separating the generally accepted areas from the details that are
not. Exposure is not easy to read because it mainly consists of the definition-theorem-proof,
and then also of seemingly unacceptable additions (while science does not mature). The
predominant part of these few but non-standard explanations come from my earlier texts
(see [1] and [2]), often for confirmation, but there are even fresher ones. The example of
the smallest part is the interpretation of parallel realities and relativistic slowing down of
time due to the inability of (physical) communication between them. In contrast, let’s say,
from the abandonment of Mach’s concept of physics for a philosophy similar to Plato’s.

If it seems to you that quantum mechanics is treated as a branch of mathematics, you’ve
noticed well, but I believe it would be equally true and vice versa. Truths are essentially
abstract. They are unknown to us, except those we call mathematics, or the more specific
parts that we experience with senses and other perceptions. The properties that we can
adventure are finite. In general, I call here the material not only of these known properties
we call the substance, but also the similar ones, which are no more than countable infinite.
These natures of matter undergo the principle of finality. However, physical reality consists
of a much larger, infinite parts of the abstractions.

Rastko Vuković,
Banja Luka, April 2018.
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Chapter 1

Vector spaces

The classical quantum mechanics can be reduced on the five postulates (see [3]). That
is the idea which the first announced Dirac1 in his book “The Principles of Quantum
Mechanics” from 1930. (see [4]) which today, on similar way, follow many authors. The
first is about system states. The state of any physical system, on any place and moment,
is the representation of some state vector ∣ψ⟩ of Hilbert2 space H. That vector has all the
information we needed about the system.

Basically this is the concept or the principle of superposition, that is, the “superposition
property” that all linear systems have. The overall response of a linear system caused by
two or more stimuli is the sum of the responses that partial stimulants could give. For
example, if the input A produces the output of X, and the input B output is Y , then the
input A+B will result in the output of X +Y , which is the definition of linear vector space
operators.

It is shown that such a setting of quantum mechanics is possible because the vector spaces
are sufficiently abstract, and in different physical dimensions, such as mass and temperature,
they are well represented by these abstractions. Moreover, physical dimensions, whenever
they are physically independent, are easily declared as the vectors of the orthogonal base,
and then the normal operators become very important to us. These are those operators
who are (almost) inverse to themselves, which gives a new light to quantum mechanics in a
way that promotes this book.

The second postulate is about observables and operators. For each physically measur-
able size A, which is called observable or dynamic variable, there is a corresponding linear
Hermite3 operator Â whose own or characteristic vector (eigenvector) form a complete
database. This postulate comes from the previous observation.

If we have an orthogonal base, which we always can have with physical dimensions,
then there is a normal operator whose eigenvectors (characteristic vectors) are exactly the
vectors of that base. This is actually a mathematical theorem, which we will later prove
that in this basis, the so-called normal operator (normal – vertically, orthogonal) cancels
itself. And the operator’s action on the vector is a quantum state of evolution, a sponta-
neous development that can be burst like a radioactive decay of atoms or be moderate as
the inertial movement of the free particle. Repeated operation, operator square – means
neutrality, non-functioning. This leads to a “strange” conclusion that quantum evolution is

1Paul Dirac (1902-1984), English theoretical physicist.
2David Hilbert (1862-1943), German mathematician .
3Charles Hermite (1822-1901), French mathematician.
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reversible. For example,in quantum systems whenever there is realization from the uncer-
tainty into some information, then there is also the way back – restoring these realizations
to uncertainty.

The third postulate talks about measurement and the operator’s characteristic values.
Measurement of the observable can be understood as reading the component of the quantum
state, say, it is the projection of the state vector ∣ψ⟩ on the base, that is, the action of the
operator on the vector again. The only possible result of such a measurement is given by the
own or characteristic value (eigenvalue) of that operator. If the result of the measurement
of A at ∣ψ⟩ is an, the state of the system immediately after the measurement is given by:

∣ψ⟩0 = ∣ψn⟩⟨ψn∣ψ⟩. (1.1)

The projection of ∣ψ⟩ on its characteristic vector ∣ψn⟩ corresponds to its characteristic value
of an.

The fourth postulate is about the probability of the measured result. In the case of
discrete spectrum, when we measure the observable A of the system in state described by
vector ∣ψ⟩, the probability of obtaining one undegenerated (with only one solution) of its
own value an corresponding the operator Â is given by:

Pn(an) = ∣⟨ψn∣ψ⟩∣
2
/⟨ψ∣ψ⟩, (1.2)

where ∣ψn⟩ eigenstate, i.e. characteristic operator vector Â, with its eigenvalue an. Other-
wise, this probability is:

Pn(an) = (
m

∑
k=1

∣ψkn∣ψ⟩∣
2
) /⟨ψ∣ψ⟩ (1.3)

if the eigenvalue (proper value) is m-times degenerate.
In the case of continuous spectrum, expression (1.2) becomes density probability that

the measurement of Â can give a value between a and a+ da on the system that is initially
in ∣ψ⟩:

dP (a)

da
=

∣ψ(a)∣2

⟨ψ∣ψ⟩
=

∣ψ(a)∣2´ +∞
−∞

∣ψ(a′)∣2da′
. (1.4)

For example, dP (x)/dx = ∣ψ(x)∣2/⟨ψ∣ψ⟩ is the density of the probability of finding a particle
on the axis between the positions x and x + dx.

The fifth postulate talks about the time evolution of the system. The evolution of the
state vector ∣ψ⟩ describes the time-dependent Schrödinger4 equation:

i~
∂∣ψ⟩

∂t
= Ĥ ∣ψ⟩, (1.5)

where Ĥ is Hamiltonian5, the operator of the total energy of a given system.
This was an overview of the goals I have been working on in this, the first chapter. The

level of exposure is adapted to a better secondary school. Since quantum mechanics lies on
vectors in a flat (Euclidean) space, it seems that this level is easily achievable, but it is not.
Difficulties make complex coefficients of these vectors and elaboration of tasks that easily
slip into problems. There is also the other part of quantum mechanics itself, for example,
its “magic” that made classical theory unclear, perhaps even the founders, which we must
uncover here. A special part is (hypo) thesis from my two books listed in the bibliography,
which I will promote here.

4Erwin Schrödinger (1887-1961), Austrian physicist.
5William Rowan Hamilton (1805-1865), Irish physicist, astronomer and mathematician.
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1.1 Algebra

The algebra (Arabic: “al-jabr” – relocation) from the former rules and procedures for
solving equations, today has become a branch of mathematics. It is equated with geometry,
analysis, and with the similar, with the aim of studying absolute truths. Sounds a bit
pretentious, but mathematics is exactly that. Unlike all the sciences that come to the
“truth” about the substance by methods of logic, reason and experiment, whether it is
a physical, chemical, biological or social “substance,” mathematical truths can neither be
obtained nor denied by material experiments, but even neither with what we usually call
“common sense”. Literally, the little knowledge that mathematics has grabbed about the
world around us is indisputable from the point of view of (experimental) science.

Abstraction truths have become so accurate, because people who (for centuries) deal
with mathematics are trained to separate essentially from the non-essential. This is oth-
erwise very difficult, but it is surprisingly achievable. For example, when we collect “two
pebbles plus three pebbles”, we unconsciously invest a great effort of the intellect to ab-
stract (extract) the conclusion “We will get five stones” from supplements such as: the size
of individual pebbles, their shape, weight, composition. When we obey to these subversive
submissions, then the algebra begins, on the way where we can count with pebbles without
defining the pebbles.

The algebraic structure (S, ○) is called half group or semigroup if it consists of a set
S and closed associative binary operations ○. The closure means that the result of the
operation on the elements of the set is also an element of the given set, that from a, b ∈ S
follows a ○ b ∈ S. Operator associativity means that (a ○ b) ○ c = a ○ (b ○ c). For example,
a set of natural numbers N = {1,2,3, . . .} together with the summation, the operator +,
makes the semigroup (N,+). The same set, but with the multiplication operation, makes
an another, different semigroup (N, ⋅).

Monoid is an algebraic structure with a simple associative binary operator and an iden-
tity element, which does not change the element on which it operates. If (S, ○) is a monoid,
then there is an (identity) element e ∈ S such that for each element x ∈ S the equality
e ○ x = x holds. Therefore, an identity element is called a neutral element. The neutral ele-
ment of the semigroup (N,+) is zero, so this structure is also a monoid. The monoid is (N, ⋅)
with unit as a neutral element, so the identical element is also called the unit element. An
example of a monoid is an array of characters with a binary operation of adding characters,
concatenation. Let’s say “Banja” + “luka” = “Banjaluka”, with the identical element of an
empty string, adding a void.

A monoid whose each element has an inverse is called group. A set of integers Z =

{0,±1,±2, . . .} is a group with respect to the summation operation, because it has number
zero which is neutral to addition, and for each x ∈ Z there exists −x ∈ Z such that x+(−x) = 0.
But adding numbers is too shabby example, so let’s look for something better.

On the set of string (words) we define the operations of permutations of adjacent pairs:
p1 – replacing the first place with the next letter of p1(ABC) = BAC, p2 – replacing the
third-place with the third letter p2(ABC) = ACB, and in general pn – replacing n-th with
n+ 1 string member. Then, we declare permutation any composition (product) of these. It
is easy to prove that the permutation compositions make up a monoid. Next, from

p1p1(ABC) = p1[p1(ABC)] = p1(BAC) = ABC

we see that each permutation pn is itself inverse, and that the permutation pipjpk is inverse
with pkpjpi, because (pipjpk)(pkpjpi) = (pipj)(pjpi) = pipi and this is the neutral. There-

Rastko Vuković 9
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fore, permutations with the operation of the permutation composition have the structure
of the group.

The group is also the translation of the set of points in plane, a rigid shift of the plane
figure in a given direction for a given length. For example, if the translation T1(A) is
moving the figure A in the north-west direction for 3 kilometers, T2(A) is moving the figure
in the direction of the south-west for 4 kilometers, then T2T1(A) = T2[T1(A)] is move in
the direction of the south for 5 kilometers.

Definition 1.1.1 (Group). The group (G, ○) is an algebraic structure with a set G and a
binary operation ○ over the elements of the set, which satisfies the following conditions:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Closure ∶ (∀a, b ∈ G) a ○ b ∈ G
Associativity ∶ (∀a, b, c ∈ G) (a ○ b) ○ c = a ○ (b ○ c)

Identity element ∶ (∃e ∈ G)(∀a ∈ G) e ○ a = a
Inverse element ∶ (∀a ∈ G)(∃b ∈ G) b ○ a = e.

(1.6)

If commutativity is valid, (∀a, b ∈ G) a○b = b○a, we call the group a commutative or Abelian
group.

Example 1.1.2. Let it be G = {x ∈ R∣x ≠ −1} and operation x ∗ y = x+ y + xy. Then (G,∗)
is group.

Proof. Closeness: from x, y ∈ G follows x ∗ y = (x + 1)(y + 1) − 1 ≠ −1, so x ∗ y ∈ G.

Associativity: (x ∗ y) ∗ z = (x ∗ y) + z + (x ∗ y)z =

= (x + y + xy) + z + (x + y + xy)z = x + y + z + xy + xz + yz + xyz

= x + y + z + yz + x(y + z + yz) = x + (y ∗ z) + x(y ∗ z) = x ∗ (y ∗ z).

Identity element is 0.

Inverse: for x ∈ G is −x/(x + 1).

The Abel group is an algebraic structure (G,+) if the set G ∈ {Z,Q,R,C} is any one of
complete, rational, real or complex numbers, and operation is commonly added. Similarly,
the Abelian group is the usual multiplication operation of rational numbers, real or integers,
with the exception of zero (there is no inverse number of zero).

Figure 1.1: Cyclic group.

Rastko Vuković 10
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On the figure 1.1 is cyclic commutative group of rotations about the origin O for the
angle π

3 (radian), that is 60○, which can be generated by exponents on complex number

z = cos θ + i sin θ, i2 = −1, (1.7)

taking the angle θ = pi
3 . Namely, according to Moivre6 the form

zn = cosnθ + i sinnθ, (1.8)

for the exponents n = 0,1, . . . ,5 we obtain complex numbers z0, z1, . . . , z5, at the figure’s set
points of the unit circle with the center in the origin of the complex plane C.

These rotations for the angle π
3 are generated by power of integers on the unit complex

number (1.7), with the positive exponents corresponding to the rotation in the positive
direction (counter clockwise), and the negative in negative (clockwise).

Instead of power on the complex number, in the same figure, we can observe cyclical
rotations themselves. Moreover, we can equally abstract both complex numbers and rota-
tions, so we can look at the group of exponents G = {0,1, . . . ,5} with the summation by
module 6. Also, the operation can be the addition in the system of the base 6. We note that
these structures are abstract and universal in relation to their representations, a conclusion
that will be constantly imposed through these considerations.

A similar example of the group (G,∗) is a set of matrices

G = {e = (
1 0
0 1

) , a = (
−1 0
0 1

) , b = (
1 0
0 −1

) , c = (
−1 0
0 −1

)} , (1.9)

with matrix multiplication. It’s easy to verify that this table for multiplication is valid for
the group

* e a b c

e e a b c
a a e c b
b b c e a
c c b a e

(1.10)

It is a commutative group, so the results of multiplication are symmetric around the main
diagonal. There are many different representations of groups that share the same table,
and that is why we have to study the tables themselves.

Theorem 1.1.3. If (G,∗) is group with the neutral e, then for all a, b ∈ G:

1. a ∗ a = a ⇒ a = e,
2. b ∗ a = e ⇒ a ∗ b = e,
3. a ∗ e = a.

(1.11)

Exists only one e ∈ G and for the given a exists only one mentioned b ∈ G.

Proof. 1. If a ∈ G such that a ∗ a = a chose b ∈ G such that b ∗ a = e. Then b ∗ (a ∗ a) = b ∗ a,
so a = e ∗ a = (b ∗ a) ∗ a = b ∗ (a ∗ a) = b ∗ a = e.

2. If b ∗ a = e, then (a ∗ b) ∗ (a ∗ b) = a ∗ (b ∗ a) ∗ b = a ∗ e ∗ b = a ∗ b, and according the
previous (1) we have a ∗ b = e.

6Abraham de Moivre (1667-1754), French mathematician.

Rastko Vuković 11
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3. If a ∈ G, chose b ∈ G such that b ∗ a = e. Then, for (2) follows a ∗ e = a ∗ (b ∗ a) =
(a ∗ b) ∗ a = e ∗ a = a.

Let us prove uniqueness. If a ∗ e = a and a ∗ f = a for all a ∈ G, then (e ∗ f) ∗ (e ∗ f) =
e ∗ (f ∗ e) ∗ f = e ∗ f ∗ e = e ∗ f , and according (1) we have e ∗ f = e. Similarly f ∗ f =

(f ∗ e)∗ (f ∗ e) = f ∗ (e∗ f)∗ e = f ∗ e∗ e = f ∗ e = f , so f = e. Finally, suppose b1 ∗a = e and
b2∗a = e. Then from (2) and (3) follows b1 = b1∗e = b1∗(a∗b2) = (b1∗a)∗b2 = e∗b2 = b2.

Rastko Vuković 12
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1.1.1 Structures

The group is the basis for more complex structures that we are building on. Briefly, by
combining one set and two operations, we define a field (in Serbian: body), combining two
structures, one group and one field gives a vector space, and the vector space with a scalar
multiplication of the vectors becomes “algebra over the field” or short algebra, which is
more often called “unitary vector space”.

The structure (G, ○) which of the ones specified in the definition 1.1.1 has only the prop-
erty of the closeness is sometimes called grupoid ; if in addition to closeness, the structure
has the property of associativity it is called semigroup. Monoid is a semigroup that has an
identical element. If H ⊂ G a (H, ○) has a group structure, then (H, ○) is subgroup of the
given group. From these structures we further form structures with two operations.

In a set of rational, real and complex numbers, S ∈ {Q,R,C}, two operations can be
introduced, the addition and multiplication, so that each ordered pair (x, y) numbers from
the given set x, y ∈ S corresponds the number sum x+y ∈ S and the number product xy ∈ S.
For these operations are valid:

1○ Commutativity: x + y = y + x respectively xy = yx;
2○ Associativity: (x + y) + z = x + (y + z) respectively (xy)z = x(yz);
3○ Distributivity: x(y+z) = xy + xz;
4○ Exists neutral number 0 and respectively 1, for the sum and product, such that

x + 0 = x and 1x = x;
5○ Exists inverse number for sum and respectively for product, with inverse operation

subtract and division.
To each pair of numbers x, y ∈ S corresponds the number z ∈ S, that we call their

difference, such that x = y + z for which we write z = x−y. Each pair of numbers x, y ∈ S, of
which the second is different from zero, corresponds to the number z ∈ S that we call their
quotient, such that x = yz, for which we write z = x/y or z = x

y .

Definition 1.1.4 (Ring). Ring is algebraic structure (R,+, ⋅) of the set R and the operations
of sum and product, with the next three sets of axioms.
1. (R,+) is commutative group:

• (a + b) + c = a + (b + c),

• 0 + a = a + 0 = a,

• a + (−a) = −a + a = 0,

• a + b = b + a.

2. (R, ⋅) is monoid:

• (a ⋅ b) ⋅ c = a ⋅ (b ⋅ c),

• 1 ⋅ a = a ⋅ 1 = a.

3. Product is distributive to sum:

• a ⋅ (b + c) = a ⋅ b + a ⋅ c

• (a + b) ⋅ c = a ⋅ c + b ⋅ c.

The arbitrariness of a, b ∈ R and the closeness of a ∗ b ∈ R are assumed.

Rastko Vuković 13
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The ring is an algebraic structure in which summation and multiplication are defined so
that the typical example of the ring is a set of integers Z. Other ring examples are modular
arithmetic, then polynomials, and also quaternions.

Homomorphism from the ring (R,+, ⋅) to the ring (P,⊕, ○) is a mapping f ∶ R → P that
keeps the structure so that the identities are valid:

i. f(a + b) = f(a)⊕ f(b),
ii. f(a ⋅ b) = f(a) ○ f(b),
iii. f(1R) = 1P ,

(1.12)

where 1R is the unit element of the first and 1P the unit of the second ring. Immediately
from this definition, the properties of the following example arise.

Example 1.1.5. If f is homomorphism from the ring (R,+, ⋅) to the ring (P,⊕, ○), than:

f(0R) = 0P , f(−a) = −f(a),

Proof. f(0R) = 0P follows from f(a) = f(a + 0R) = f(a) + f(0R).

f(−a) = −f(a) follows from f(a) + f(−a) = f(a − a) = f(0R) = 0P .

The homomorphic image of the ring is sub-ring, because the homomorphism f is an
injective mapping. In injective (one-to-one) mapping, different images always come from
different originals, but the range of copies may be smaller than the originals. The surjective
(onto) mapping has a wide range of copies allowing duplication of images. The mapping
that has the both, properties of the injective and surjective, is called bijection. It is a
mutually unidentifiable function which therefore has an inverse function. If the function
f is bijection, then its inverse function f−1 ∶ P → R is also a homeomorphism, and this is
called isomorphism.

The concept of the ring was introduced in mathematics by Dedekind7 1880. The very
term “ring” (Ger. Zahlring) was invented by David Hilbert 8 in 1892. The first axiomatic
definition of the ring was given by Fraenkel9 in his essay 10 in 1914, and Noether11. She
gave the first axiomatic basis of the theory of commutative rings in his monumental work12

in 1921.

In Serbian, the body (F,+, ⋅) has an algebraic structure of the ring with the addition
that (F ′, ⋅) is the group where F ′ = F /{0}. If (F ′, ⋅) is a commutative group, then (F,+, ⋅)
is called field (table 1.1). Accordingly, each field is a body and each body is a ring, but the
reverse way is not valid. As you see, in the Serbian math literature, the structure of the
body differs from the structure of the field, but this is not the case in some other languages.
The French name for the field is corps, the German word is Körper, both literally “body”.

The field with finitely many elements is called Galois13 field. If the F is any of the
rational Q, real R or complex C set of numbers, and for the operation we consider the usual
summation and multiplication of numbers, we get the structure of the field. The integers

7Richard Dedekind (1813-1916), German mathematician.
8“Die Theorie der algebraischen Zahlkorper.” Jahresbericht der Deutschen Mathematikervereinigung, Vol.

4 (1897), I–XVIII, 175–546.
9Adolf Fraenkel (1891-1965), Israeli mathematician.

10Journal für die reine und angewandte Mathematik (A. L. Crelle), vol. 145, 1914.
11Emmy Noether (1882-1935), German mathematician.
12Ideal Theory in Rings
13Évariste Galois (1811-1832), French mathematician.
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name sum product

Associativity (a + b) + c = a + (b + c) (ab)c = a(bc)
Commutativity a + b = b + a ab = ba
Distributivity a(b + c) = ab + ac (a + b)c = ac + bc
Identity el. a + 0 = 0 + a = a a ⋅ 1 = 1 ⋅ a = a
Inverse el. a + (−a) = (−a) + a = 0 aa−1 = a−1a = 1, if a ≠ 0

Table 1.1: Field axioms (F,+, ⋅).

Z have only the ring structure. Because of the equality conditions needed to define the
addition and multiplication, each field must have at least two elements. On the other hand,
Hilbert and Weierstrass14 have proved that all generalizations of the field concept in the
triplet (F,+, ⋅) are equivalent to the field of complex numbers.

Example 1.1.6. Prove that (−1) ⋅ a = −a, for all a ∈ F .

Proof. From the field axioms we can see: a + (−1) ⋅ a =

= a + a ⋅ (−1), commutativity of multiplication,
= a ⋅ 1 + a ⋅ (−1), identical el. of multiplication,
= a ⋅ (1 + (−1)), distributivity,
= a ⋅ 0, inverse el. of addition,
= a ⋅ 0 + 0, identity el. of addition,
= a ⋅ 0 + (a ⋅ 0 + −(a ⋅ 0)), inverse el. of addition,
= (a ⋅ 0 + a ⋅ 0) + −(a ⋅ 0), associativity of addition,
= a ⋅ (0 + 0) + −(a ⋅ 0), distributivity,
= a ⋅ 0 + −(a ⋅ 0), identity el. of additivity,
= 0, inverse el. of addition.

Accordingly, (−1) ⋅ a is inverse element of a in additivity.

Example 1.1.7 (Cancellation rules). For any a, b, c ∈ F states:

1○ if a + c = b + c, then a = b;

2○ if ac = bc and c ≠ 0, then a = b.

Proof. 1○ It’s similar to the next evidence, so I leave it to the reader.

2○ Assume c ≠ 0, so (inverse el. of multiplication) there is c−1 ∈ F such that c ⋅ c−1 = 1.
By multiplying both sides ac = bc to the right with c−1, we get (ac)c−1 = (bc)c−1. Applying
the multiplication associativity, we obtain a(cc−1) = b(cc−1), hence a ⋅ 1 = b ⋅ 1, so (identical
el. of multiplication) a = b, and this was supposed to prove.

Example 1.1.8. For any a, b ∈ F is valid:

1○ a ⋅ 0 = 0;

2○ (−a)b = a(−b) = −ab;

3○ (−a)(−b) = ab.

14Karl Weierstrass (1815-1897), German mathematician.
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Proof. 1○ This is already proved, in the part of the previous. 2○ Using previous example
and associativity of multiplication, and again that example, we get:

(−a)b = (−1 ⋅ a)b = −1(ab) = −(ab).

Similarly we prove 3○.

These examples support the completeness of the axiom field system, the table’s 1.1.
The seemingly “unnecessary” evidence of “obvious” things, of what we all know about
numbers, are not always for the new discoveries of numbers, as they are to check the
comprehensiveness of given axioms. Lining up the similar checks, we are convinced ourselves
that the given set of axioms is not contradictory (complete proof of non-contradiction is
something else). Also, we notice why we should be careful with the easy addition of axioms.
It may happen that we get excess, ill redundancy or contradiction in the misunderstanding
of consequences.

There are order in all the mentioned sets of numbers except for complex (natural N =

{1,2,3, . . .}, integers Z = {0,±1,±2, . . .}, rational and real) numbers. For any two of such
numbers x, y is valid one of x ≤ y or x ≥ y, and if both are valid, then the numbers are equal
(x = y). In particular, if x ≤ y or x ≥ y but x ≠ y then write x < y or x > y. Therefore, for
any two numbers x, y ∈ R exactly one of the relations x < y, x = y, x > y applies. Instead of
R, there may be a set of Q, Z or N but cannot C.

The order allows us to naturally define an open or closed interval on the real axis of
numbers, respectively ]a, b[ or [a, b], for a ≤ b. In the first case, the boundary numbers are
excluded, they are included in the second one. When it is not matter whether the number
interval is are open or closed, then we write (a, b). The equivalent of the boundaries of
the interval in the space is sphere as the outer surface of the ball. A generalizing name,
the sphere, is called every boundary of the point surrounding the environment (which is in
the center of the sphere), even when the point is a number in the complex plane when the
“sphere” is a circle, or a point on the real axis of numbers when the “sphere” – interval.
Thus we get the open and closed environment of the given point in general, analogously to
the open and closed interval on the number axis.

Two important axioms of real numbers are Cantor15–Dedekind’s and Dedekind’s:

1. There is bijection among the points of the line and the real numbers;

2. For each splitting of the straight line into two sets, so that no point of one lies between
the two points of the other, there is a point of one of the sets that lies between all the
other points of that set and all the points of the second set.

Both axioms can be extended to the complex numbers.

The next more complex algebraic structure is vector space. It is the association of the
commutative group (V,+) and the field or body (Φ,+, ⋅), whereby the sums are related to
the elements of the corresponding sets. Elements of the set V are called vectors, and the
elements of the set Φ are called scalars. In short, we are talking about the vector space
V over the field of the scalars Φ, or about the pair (V,Φ). In this book we mean to have
complex numbers as scalars, and the exceptions will be especially emphasized.

15Georg Cantor (1845-1918), German mathematician.
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Definition 1.1.9 (Vector space). If the set V over the field Φ we call vector space, then
elements of the first set we call vectors, and elements of the second – scalars. Then for all
vectors x, y, z ∈ V and all scalars α,β ∈ Φ the axioms are valid:

1. Commutation of sum of vectors x + y = y + x,
2. Association of sum of vectors (x + y) + z = x + (y + z),
3. Exists zero 0 ∈ V x + 0 = 0 + x,
4. Every x has inverse − x ∈ V x + (−x) = 0,
5. Association of product of scalars α(βx) = (αβ)x,
6. Distribution of vectors (α + β)x = αx + βx,
7. Distribution of scalars α(x + y) = αx + αy,
8. Exists one 1 ∈ Φ 1 ⋅ x = x.

(1.13)

Default scalars are complex numbers.

The first four properties make the vectors a commutative group in relation to the addi-
tion operation. Since scalars are complex numbers, the properties 5-8 are obvious, and the
pair, the space V over the field C, we just have to recognize as a vector space.

If scalars are real numbers, then a set of real numbers can also be a vector space (the
space R over the field R), because it satisfies all eight axioms. The complex numbers
over complex numbers is also a vector space. Examples of vector spaces are also oriented
segments in Euclidean space of n ∈ N dimensions, both over real and complex numbers.

Note that a set of polynomials of degree not greater than the given natural number n is
vector space. A set of strings of complex numbers of lengths n is also a vector space. A set
of infinitely long sequences (countable complex numbers) is a vector space. Vector space is
also a set of real continuous functions in the segment [a, b] over a set of real numbers.

A set of all solutions of the differential equation

p0y
(n)

+ p1y
(n−1)

+ ⋅ ⋅ ⋅ + pny = 0, (1.14)

where the coefficients pk and, of course, the functions y depend on the given variable, makes
the vector space. Solution of the wire flickering equation

∂2u

dx2
− λ2∂

2u

∂t2
= 0, λ = const. (1.15)

make the vector space. Solutions of the integral equation
ˆ 1

0
K(y, x)f(x)dx = f(y) (1.16)

make the vector space too.
A particularly instructive example of vector space is a linear manifold (multiplicity) that

is translation. Let T be the subspace of the vector space V, write T ⊆ V, and let v ∈ V. The
set of all vectors t + v where t ∈ T is called linear manifold. We call this set Tv = T + v and
we call it the translation subspace T for the vector v.

For example, let V be a plain 3-D space (length, width, height) and let T ⊆ V be a set of
points of a plane. Joining different vectors v1, v2 ∈ V to the points of the plane T, we move
it, say we translate it to different parallel levels. One linear multiplicity is one equal to the
parallel plane given, each of which has a special vector space. Two vectors v1, v2 ∈ V belong
to the same manifold (parallel Tv) iff16 their difference belongs to a given plane, v1 −v2 ∈ T.

16iff – if and only if
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Oriented line segments

Visually the simplest vectors are oriented segments where we mean linear segments. In

the figure1.2, vectors are mapped, oriented segments,
Ð→
OA,

Ð→
OB and

Ð→
OC in the orthogonal

coordinates of Cartesian system Oxy. The vectors that have the same direction, stream,
and intensity are the same, so they represent the vector whose origin is point O and the top
is at the point with given coordinates, here in succession: A(xA, yA), B(xB, yB), C(xC , yC),
or: a⃗(xA, yA), b⃗(xB, yB), c⃗(xC , yC).

Figure 1.2: Vector sum.

Oriented lengths OB and AC are parallel and equal in length, as well as OA∣∣BC,
so �OACB is parallelogram. Note the congruent triangles between the interrupted lines
of projection on the coordinate axes, and note at the abscise xC − xA = xB, on ordinate
yC − yB = yA and xA + xB = xC , yA + yB = yC , or shorter a⃗ + b⃗ = c⃗, so

Ð→
OA +

Ð→
OB =

Ð→
OC. (1.17)

This is a known parallelogram rule for vector addition: the sum of two vectors that extend
the parallelogram is the diagonal of this paralelogram.

For example, the velocity is a vector. We notice this on a river that runs at a velocity
v⃗1 in relation to the coast, with a boat that moves in relation to water at a velocity v⃗2.
The resulting boat velocity in relation to the shore is v⃗ = v⃗1 + v⃗2. It is obtained by adding
the vector according to the parallelogram rule. Hence it follows that we have another sizes
in classical dynamics (acceleration, impulse, force) that are also vectors. For example, that
the force is vector can be checked by measuring on a pole that would be pinned at the O in
surface of Oxy in the previous figure, which would drag two devices with the forces in the

directions and intensities of the vectors
Ð→
OA and

Ð→
OB. The total measured force on the pole

would not be the sum of the intensity of the components, but it would have the direction

and intensity of the
Ð→
OC vector.

Space Rn

In the n-dimensional (n = 1,2, . . . ) Cartesian coordinate system Ox1x2 . . . xn, the arbitrary
point A(a1, a2, . . . , an) represents a special ordered sequence of numbers, projections to the
coordinate axes of the system. The origin of O(0,0, . . . ,0) is a string of zeros. The top of

the vector
Ð→
OA is the point A and the beginning is always the starting point O. Addition
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and multiplication are operations defined by equality

α ⋅
Ð→
OA + β ⋅

Ð→
OB = α(a1, . . . , an) + β(b1, . . . , bn) = (αa1 + βb1, . . . , αan + βbn), (1.18)

with arbitrary scales α,β. Three different points O, A and B define exactly one plane, so
the addition (1.18) is reduced to a parallelogram in the figure 1.2, regardless of the space
of these points of an arbitrary dimension n ∈ N. In this way we see that the points of the
n-dimensional Cartesian coordinate system make up the vector space.

Complex numbers

A set of complex numbers C can be represented by a pair of real numbers (x, y), and then
drawn as in the figure 1.2. Summation and multiplication operations are defined by:

{
(x1, y1) + (x2, y2) = (x1 + x2, y1 + y2)

(x1, y1) ⋅ (x2, y2) = (x1x2 − y1y2, x1y2 + y1x2).
(1.19)

Consistently, λ(x, y) = (λx,λy), and (x,0) is equal to the real number x. Next, (0,1)⋅(0,1) =
(−1,0), so (0,1) is a complex number whose square is −1, i.e. imaginary unit i. The number
(x, y) we write x + iy. The real numbers x and y are called the real and imaginary part of
the complex number z = x + iy. We write R(z) = x and I(z) = y.

Figure 1.3: Reciprocal and conjugated numbers.

That defined set C with the summation and multiplication operations (1.19) has the
structure of the field, we can easily see by checking the table 1.1. The zero sum is (0,0),
the multiplication unit is (1,0). The reciprocal or inverse summation item of the number
(x, y) is the number (−x,−y), and the inverse or reciprocal multiplier of that number is the
number

(x + iy)−1
=

x

x2 + y2
+ i

−y

x2 + y2
. (1.20)

The conjugate number of the complex number z = x+ iy is a complex number z∗ = x− iy. In
the coordinate plane of the figure 1.2, conjugated complex numbers are axially symmetric
around abscissa.

The figure 1.3 shows the conjugated z∗ and its reciprocal number (1
z
)
∗
, of the given

number z. Modulus of the complex number ∣z∣ =
√
x2 + y2 =

√
z∗z is the distance of the

point z from the origin O. If modulus ∣z∣ < 1, the point z is within the unit circle, and the
point z−1 = 1

z is outside as in the given figure.
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Quantum Mechanics

Example 1.1.10. Construct a reciprocal point.

Construction. It is the geometric construction power of the point in relation to the circle,
represented by the figure 1.4. Given is the circle k(O, r) with the center O and the radius r
and the point P that is on the figure inside the circle. At the point P we pull the normal to
the line OP , which cuts the circle at the point T . We draw line from T orthogonal on OT
to the intersection Q with the line OP . Rectangular triangles POT and TOQ are similar
(have the same corresponding angles), so OP ∶ r = r ∶ OQ, and hence

OP ⋅OQ = r2. (1.21)

This formula expresses the power of the points P and Q in relation to circle k. When radius
r = 1 it becomes z ⋅ z∗ = 1, and that’s exactly what we needed.

When k is the unit circle with the center in the source of the complex plane C and z is
the point P , then the point Q is the reciprocal point to z. Conversely, if Q is the point z,
the outer point of the circle k, then construct the tangent line from the point Q to k to the
tangent point T ; from the point T we draw a normal line on the line OQ to the intersecting
point P ∈ OQ which is the required reciprocal point.

Figure 1.4: Power of the point on the circle.

From the Cartesian system Oxy, we go to the polar coordinates Orφ and vice versa by
transformations17:

{
r =

√
x2 + y2, φ = arctan y

x ,
x = r cosφ, y = r sinφ.

(1.22)

The complex number z = x + iy in the polar coordinates is written

z = r(cosφ + i sinφ). (1.23)

The written method is useful for understanding the geometric sense of multiplying complex
numbers:

z1z2 = [r1(cosφ1 + i sinφ1)] ⋅ [r2(cosφ2 + i sinφ2)] =

= r1r2[(cosφ1 cosφ2 − sinφ1 sinφ2) + i(cosφ1 sinφ2 + sinφ1 cosφ2)],

and applying the addition formulas for cosine and sinus, we get

z1z2 = r1r2[cos(φ1 + φ2) + i sin(φ1 + φ2)]. (1.24)

Multiplication by z = r(cosφ + i sinφ) is the composition of the homothetic transformation
(dilatation or contraction r times) and the rotation (for an angle φ).

17In Serbian instead arctanα we write arctgα.

Rastko Vuković 20
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Matrices

A set of matrices over a body of complex numbers is a vector space. The summation and
multiplication operations of the matrix-column, x and y of the same type n×1, are defined
by:

αx + βy = α

⎛
⎜
⎜
⎜
⎝

x1

x2

. . .
xn

⎞
⎟
⎟
⎟
⎠

+ β

⎛
⎜
⎜
⎜
⎝

y1

y2

. . .
yn

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

αx1 + βy1

αx2 + βy2

. . .
αxn + βyn

⎞
⎟
⎟
⎟
⎠

, (1.25)

where the coefficients α,β, xk, yk for k = 1,2, . . . , n are complex numbers. From the definition
1.1.9, of vector space, it is easy to prove that the matrix columns of the same type are vector
space. In particular, this is also seen from the isomorphism of the ordered set of coefficients
of matrix-columns and of the ordered set of the Cartesian coordinates, that is, the space
Rn, and these with oriented segments.

In the same way it can be shown that matrix of the same type 1×n also make a special
vector space. Vector space also consists of matrices of the same type m × n. Namely, the
matrices A = (xij) and B = (yij) when they are of the same type, with m rows and n
columns, can be added on the next way

αA + βB =

⎛
⎜
⎜
⎜
⎝

αx11 + βy11 αx12 + βy12 . . . αx1n + βy1n

αx21 + βy21 αx22 + βy22 . . . αx2n + βy2n

. . .
αxm1 + βym1 αxm2 + βym2 . . . αxmn + βymn

⎞
⎟
⎟
⎟
⎠

, (1.26)

with arbitrary α and β from a given scalar field. Based on the definition of the vector space,
it is easy to prove that this structure is a matrix representation of the vector space.

The conjugation of the elements of the A = (αij) type of m × n and then transposing
(changing rows with columns) we obtain a dual matrix A† = (α∗ji) of type n ×m, for which
we say it is associated matrix to the given.

Polynomials

Let’s consider the set of polynomials of the variable x of a given degree n = 1,2,3, . . .

Pn = {a0 + a1x + ⋅ ⋅ ⋅ + anx
n
∣a0, a1, . . . , an ∈ Φ}, (1.27)

on the given field Φ. The collection of the polynomial from Pn defines equality

αA(x) + βB(x) = α
n

∑
k=0

akx
k
+ β

n

∑
k=0

bkx
k
= ∑
k=0

(αak + βbk)x
n, (1.28)

with arbitrary α,β ∈ Φ.
It is easy to see that there is a bijection between the ak and the series coefficients of

Cartesian coordinates. With the addition of (1.28) we obtain the isomorphism between the
vector space of the polynomial (degree n) over the given scalar field on the one hand and
the oriented segments (in n dimensions) on the other.

When the degree of polynomial grows unlimited (n → ∞), then polynomials become
series of form

A(x) = a0 + a1x + a2x
2
+ ⋅ ⋅ ⋅ =

∞

∑
k=0

akx
k. (1.29)
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It is obvious that there is still a bijection, f ∶ A → (a0, a1, a2, . . . ), between convergent
series and infinite (arranged) arrays. If we extend the addition (1.28) to infinite arrays, it is
possible to establish an isomorphism between the vector space of series and the vectors of
the infinite arrays. Infinitely dimensional vector spaces are the subject to study of functional
analysis.

The third type of vector space using polynomials is generated by the “unusual” scalars.
Note that in the definition 1.1.9 of the vector space, the multiplication of the scalar does
not have to be commutative. Scalars can also be quadratic matrices of the order n ∈ N,
of the type n × n, whose multiplication we know as not commutative. The product matrix
A = (aij) and B = (bij is a matrix C = (cij) such that

The third type of vector space using polynomials is generated by the “unusual” scalars.
Note that in the definition 1.1.9 of the vector space, the multiplication of the scalar does
not have to be commutative. So it’s convenient to differentiate the algebraic concept of
the “body” from the “field”! In the “body”, multiplication is not commutative, it is in
the “field”. Then, scalars can also be quadratic matrices of the order n ∈ N, of the type
n × n, whose multiplication we know as not commutative. The product matrix A = (aij)
and B = (bij) is a matrix C = (cij) such that

cij =
n

∑
k=1

aikbkj , i, j = 1,2, . . . , n. (1.30)

In other words, we multiply the k-th element of the i-th row of the first matrix with also
the k-th elements of the j-th column of the second matrix, we sum the products and obtain
the cij element that is in i-th row and the j-th column of the resulting matrix.

From the definition of multiplication it can be seen that multiplications of diagonal
matrices (which out of the main diagonal has only zeros) are commutative

⎛
⎜
⎜
⎜
⎝

a11 0 . . . 0
0 a22 . . . 0
. . .
0 0 . . . ann

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

b11 0 . . . 0
0 b22 . . . 0
. . .
0 0 . . . bnn

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

a11b11 0 . . . 0
0 a22b22 . . . 0
. . .
0 0 . . . annbnn

⎞
⎟
⎟
⎟
⎠

(1.31)

and that the multiplication of others does not have to be, for example:

(
1 2
3 4

)(
1 1
1 1

) = (
3 3
7 7

) , (
1 1
1 1

)(
1 2
3 4

) = (
4 6
4 6

) .

The matrices are equal if and only if they have all the corresponding coefficients equal, and
for the preceding matrices there is the implication A = B ⇒ aij = bij for all i, j = 1,2, . . . , n.
For the multiplication of the matrices to be possible at all, the first must have as many
columns as the other one has rows, and therefore we are here limited to square matrices.

Quantum state

Physical measurements (kilogram, meter, second) can be seen as vectors that extend the
vector space over the field of some scalars. Another representation of the vectors, in terms
of the same definition 1.1.9, would be the physical terms that stand in front of the above
measures. The third could be some physical properties, but only a special kind of them is
represented by vectors called quantum states.

Rastko Vuković 22
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For example, particle positions in the space are also represented by “oriented segments”,
for which we have seen that they are representation of the vectors, but they are not that
representation which is the basis of quantum mechanics, such that we call the position
operators. Momentum in classical physics is vector, but that is not the type of vector we
call momentum operator, that we’ll talk about later.

Quantum state, in the narrow sense, is only the state of the isolated quantized system,
which is represented by a set of quantum numbers and the distribution of the probability of
individual outcomes of measurement, in particular. Knowing the quantum state together
with the rules of evolution (spontaneous development) of this system over time, exhausts
everything that can be predicted about the behavior of the quantum system.
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1.1.2 Logic

Mathematical Logic appeared in the middle of the 19th century as a subsidiary branch of
mathematics, with the aim of unifying formal philosophical logic and mathematics (see [5]).
During the development of the notation, rigorous deductive methods and the discoveries of
the first theories, is called symbolic logic, algebra of logic or formal logic. At the beginning
of the 20th century, fundamental results have already come to light, beginning with fierce
discussions around the basis of mathematics itself and application.

The mathematical statement is a sentence denoted by a, b, c, . . . , x, y, z, which can only
have two values: true with the ⊺ and false with the mark �. Tautology is a statement that
is always true and contradiction is a statement that is always false.

The best known three operations of the statements are negation, disjunction and con-
junction. The negation of the true statement is a false statement, and the negation of
the false is true; for the statement a negation is ¬a. The disjunction statement (a ∨ b) is a
statement that is true only if at least one of the statements (a or b) is true. The conjunction
statement (a ∧ b) is a statement that is true only if all given statements (a and b) are true.

Other algebra logic operations over statements can be obtained by negation, disjunction
and conjunction. For example, implication, if a then b is a binary operation a ⇒ b which
gives a false result only if the assumption a is trye and the result b is false, shown by the
table 1.2. The same results are given by the expression ¬a ∨ b.

⇒ ⊺ �

⊺ ⊺ �

� ⊺ ⊺

Table 1.2: Implication

When two sentences, a and b, have identical truth tables, two tables like this for an
implication, then we say that these sentences are the same and we write a = b. The same
meaning as equality holds equivalence, which we write ⇔ b. Equivalence is an operation
on statements that gives the correct values only when statements of equal value are given.
The equivalence tables, a ⇔ b, and the conjunction of two implications, (a ⇒ b) ∧ (b ⇒
a), are identical. These implications are further extended to statements with negations,
disjunctions and conjunctions. In general, every sentence of algebra logic can be represented
by only negations, disjunctions, and conjunctions. How, it says the following theorem.

Theorem 1.1.11. Each binary algebra logic operation can be represented by a table such as
1.2, and equated with a statement containing only negations, disjunctions, and conjunctions.

Proof. The left higher in the table are constants, ⊺ and �, values that can be taken by the
first and second variables, and there are four positions for the accuracy tij , which define
24 = 16 of different tables and the same number of different binary operations. When the
positions of the first row and second columns, t12, we want to be �, and to the other three ⊺,
then we write ¬a∨ b, and this is the implication table. If we want to (only) at the positions
of the secondary diagonal, t12 and t21 is � then we write (¬a ∨ b) ∧ (a ∨ ¬b), and this is the
equivalence.

In general, when we want one more negation in the table, we add another bracket by
conjunction (x ∨ y), where we place ¬a in x if this negation is in the first row or a if this
negation is in the second. Also, put ¬b in place of y if this negation is in the first column
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or b if that negation is in the second. There may be at most four negation positions, and
therefore only four such brackets are conjunct by conjunctions.

For example, there are disjunctions and conjunctions on the tables 1.3. The left-hand
disjunction has � only at the position t22, and according to 1.1.11 its formula is a∨ b, which
we know is true. The right-hand conjunction has � in three positions t12, t21 and t22, and
according to the theorem, its formula is (¬a ∨ b) ∧ (a ∨ ¬b) ∧ (a ∨ b), which should be the
same as a ∧ b.

∨ ⊺ �

⊺ ⊺ ⊺

� ⊺ �

∧ ⊺ �

⊺ ⊺ �

� � �

Table 1.3: Disjunction and conjunction.

We will return to this question when we see how algebra logic formulas can be tested,
then transformed into the equivalent and thus simplified.

Example 1.1.12 (De Morgan’s laws). Check the equalities:

{
1. ¬(a1 ∨ a2 ∨ ⋅ ⋅ ⋅ ∨ an) = ¬a1 ∧ ¬a2 ∧ ⋅ ⋅ ⋅ ∧ ¬an
2. ¬(b1 ∧ b2 ∧ ⋅ ⋅ ⋅ ∧ bn) = ¬b1 ∨ ¬b2 ∨ ⋅ ⋅ ⋅ ∨ ¬bn,

which are called De Morgan’s18 laws.

Solution. 1. The disjunction is true when at least one statement (ak) is true, so its negation
is that all the statements are false.

2. The conjunction is true when all the statements (bk) are true, so the negation is that
at least one of the statements is false.

When there are only two statements in brackets, the proof of the first De Morgan law
can be done in the way shown by the table 1.4. Left are all four combinations of values of
variables, on the right are the results. From the equality of the columns of the final results
follows the accuracy of equality. This is proof by tabulation.

a1 a2 ¬(a1 ∨ a2) ¬a1 ∧ ¬a2

⊺ ⊺ � �

⊺ � � �

� ⊺ � �

� � ⊺ ⊺

Table 1.4: De Morgan first law.

The right-hand sides of these tables usually tend to multiply in columns and the result
is reached step-by-step. Try the same with another law! A slightly different way of proof,
the so-called method of contradiction, was demonstrated in the following example.

18Augustus De Morgan (1806-1871), British mathematician.
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Example 1.1.13. Prove by contradiction:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1. a⇒ (b⇒ a)
2. ((a⇒ b)⇒ a)⇒ a
3. (a⇒ b)⇒ ((b⇒ c)⇒ (a⇒ c)).

Proof. We seek can the statement is false, and if cannot, then the statement is always true.
1. The implication is incorrect only when the assumption a is true and the consequence

(b⇒ a) is false. The same applies to the implication in the bracket, which means that b is
true and a is false. So, looking at the whole statement a is true, and looking at the brackets
a is false. This is a contradiction from which follows the conclusion that there is no case
where the first formula is false; it is always true.

2. Assumption ((a ⇒ b) ⇒ a) is true, and consequence a false. Accordingly a is false.
We have:

⊺
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
((a⇒ b)⇒ a)⇒

�
©
a ,

((�⇒ b)
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶

�

⇒ �)⇒ �,

and that is impossible, whatever is b ∈ {⊺,�} the statement �⇒ b is true, it is not �.
3. We also look for an incorrect implication:

(

⊺

a⇒ b)⇒ (

�
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(b⇒ c
²

⊺

)⇒ (a⇒ c
²

�

)),

and from the last bracket follows a = ⊺ and c = �, that is.

(

⊺

⊺⇒ b)⇒ (

�
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(b⇒ �)⇒ (⊺⇒ �)).

Because of the first bracket it must be b = ⊺, but then we have:

(

⊺
³¹¹¹¹·¹¹¹¹µ
⊺⇒ ⊺)⇒ (

�
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(⊺⇒ �)⇒ (⊺⇒ �)),

⊺⇒ (�⇒ �),

⊺⇒ ⊺,

which is true. The assumption that the statement is incorrect is in contradiction; the
statement is always true.

The methods presented are generally sufficient to prove any tautology of the classical
algebra logic. They should be sufficient to check the following identities.

a ∨ b = b ∨ a a ∧ b = b ∧ a commutativity
(a ∨ b) ∨ c = a ∨ (b ∨ c) (a ∧ b) ∧ c = a ∧ (b ∧ c) associativity
a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c) a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c) distributivity.

(1.32)

Instead of these known tautologies, check the equality given with the table 1.3:

(¬a ∨ b) ∧ (a ∨ ¬b) ∧ (a ∨ b) = a ∧ b. (1.33)
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The right side (conjunction) is true when both statements a and b are true, and then:

(¬⊺ ∨ ⊺) ∧ (⊺ ∨ ¬⊺) ∧ (⊺ ∨ ⊺) = ⊺ ∧ ⊺,

(� ∨ ⊺) ∧ (⊺ ∨ �) ∧ (⊺) = ⊺,

⊺ ∧ ⊺ ∧ ⊺ = ⊺,

which is true. The right side is false when there is at least one statement, a or b, false.
Because (on both sides of the equality) of symmetry, it is sufficient to check a = �. Then
(1.33) becomes:

(¬� ∨ b) ∧ (� ∨ ¬b) ∧ (� ∨ b) = � ∧ b,

(⊺ ∨ b) ∧ (� ∨ ¬b) ∧ (� ∨ b) = �,

and left at least one bracket must be false. It really is, because if b is true then the other
bracket is false, and if b is false then the third bracket is false. Therefore, statement (1.33)
is tautology.

In the applications of algebra logic, disjunction is often written as a sum (a + b) and a
conjunction as a product (ab). The constant “true” is denoted by 1, the constant “false”
with 0. This is done in the technique, but of course, somewhat differently. The exact or
incorrect statement in quantum mechanics is also written using the column matrices, in the
following order:

∣1⟩ = (
1
0
) , ∣0⟩ = (

0
1
) . (1.34)

Multiplying these columns on left with the first Pauli19 matrix

σx = (
0 1
1 0

) , σx∣1⟩ = ∣0⟩, σx∣0⟩ = ∣1⟩. (1.35)

we get negations. Let’s consider this in a bit more details. Seemingly, we are distinguishing
the classical logic which we put together with classical (today’s) computers and with the
classical (Shannon) theory of information, from the quantum logic that should go with the
quantum computer and the more general definition of information (promoted in books [1]
and [2]).

In the 1.5 figure, we see the basic types of gates, which are called the switches or valves
too (in different languages) that are placed in the electronic circuits to simulate basic
algebraic logic operations. When the current flows it is signed by 1, and when it does not
the mark is 0. Accordingly, AND is a conjunction, OR is a disjunction, NOT is a negation.

In the technique the logical statement are usually write in capital letters, negation by
line above, disjunction as a sum, and conjunction as a product. De Morgan’s laws, from
the example 1.1.12 in the binary case, then is written A +B = ĀB̄ and AB = Ā + B̄. The
first gate is called NOR, the second is NAND, and their technical symbols are shown in the
picture 1.6. These are universal gates.

They are called universal switches because they can simulate any algebra logic operation,
without using other switches. This means that they are very economical in production and
therefore widespread in use.

Proposition 1.1.14 (Universal gates). NOR and NAND are universal gates.
19Wolfgang Pauli (1900-1958), Austrian-Swiss-American theoretical physicist.
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Figure 1.5: Circuit gates.

Figure 1.6: Universal gates.

Proof. That the NOR switch is universal follows from the theorem 1.1.11 and its ability to
simulate negation, disjunction and conjunction. Namely, if we connect both inputs together,
we get A +A = Ā, and at the output we have a negative input of A. Also, if we leave in
the entrance arbitrary A but B = 0, at the output we have the negation A. The OR switch
can be obtained using two successive NOR switches so that the first has free inputs A and
B, which at the output become A +B, which then binds to both inputs of the next NOR
switch, producing A+B, that is, the disjunction of the input. The AND switch is obtained
by means of three NOR switches, the first two separated, into the first two inputs A and
the second two inputs B, and their outputs Ā and B̄ are enters for the third NOR switch,
with the final output of Ā + B̄ = AB, that is, the conjunction of the input.

That the NAND switch is universal can be proven similarly. If both inputs of NAND
switch are A, the output is Ā, which is the input negation. Also, if one input of the NAND
switch is A and the other is 1, then the output is A negation. The AND switch is performed
using two NAND switches, in the first goes both free, A and B, with the output AB, which
is the common input of the next NAND now with the output AB, so the output is a
conjunction of the input. The OR switch is constructed using three NAND switches, the
first two are separated, the first with both inputs A, the other with both inputs B, and
their outputs Ā and B̄ become the third inputs NAND switch, with the final output of
ĀB̄ = A +B, that is, the input disjunction.

The switch, gate f ∶ x → y is reversible function if for any output y there is a unique
input x such that f(x) = y. If the gate f is reversible, then there is an inverse function
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f−1 ∶ y → x such that f−1(y) = x. Negation, NOT in the figure 1.5, is a reversible switch,
but the conjunction AND and the disjunction OR are not. Non-reversible switches do not
remember information, they lose them and therefore we look for better solutions.

Reversible gates

Thru classical logic reversing switches is passing the undamaged information with smallest
values “true” or “false”, which unit is called bit (binary digit). One of the most popular
such gateway is Toffoli, whose symbol is shown in the figure ??. It is a universal reversible
gate of logical circuits. Toffoli gate is also known as the “controlled-controlled-not” gate,
which describes its operation. There are three bits of inputs and three bits of outputs. If
the first two bits are active, the third bit changes; otherwise all three bits remain the same.
Each return process can be constructed by a Toffoli gate.

Figure 1.7: Toffoli gate.

Example 1.1.15. Present Toffoli gate as a function.

Solution. Toffoli gate could be defined as the function:

Toffoli(a, b, c) = {
(a, b,¬c), a = b = 1,
(a, b, c), otherwise .

(1.36)

Only the first two bits a, b = 1 change the third.

The function (1.36) together with the truth table and the matrix form in the figure 1.8
sufficiently describes the Toffoli Gate. Hence a simpler function:

Toffoli′(a, b, c) = {
¬c, a = b = 1,
c, otherwise.

(1.37)

It is clear that the Toffoli function is not reversible (because it does not keep information
of the first and second variables), but it is still universal. Namely, NAND (a, b) = ¬(a ∧ b),
then

¬(a ∧ b) = Toffoli′(a, b,1), (1.38)

and because the negation of the conjunction is universal (proposition 1.1.14), and can be
uniquely defined by the Toffoli ’gate, so Toffoli Gate is also a universal function.

Example 1.1.16. Show the universality of the Toffoli’ gate directly.
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Figure 1.8: Toffoli Table and Matrix.

Solution. We use the theorem 1.1.11 and function (1.37):

NOT(x) = Toffoli′(1,1, x),

AND(a, b) = Toffoli′(a, b,0),

OR(a, b) = (NOT(AND(NOT(a),NOT(b)) =

= Toffoli′(1,1,Toffoli′(Toffoli′(1,1, a),Toffoli′(1,1, b),0)).

These are negation, conjunction and disjunction only by Tofofli’ gates.

Toffoli’ (1.37) is a reduction of the Toffoli function (1.36), and therefore the Toffoli
function is also reversible. However, it is also a recurrent that is seen from equality

(a, b, c) = Toffoli(Toffoli(a, b, c)). (1.39)

The Toffoli function applied twice to the ordered triplet (a, b, c), returns the final output
equal to the initial input.

The quantum German gate is given by the function:

D(θ) ∶ ∣a, b, c⟩→ {
i cos(θ)∣a, b, c⟩ + sin(θ)∣a, b,1 − c⟩, a = b = 1
∣a, b, c⟩, else.

(1.40)

It generates Toffoli gates, because Toffoli(a, b, c) =D(π2 )(a, b, c).
Feynman20 gate is a 2 × 2 reversible switch or function, represented by the figure 1.9.

The input variables are A and B, the output P = A and Q = A ⊕B, where A ⊕B = AB,
i.e. negation of conjunction. It is used for copying because it is convenient to duplicate the
requested output.

Fredkin gate symbolically depicted in the figure 1.10 is certainly the most important in
classic technique. It is a switch, device or a circuit with three input bits and three outputs
that leave the first bit unchanged and replace the following two if and only if the first one
was 1.

20Richard Feynman (1918-1988), American theoretical physicist
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Figure 1.9: Feynman Gate.

Figure 1.10: Fredkin Gate.

Put on the first gate of Fredkin gate A, on the second 1, on the third 0, than on the
second exit we get the negation, Ā. Put on the first entry A on the second B on the third
1, at the second exit we get the disjunction A+B. Put on the first input A on the second B
on the third 0, then on the third output we get the conjunction, AB. Accordingly, Fredkin
gate itself can produce all three operations: negation, disjunction and conjunction, which
means it is a universal gate.

If we upgrade the two Fredkin gates, first come to the entrances of the other, in the end
we get the initial inputs, which mean that Fredkin’s Gate is recurrent. It is noticeable how
much this gate is simpler than Toffoly’s, and yet equally universal and recurrent.

Landauer21 believed that every logical irreversible gate threw energy into the environ-
ment (see [6]). He claimed that the loss of one bit of information means a technical loss of
kT ln 2 of energy, where k is Boltzmann22 constant, T temperature of the system. When the
process is logically reversed, when there is a binary input to the output, the corresponding
device of the classical technique (theoretically) can be run backwards, and we say that the
process is physically reversible. The second law of thermodynamics then guarantees that the
device does not dissipate energy. That’s why the reverse universal gears are so important
in technology.

The binary system of numbers was perfected by Leibniz23 in 1705, under the influence of
the ancient book Ji Jing, laying the foundations of combined arithmetic and logic. Peirce24

described in 1886 logical operations represented by a circular circuit, or possibly vacuum
tubes. Forest25 used the Fleming diode as an AND switch in 1907, and Wittgenstein26 used
the truth tables in 1921. The development of logic gates was then accelerated.

21Rolf Landauer (1927-1999), German-American physicist.
22Ludwig Boltzmann (1844-1906), Austrian physicist.
23Gottfried Wilhelm Leibniz (1646-1716), German mathematician and philosopher.
24Charles Sanders Peirce (1839-1914), American philosopher and mathematician.
25Lee de Forest (1873-1961), American inventor.
26Ludwig Wittgenstein (1889-1957), Austrian-British philosopher.
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1.1.3 Qubit

In closed quantum systems, some physical quantities do not change their value. For them,
there is valid laws of conservation such as the law of energy conservation: “energy cannot
emerge from nothing or disappear into nothing but can only be changed from one form
to another”. Under closed physical systems we mean isolated from the action of external
forces and those in which mass, energy, momentum, spin, and information are preserved.
We say that they are conserved systems.

From [1] we know that the force changes the probability and thus the produce of infor-
mation, but that the total amount of uncertainty and the generated information is constant
even under the action of force. However, in the absence of (external) forces, there is no
change in the amount of uncertainty or information, and in preserved systems from the
external forces the law of conservation of information is valid.

Therefore, similar to the classic technical return gates, spontaneous development of the
quantum system (evolution of the quantum state) does not lose information. While the
system evolves information it is constantly stored in the past. However, unlike technical
devices, we cannot just go back to the past, so we need a new name for the quantum circuit.
That’s why (in Serbian original) is used the term “switch” for a simple technical circuit,
the term “gate” for the reversible circuits, and the quantum reversible circuits are called
“valves”. However, there is no need to invent the words in English language, in this amateur
translation, so in all three cases I will use the same term gate.

In mathematics the choice of such names are arbitrary, but this is a part of physics and
technicals too. Unlike the technical device we make and use the quantum state we find and
(for now) rarely adjust. Unlike the classic computers that people did not find in nature,
but produced them, we only recently (since the 20th century) noticed that that quantum
computers are all around us, and the question is when will we be able to use them. This is
one of the main reasons for the new terms (in the original text).

The Hadamard27 gate works on one qubit (quantum bit – a unit of quantum information).
The state of the qubit ∣ψ⟩ is the linear superposition of the basic states of quantum mechanics
∣0⟩ and ∣1⟩, say (1.34), that in macro-world are corresponding to the coin throw outcomes:

∣ψ⟩ = z0∣0⟩ + z1∣1⟩. (1.41)

The complex numbers z0, z1 ∈ C are the amplitudes of Born28 probability, which we’ll also
explain. For now, just remember that the sum of the squares of the modules of these
numbers is one

∣z0∣
2
+ ∣z1∣

2
= 1, (1.42)

when the realization of at least one of the basic states is a certain event.
When measuring a qubit in a standard base, the outcome ∣0⟩ has the probability ∣z0∣

2,
and the outcome ∣1⟩ has ∣z1∣

2. The sum of the squares of the cosine and sine of the same angle
is 1, so (1.41) we can write as a rotation, with the substitutions z0 = cos θ2 and z1 = e

iφ sin θ
2 .

A special rotation of qubit is Hadamard transformation, which we call Hadamard gate for
now.

Using the Dirac notation, we define the Hadamard gate with:

∣0⟩→
∣0⟩ + ∣1⟩

√
2

, ∣1⟩→
∣0⟩ − ∣1⟩

√
2

, (1.43)

27Jacques Hadamard (1863-1963), French mathematician.
28Max Born (1882-1970), German mathematician and theoretical physicist.
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and continue with (1.41):

∣ψ⟩ = z0∣0⟩ + z1∣1⟩→ z0 (
∣0⟩ + ∣1⟩

√
2

) + z1 (
∣0⟩ − ∣1⟩

√
2

) ,

which, after algebraic updating, becomes

∣ψ⟩ =
z0 + z1
√

2
∣0⟩ +

z0 − z1
√

2
∣1⟩. (1.44)

The outer product of this superposition writes

∣0⟩ + ∣1⟩
√

2
⟨0∣ +

∣0⟩ − ∣1⟩
√

2
⟨1∣,

and this corresponds to the Hadamard matrix

H =
1

√
2
(

1 1
1 −1

) (1.45)

in the ∣0⟩, ∣1⟩ base. It is obvious that successive conjugation and transposing do not change
the Hadamard matrix, H† = H, which in itself means that this matrix is symmetric and
that its square is an identical, unit matrix, H2 = I. This pair of pages is just announcements
for the following topics.

The aforementioned quantum rotations of qubit, from which we derived Hadamard, are
found in the Bloch sphere shown in the figure 1.11. In quantum mechanics, Bloch sphere is
a geometric representation of quantum states with two levels, such as a qubit.

Figure 1.11: Bloch sphere.

This is the sphere of the unit radius in the Hilbert space, or the projective Hilbert space,
with the opposing points corresponding to the pair of mutually perpendicular vector states.
The northern and southern poles of the Bloch sphere are usually chosen to correspond to
the base vectors ∣0⟩ and ∣1⟩, which in turn corresponds to the upper and lower spin states
of the electron. Points on the surface of the sphere correspond to pure states (one of which
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will surely happen), while the interior of the sphere corresponds to mixed states (whose sum
is less than one). The Bloch sphere can be extended to the n-dimensional quantum system,
but it then ceases to be a model for qubit, and its visual benefit is smaller.

The symbol and operation of the Hadamard gate is represented by the image 1.12. Note
that it recovers the declared states in two equally probable undeclared states and vice versa.
Due to the generality of this gate, it is a general observation of the evolution of quantum
states. With the principle of probability, the axiom of objective randomness, from the book
[1], this observation leads to unusual conclusions about the nature of the universe.

Figure 1.12: Hadamard Gate.

For example, if I throw a coin as a decision on choosing the way of my life, and if the
fall of the “head” or “tail” is indeed that objective coincidence, then regardless of how the
coin fell – the laws of physics will not change. However, depending of the outcome “head”
or “tail” my physical surroundings could be changed. Call them two the parallel realities
– the name of speculative physics, synonymous with multiverse, with the roots in ancient
Greek mythology.

Unfortunately, there is no physical communication between these two realities, as it
would be contrary to conservation laws. The Hadamard gate will uncertainty translate
into certainty, into only one of ME, but with the two consecutive actions of the operator
it will work reverse, the other way back, ME and the parallel ME it will return to one of
the options of my previous uncertainty. That’s right from my point of view. From the
viewpoint of the observer (particle) to whom the time goes backward, it is symmetrical.
For one of the observers the Hadamard’s gate translates uncertainty into information, and
for backward it turn it back, from certainty into uncertainty.

For one of the observers, of the two opposite time flows, it happened the realization
of uncertainty into information, while the other sees it in the opposite direction. The
information and uncertainty for them have replaced roles.

Let’s go back to known physics and well-known assignment related to the Hadamard
gate. Many quantum algorithms use Hadamard transformation as the initial step, when
mapping n = 1,2,3, . . . qubits can be done one by one. The Hadamard matrix can also be
considered as a Fourier29 transform on a two-element additive group (Module 2).

Example 1.1.17. Apply Hadamard matrices to basic vectors.

Proof. Take:

∣0⟩ = (
1
0
) , ∣1⟩ = (

0
1
) , α∣0⟩ + β∣1⟩ = (

α
β
) .

29Joseph Fourier (1768-1830), French mathematician and physicist.
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Matrix product gives:

H∣0⟩ =
1

√
2
(

1 1
1 −1

)(
1
0
) =

1
√

2
(

1
1
) =

∣0⟩ + ∣1⟩
√

2
,

H∣1⟩ =
1

√
2
(

1 1
1 −1

)(
0
1
) =

1
√

2
(

1
−1

) =
∣0⟩ − ∣1⟩

√
2

.

Example 1.1.18. Consecutive application of two Hadamard gates to the basic vectors.

Figure 1.13: Two Hadamard gates.

Solution. We have successive transformations (fig. 1.13):

∣0⟩→
∣0⟩ + ∣1⟩

√
2

→
1

√
2
(
∣0⟩ + ∣1⟩

√
2

+
∣0⟩ − ∣1⟩

√
2

) = ∣0⟩,

∣1⟩→
∣0⟩ − ∣1⟩

√
2

→
1

√
2
(
∣0⟩ + ∣1⟩

√
2

−
∣0⟩ − ∣1⟩

√
2

) = ∣1⟩.

In other words, the square of the Hadamard matrix is unit matrix.

We have already seen (1.35) that Pauli’s matrix σx is the representation of the negation
in the quantum “circuits”. The following examples are similar but slightly more complex;
they are for the level of students of quantum mechanics or information technology.

Example 1.1.19. Write a matrix for rotating about y-axes of Bloch sphere for the straight
angle π (radian). It maps ∣0⟩→ i∣1⟩ and ∣1⟩→ −i∣0⟩.

Solution. It is the second Pauli matrix:

σy = (
0 −i
i 0

) . (1.46)

By matrix product we get:

σy ∣0⟩ = (
0 −i
i 0

)(
1
0
) = (

0
i
) = i∣1⟩, σy ∣1⟩ = (

0 −i
i 0

)(
0
1
) = (

−i
0
) = −i∣0⟩.

Also σ2
y = I.

Example 1.1.20. Write a rotation matrix around z-axis of Bloch sphere for the straight
angle, 180○. It leaves the baseline ∣0⟩ unchanged, and maps ∣1⟩ to −∣1⟩.
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Solution. It is the third Pauli matrix:

σz = (
1 0
0 −1

) . (1.47)

Matrix multiplication gives:

σz ∣0⟩ = (
1 0
0 −1

)(
1
0
) = (

1
0
) = ∣0⟩, σz ∣1⟩ = (

1 0
0 −1

)(
0
1
) = (

0
−1

) = −∣1⟩.

And again σ2
z = I.

Pauli matrices are defined so that their square is a unit matrix, σ2 = I. On the other
hand, the Hadamard matrix is H = 1√

2
(σx +σz). In mathematics, an involutory matrix is a

matrix that is its own inverse. That is, multiplication by matrix A is an involution if and
only if A2 = I. Involutory matrices are all square roots of the identity matrix.

Example 1.1.21 (Involutory matrix). Let x ∈ R, and σ some involutory matrix, i.e. such
that its square is unit matrix, σ2 = I. Show then eixσ̂ = I cosx + iσ sinx.

Solution. Use Maclaurin (Taylor) series:

eixσ̂ =
∞

∑
k=0

(ixσ̂)k

k!
=

∞

∑
k=0

(ixσ̂)2k

(2k)!
+

∞

∑
k=0

(ixσ̂)2k+1

(2k + 1)!
=

=
∞

∑
k=0

(−1)kx2k

(2k)!
Î + i

∞

∑
k=0

(−1)kx2k+1

(2k + 1)!
σ̂

= (cosx) Î + i(sinx) σ̂.

Example 1.1.22. Express the Hadamard matrix using products of the Pauli’s.

Solution. From the previous example:

exp(iπσx/4) = (I + iσx)/
√

2, exp(iπσz/4) = (I + iσz)/
√

2.

That are rotations σx and σz for angle π/4. Hence:

(I + iσx)
√

2

(I + iσz)
√

2

(I + iσx)
√

2
=

1

2
√

2
(I + i(σx + σz) − σxσz)(I + iσx) =

=
1

2
√

2
(I + i(σx + σz) − σxσz + iσx − I − σzσx − iσxσzσx)

=
i

√
2
(σx + σz) = iH,

for from σxσz + σzσx = 0 follows σzσzσx = −σz. So

H = e−iπ/2eiπσx/4eiπσz/4eiπσx/4.
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Virtual photons

We know that the electromagnetic force can be described by the exchange of virtual photons,
as in the Feynman30 diagram 1.14. A virtual photon γ moves from the electron e− left and
after a while it reaches the electron right. Then conservation laws work, as is usually
described with the Feynman diagrams.

Figure 1.14: Feynman diagram.

For example, if the photon spin was +1, then the spin of the electron left had to be
1
2 (the photon could have spin ±1, electron ±1

2) and the electron right −1
2 , after electron

exchange, electrons still have allowed spin values, left −1
2 and right 1

2 . A similar momentum
exchange will make the left photon bounce to the left and the right to the right. This can
be understood as the electric electron rejection.

We refer to the photon on the diagram as virtual, because the description is problematic
if we consider photon (always) real. In the previous book, Space-time, I explained in more
detail what would be the difficulties with such a photon, if we do not accept the principle
of probability or the objectivity of coincidence. If the world is deterministic, and each
consequence has its cause (that does not have to be available to us), then the diagram
describes the event of an extreme causality. The electron on the left firing the photon to
the electron on the right in a fantastic precision, especially if we take into account that
many of the photons we see have been traveled to us from the depth of billions of light
years. If a photon is sometimes happened to miss the targeted electron, then the electron
will spontaneously lose energy, which experiments do not confirm.

However, the described event becomes even more fantastic if we accept the principle of
probability and the objectivity of coincidence. Then the exchange of the momentum (and
spin, energy) does not happen to the left until the exchange occurs right, which means that
the present (event right) changes the past (the event to the left). We stick to these (hypo)
theses from the mentioned book and onwards.

30Richard Feynman (1918-1988), American theoretical physicist.
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Real particles are what we note at the entrance and exit of Feynman’s diagrams, they
are “terminals” through which “we see” the interior of the system, so in real terms we
consider what communicates with the real, i.e. to us. On the other hand, a virtual particle
is a micro-particle whose existence is allowed by Heisenberg’s31 the uncertainty relations
(the product of the indeterminacy of the impulse and the position, or energy and time
has a certain positive minimum), and whose existence outside these intervals would violate
conservation laws.

For realistic particles in the mentioned book (see [1]) it is written that the relation “be
real with” has the properties of equivalence: reflexivity (I am real to myself), symmetry
(if I am real with you and you are with me), transitivity (if you and me are mutually
real, and also you and it, then it and I are mutually real). Therefore, only double-sided
observation makes the objects mutually realistic. Two-way transmission of information
between two mutually real objects is called communication. As we have seen, one of the
types of non-reality is virtually, and later we will deal with some others, which we will all
call pseudo-realities together.

Let’s go back to the displayed Feynman diagram. The operation of a virtual photon can
be interpreted using a qubit (1.41), with unequal likelihood of contact realizations. The case
of the transmission of the photon spin +1 from left to right electron is described. The next
interaction, for the next virtual photon, cannot be the same, but as far as spin conservation
is concerned, it could be the similar transfer of photon’s spin -1, or (due to spin and energy
conservation) the opposite photon direction of the spin +1. Because the other interaction
(reaching the photon to the target) changes the past of the first (photon departure), these
interactions are leaps and bounds and appear one by one. It remains to check whether
photons bounce off from more and more distant electrons along a line, if thus could explain
the weaker influence of one electron on the other and the weakening of the Coulomb’s32

force with distance, or is the electron refusal due to the spherical spread of virtuality?

In the case of a line, the electrons are more and more distant, and the longer dis-
tance need increased interval of time for (virtual) photon’s exchange. If the time between
interactions is constant, the electric force of electron repulsion would not be dependent of
their distance, which would be inconsistent with the Coulomb’s law33, but it would still be
in line with the previous conclusion that the virtual photon, in the figure 1.14, travels from
the electron to the electron, has some properties of the real light.

Let us consider the rejection of two electrons, the resting mass m0 ≈ 9.11 × 10−31 kg,
along the abscissa (x-axis) between which virtual photons fly like ping-pong balls, each with
the same moment pγ . Let the distance of the right electron from the origin in n-th step
(n ∈ N) be rn, with the momentum and velocity in the relation pn = mvn. By emission of
the next photon, the moment of this electron becomes pn+1 = pn + pγ , and the momentum
increment is constant, pn+1 − pn = pγ , in all longer and longer time intervals. The distance
of the electron from the source increases to rn+1 = rn + vntn+1 = ctn+1, and hence:

rn+1 =
rn

1 − vn
c

= ctn+1, (1.48)

where c ≈ 3 × 108 m/s speed of light in vacuum.

We see that the quotient of the momentum and time increment, pγ/tn+1, gives a rather

31Werner Heisenberg (1901-1976), German theoretical physicist.
32Charles-Augustin de Coulomb (1736-1806), French military engineer and physicist.
33Coulomb’s law: https://en.wikipedia.org/wiki/Coulomb%27s_law
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poor estimation of the Coulomb force. Therefore, we conclude that the assumption about
the movement of virtual photons by (unclear) lines does not satisfy.

In the case of a sphere, the virtual photon is “smeared” on the surface 4r2π, where
r is the radius of the sphere. The center of the sphere is in the electron from which the
emission of a (virtual) photon begins, and runs as water waves of the same wavelengths and
frequencies, but smaller and smaller amplitudes and smaller energies, on unit surface, that
could be transmitted to the given body, while encounter at different distances.

In the case of the sphere, virtual photons move steadily from both electrons as spherical
waves of equal energies (spattered over the surface of the sphere) at equal intervals, with
equal passage times, but interact interchangeably. Only when the sphere from the first
electron ends up interacting with another electron; then the nearest sphere is driven from
the second electron begins to interact with the first one. With this description of the event,
we get the exact Coulomb force.

Figure 1.15: Interactions.

On figure 1.15 we see the alternating interactions of the sphere of virtual photons γ
from the left and right electrons. Concentric spheres with the center in the left and right
electrons encounter the second electron in virtual waves, possibly interacting only when the
previous one is completed and when they can return the changed spin and energy of two
electrons to their previous values. Due to the expansion of virtual interactions in the form
of sphere and point-effect, the need for this interaction is reminiscent to the operation of a
“quantum computer”. Quantum states behave like quantum processors.

The area of the sphere grows with a squared radius, and the intensity of the interaction
of the virtual photon with the second electron decreases with the square of the distance.
This agrees with Coulomb’s law. Let us ignore the unusually great synchronization of the
event on the presented image 1.15, but in this description note that the photon reacts only
with particles that carry an electromagnetic force. At the other extreme, if a photon would
react each time to every charge the virtual sphere could encounter, then the electromagnetic
field would be very local. It could not affect further electrons as long as it does not push
away nearer, and we believe that such a thing does not happen. What we think happens
is in accordance with this explanation, with respect to the principle of probability. If there
is a chance that a virtual photon will be realized, that does not mean that every virtual
photon will interact with the electron at any time.

Summarizing, in the qubit’s formula (1.41) for the basic states, ∣0⟩ and ∣1⟩, we can
take the “non-reaction” and “reaction” of the virtual photon from the first electron to the
presence of the second electron, when it is in a position to achieve such an interaction. The
possibility of interaction spreads like the sphere with the center in the starting electron.
The coefficients in front of the ground states, z0 and z1, change with the distance in such
a way that the intensity or chance of interaction decreases with the square of the distance,
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so that the Coulomb law applies.
A similar model is already applied to other physical forces, regardless of whether the

bearers of the field are a virtual or real particle. The force bearers are bosons, the particles
with integral spin following the Bose–Einstein statistics (the identical particles could be
in the same state). Examples of bosons are photons, gluons (carriers of force between
quarks), W and Z bosons (poor interaction), recently discovered Higgs boson, or graviton
(gravitational field). Unlike the bearer, receivers of these interactions are called fermions,
particles whose spin is not an integer and which follow Fermi-Dirac statistics (in the same
state cannot be identical particles).
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1.1.4 Sets

A set is a collection, class, family, or something like that, of elements. If e is element of the
set S, we write e ∈ S, and if it is not we write e ∉ S. If each element of set A is an element of
B we write A ⊆ B, that is x ∈ A ⇒ x ∈ B, and say: “The set A is subset of set B”. When
stay and vice versa, that each element of B is an element of A, that is, when the relation
A ⊇ B is valid too, then we say that the given sets are equal which write A = B. When sets
are not equal we write A ≠ B. When A ≠ B, and A ⊆ B than we can write A ⊂ B, and also
if A ⊇ B, we write A ⊃ B.

Intersection of sets A and B is the set of their common elements

A ∩B = {x∣x ∈ A ∧ x ∈ B}. (1.49)

Union of sets A and B is a set containing elements of each individual

A ∪B = {x∣x ∈ A ∨ x ∈ B}. (1.50)

Because of Russell’s34 paradox, that the set of all sets is a contradictory term, we mean by
universal set that contains all the necessary elements in a given task. In relation to the
given universal set U complement set is a set whose all elements are outside of a given set.
Complement of A with respect to U is

Ac = {x∣x ∉ A ∧ x ∈ U}. (1.51)

The complement of the set A is also denoted by A′ or Ā without mentioning the universal
set, because it is implied.

Example 1.1.23 (Russell’s paradox). There is no set of all sets.

Proof. Let A be a set of all sets that do not contain themselves. Then from A ∈ A follows
A ∉ A, and vice versa from A ∉ A follows A ∈ A. It’s a contradiction. As the set of all sets
has to have sets that do not contain themselves, it would be contradictory too. Therefore,
neither is there a set A nor is there a set of all sets.

Russell’s paradox can be illustrated by a statement about a city that has exactly one
barber a man: “This barber shaves all those and only those men in a city that do not shave
themselves.” The question is who shaves the barber?

If we answer the barber shaves himself – we lie, because he does not shave those who
shave themselves. Also, if we say that barber does not shave himself – we lie again, because
he just shaves such. This is the contradiction analogous to that of Russell’s paradox.

To date, many different forms have been discovered in mathematics, rather we say the
consequences, of the Russell’s paradox, from which we could draw a single point here. It
is not possible to carry out all the truths about physical matter without wider truths, and
this never ends. This abstract world of ideas (intentionally alluding to Plato35) is infinitely
infinite. In contrast, every property of matter is finite, which is a principle or tenet of
finality of the matter.

The similarity of the algebra sets with the logic algebra is large. The isomorphism of
these two structures comes when we take an arbitrary element of the supposed universal set
and ask whether it is an element of the given set. This, as a method, is used in the proof
of the following theorem.

34Bertrand Russell (1872-1970), British mathematician.
35Plato (Athens, 427-347 BC) was influenced Ancient Greek philosopher and orator, Socrates’ pupil, and

Aristotle’s teacher, and founder of the Academy in Athens.
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Theorem 1.1.24. For arbitrary sets A,B,C are valid:

commutation A ∩B = B ∩A A ∪B = B ∪A
association (A ∩B) ∩C = A ∩ (B ∩C) (A ∪B) ∪C = A ∪ (B ∪C)

distribution A ∪ (B ∩C) = (A ∪B) ∩ (A ∪C) A ∩ (B ∪C) = (A ∩B) ∪ (A ∩C).

Proof. Take an arbitrary element and observe the belonging to the set, using the definitions
of the intersection and the union (1.49) and (1.50). On the basis of the corresponding
algebra logic operations (∀x) follows:

(x ∈ A) ∧ (x ∈ B) = (x ∈ B) ∧ (x ∈ A), (x ∈ A) ∨ (x ∈ B) = (x ∈ B) ∨ (x ∈ A),

and this is the commutativity of the intersection and union in a row. The intersection
association follows from:

(∀x) x ∈ (A ∩B) ∩C ⇐⇒ (x ∈ (A ∩B)) ∧ (x ∈ C) ⇐⇒ ((x ∈ A) ∧ (x ∈ B)) ∧ (x ∈ C)

⇐⇒ (x ∈ A) ∧ ((x ∈ B) ∧ (x ∈ C)) ⇐⇒ (x ∈ A) ∧ (x ∈ (B ∩C)) ⇐⇒ x ∈ A ∩ (B ∩C).

Similarly, the union’s association is gaining. The first distribution follows from:

(∀x) x ∈ A ∪ (B ∩C) ⇐⇒ (x ∈ A) ∨ ((x ∈ B) ∧ (x ∈ C)) ⇐⇒

((x ∈ A) ∨ (x ∈ B)) ∧ ((x ∈ A) ∨ (x ∈ C)) ⇐⇒ x ∈ (A ∪B) ∩ (A ∪C).

Similarly, the other, the intersection distribution of the union is checked.

This theorem is a common equivalent of equations (1.32) for logical statements. It is
also clear that there are also common De Morgan law’s, such as those in the example 1.1.12,
then proven for the statements, and now we will prove them using a variation of the previous
method.

Theorem 1.1.25 (De Morgan). For arbitrary sets are valid equations:

{
1. (A1 ∪A2 ∪ ⋅ ⋅ ⋅ ∪An)

′ = A′
1 ∩A

′
2 ∩ ⋅ ⋅ ⋅ ∩A

′
n

2. (B1 ∩B2 ∩ ⋅ ⋅ ⋅ ∩Bn)
′ = B′

1 ∪B
′
2 ∪ ⋅ ⋅ ⋅ ∪B

′
n,

that are called De Morgan’s laws for sets.

Proof. We take an arbitrary element from the assumed universal set and ask whether it
belongs to the given set or not. In the first case we put ∈ in another ∉. The results of the
search for the first form are written in the following table:

A1 ∪ ⋅ ⋅ ⋅ ∪An (A1 ∪ ⋅ ⋅ ⋅ ∪An)
′ A′

1 ∩ ⋅ ⋅ ⋅ ∩A
′
n

∈ ∉ ∉

∉ ∈ ∈

The results of the search of the 2nd form are written in the table:
A1 ∩ ⋅ ⋅ ⋅ ∩An (A1 ∩ ⋅ ⋅ ⋅ ∩An)

′ A′
1 ∪ ⋅ ⋅ ⋅ ∪A

′
n

∈ ∉ ∉

∉ ∈ ∈

From the equality of “belonging” to the left and to the right of the vertical lines, we conclude
that the sets on the corresponding left and right sides of equality are equal.

Equivalent to the theorems 1.1.11 we now have the following lemma (small theorem) for
the sets.
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Lemma 1.1.26. Observing only one (one by one) element of sets, each set operation can
be proved. Also, every set operation can be expressed by a formula that contains only inter-
sections, unions, and complement sets.

The accuracy of this lemma is obvious, and also its significance. However, its reach
will be demonstrated first at a new (old) operation between sets, and then on one of the
previously mentioned gates (electric circuits).

Definition 1.1.27. Cartesian’s product of sets A and B is the set of ordered pairs:

A ×B = {(x, y)∣x ∈ A ∧ y ∈ B}.

Notice the difference between this definition and the definition of the intersection (1.49),
where also a conjunction is used, but only of one element x. This small difference changes
the flow of proof used in the theorem 1.1.24.

Theorem 1.1.28. For Cartesian set product are valid the equations:

distributivity on union A × (B ∪C) = (A ×B) ∪ (A ×C)

distributivity on intersection A × (B ∩C) = (A ×B) ∩ (A ×C)

associativity (A ×B) ×C = A × (B ×C).
(1.52)

Proof. Distributivity on union. For arbitrary ordered pair (x, y) we have:

(x, y) ∈ A × (B ∪C) ⇐⇒

(x ∈ A) ∧ (y ∈ B ∪C) ⇐⇒

(x ∈ A) ∧ [(y ∈ B) ∨ (y ∈ C)] ⇐⇒

[(x ∈ A) ∧ (y ∈ B)] ∨ [(x ∈ A) ∧ (y ∈ C)] ⇐⇒

[(x, y) ∈ (A ×B)] ∨ [(x, y) ∈ (A ×C)] ⇐⇒

(x, y) ∈ [(A ×B) ∪ (A ×C)],

and that is given equation of sets. In proof is used (1.32).
Distributivity on intersection. We start from arbitrary ordered pair (x, y):

(x, y) ∈ A × (B ∩C) ⇐⇒

(x ∈ A) ∧ (y ∈ B ∩C) ⇐⇒

(x ∈ A) ∧ [(y ∈ B) ∧ (y ∈ C)] ⇐⇒

[(x ∈ A) ∧ (y ∈ B)] ∧ [(x ∈ A) ∧ (y ∈ C)] ⇐⇒

[(x, y) ∈ (A ×B)] ∧ [(x, y) ∈ (A ×C)] ⇐⇒

(x, y) ∈ [(A ×B) ∩ (A ×C)],

and that proves the given equality. It is used and trivial a ∧ (b ∧ c) = (a ∧ b) ∧ (a ∧ c).
Associativity makes sense for the triple Cartesian product that we derive from the

definition 1.1.27 by multiplying the set A ×B by the set C. This is a set of ordered triples
(x, y, z), and now we take one arbitrary and find the equivalences:

(x, y, z) ∈ (A ×B) ×C ⇐⇒
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[(x, y) ∈ (A ×B)] ∧ (z ∈ C) ⇐⇒

[(x ∈ A) ∧ (y ∈ B)] ∧ (z ∈ C) ⇐⇒

(x ∈ A) ∧ [(y ∈ B) ∧ (z ∈ C)] ⇐⇒

(x ∈ A) ∧ [(y, z) ∈ (B ×C)] ⇐⇒

(x, y, z) ∈ A × (B ×C),

and hence the required equality.

Another reported example of this method is Fredkin gate from the image 1.10, which
we can present with the image 1.16.

Figure 1.16: Fredkin Gate.

At the input of the “set” A, we have only got “currents” or “no current”, and also at
the inputs B and C, and then the same is measured at the outputs X and Y . This is the
equivalent of the said “belonging” and “not belonging” to sets, which further implies the
applicability of the Fredkin gate to the concepts of apparently very long electric circuits.
Thus, from the previously explained construction of negation, disjunction and conjunction
with this circle, we are now complementing, intersection, and uniting sets, in the following
figure.

The elements of the sets in the pictures 1.17 are various states, and we follow x which
means ”has a voltage”, if they are current switches. U is a universal set containing all
options, ∅ is an empty set that does not contain any single option. In the first left picture
there is a negation, because if x ∉ A it means that A has no voltage, then the outputs remain
the same as the inputs, so A′ is a universal set, which means that ”there is a voltage” and
this is the negation of A. Conversely, if x ∈ A than comes to change of the output, then A′

is an empty set, which means x notinA′. Similar explanations are for the second and third
images.

Figure 1.17: Fredkin sets.
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In the second picture, if there is no current (x ∉ A) on the input A, then in the A ∪B
it will be if and only if it has B. If A has currents (x ∈ A), then in the upper output is the
lower input U , so A∪B is again correct. In the third picture, if x ∉ A does not change, then
the given A ∩B is an empty set, and if x ∈ A enters, the output is changed, so at the lower
output there are currents if and only if it is in B.

Venn diagram

Venn36 diagrams are a visual way of solving tasks with sets. Their use in the plane is simple,
as can be seen in the following example.

Example 1.1.29. Out of a total of 96 respondents, 60 of them go to mathematics classes,
56 go to physics classes, 49 to English lessons, 30 to mathematics and physics, 25 to math-
ematics and English, 34 to physics and English, and 20 on classes for all three subjects.

How many students go to mathematics classes, but not the other two courses?

Solution. We draw three sets of M , F and E that have common points, for students of
mathematics, physics and English, so solving the problem starts with the last data, from
the number of 20 students attending all three subjects, and we enter that number in section
M ∩F ∩E. We further calculate that out of 30 students in mathematics and physics, 20 go
to English, so there are only 10 students remaining in M and F but not in E. In this way,
step by step, we come to the image 1.18.

So, of all 60, only 25 students go to mathematics classes, but not to the other two
subjects.

Figure 1.18: Venn diagram of students.

We use the Venn method for a visual addition to knowledge about sets. The difference
of two sets is the set containing elements of the first but not the other:

A/B = {x∣x ∈ A ∧ x ∉ B}. (1.53)

In the image 1.19 we see that sets A/B, A∩B and B/A do not have common elements, and
that their union is equal to A ∪B. For sets that do not have common elements, we briefly
say that they are disjoint. The number of elements of the set S is denoted by ∣S∣.

36John Venn (1834-1923), English Logic and Philosophers
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Quantum Mechanics

Figure 1.19: Disjoint sets A/B and B/A.

Using the image 1.19 we note that for arbitrary sets A and B are valid:

∣A/B∣ + ∣A ∩B∣ + ∣B/A∣ = ∣A ∪B∣, (1.54)

∣A∣ = ∣A/B∣ + ∣A ∩B∣, ∣B∣ = ∣B/A∣ + ∣A ∩B∣, (1.55)

∣A ∪B∣ = ∣A∣ + ∣B∣ − ∣A ∩B∣, (1.56)

which are useful in many ways.

Example 1.1.30. At the bar, 62 people had a cup of coffee or some drink at noon. 45
of them had coffee, and 33 had something else. How many guests had coffee with another
drink?

Solution. Let’s mark A set of those who drank coffee, and with B a set of those who drank
something else. According to (1.56) we have 62 = 45 + 33 − ∣A ∩ B∣. Coffee with a second
drink took ∣A ∩B∣ guests, and that’s 16 of them.

Symmetric difference of sets A and B defines:

A∆B = (A/B) ∪ (B/A), (1.57)

and hence A∆B = (A ∪B)/(A ∩B) = (Ac ∩B) ∪ (A ∩Bc).
The finite set is one whose elements can establish a bijection (mutual unilateral map-

ping) with a finite subset of natural numbers. If all natural numbers are required by this
mapping then we say that the set is countable infinite. The principle or tenet of finality
introduced here states that a set whose elements of any properties of matter cannot have
more than countable infinite elements. However, there are finite, as well as countable and
uncountable infinite large non-material sets.

Relations and functions

Interesting applications of Venn graphs in the case of Cartesian product sets are the relations
and the types of relations we call functions. According to the known definition, relation
ρ = {(x, y)∣x ∈ A ∧ y ∈ B} is a set of arranged pairs of (x, y) elements of sets respectively A
and B, with elements x ∈ A and y ∈ B, on the shown image 1.20. Relations are both ρ and
f , but only f is a function. A set A is called domain, a set B codomain.

A special relation f ∶ A → B, shown on the figure right, is called function because each
element of the domain is joined only once. For a function, we say that it performs a mapping
from a domain into a codomain, so we call the elements of domain originals of the mappings
and the results of mapping copies. A set of copies is called the range of the function, which
is subset of codomain. Originals are “faces”, copies are their “images”. We also describe
the same function with f(x) = y, adding that x ∈ A and y ∈ B.

Rastko Vuković 46
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Figure 1.20: Relation and function.

Again, shortly, what can go into a function is called the domain. What may possibly
come out of a function is called the codomain. What actually comes out of a function is
called the range. On the given image right, the range is a proper subset of the codomain
because it is {b1, b2} ⊂ {b1, b2, b3}

Injection (one-to-one) mapping, if each element of the codomain is mapped to by at
most one element of the domain, say when x1 ≠ x2 ⇒ y1 ≠ y2. Surjection (onto) mapping
is a function if each element of the codomain is mapped to by at least one element of the
domain. Bijection, or mutual unambiguous mapping, is a function that is an injection and
a surjection.

When the function is a bijection, then it is possible to return the mapping (in the
function mode), and such a function f ∶ A → B has an inverse function f−1 ∶ B → A. The
composition of the function and the inverse function in both sequences gives the starting
element:

f−1
(f(x)) = x, f(f−1

(y)) = y, (1.58)

where x and y are the elements of domain and codomain, so the composition of the function
and the inverse function is an identical function, which is especially convenient if A = B.

The special properties of the relation are reflexivity, symmetry, antisymmetry and tran-
sitivity. They are easy to combine in many, and they define two most famous relations:
equivalences (rst) and order (rat).

Definition 1.1.31 (Equivalence and order). Relationships of equivalence and order are
defined by the properties of symmetry, antisymmetry, and transitivity as follows:

description equivalence order name

(x,x) ∈ ρ r r reflexivity
(x, y) ∈ ρ⇒ (y, x) ∈ ρ s - symmetry

(x, y) ∈ ρ ∧ (y, x) ∈ ρ⇒ x = y - a antisymmetry
(x, y) ∈ ρ ∧ (y, z) ∈ ρ⇒ (x, z) ∈ ρ t t transitivity

Equivalence in general, we write x ∼ y, that is, as a triangle similarity. The most
familiar equivalence relations are the equality of the numbers (a = b) and the equivalence of
the statement (a⇔ b). The most famous order relationships are x < y (together with x ≤ y
and other corresponding inequalities) for the numbers. Relationships of the order are also
inclusions, x⇒ y for statements, and x ⊂ y for sets.

Note that the binary relation ρ ∶ A↔ B in the most general case can be understood as
a subset of Cartesian product two sets, ρ ⊆ A×B. Therefore, the method of writing aρb for
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the domain and co-domain of elements a ∈ A and b ∈ B is equivalent to writing (a, b) ∈ ρ.
The inverse relation to the given, ρ−1 ⊂ B ×A, is such that

(b, a) ∈ ρ−1
⇐⇒ (a, b) ∈ ρ. (1.59)

Accordingly ρ−1 = {(b, a)∣(a, b) ∈ ρ}.
For example, if ρ ∶ Z↔ Z+ is the relation between all and only positive integers defined

by (m,n) ∈ ρ ⇐⇒ m2 = n, the inverse relation is ρ−1 = {(n,m)∣Z+ × Z ∧m2 = n}. Say,
(4,2) ∈ ρ and (2,4) ∈ ρ−1. In particular, if the function is a relation and it is a bijection,
then its inverse relation is also a function. Note f ∶ R− →]0,1[, a function from negative real
numbers to positive real numbers less than one, given with f(x) = 1/(1 + x2) is a bijection.

The inverse function f−1 ∶]0,1[→ R− is f−1(x) = −
√

1
x − 1.

Theorem 1.1.32. For the function f ∶ A→ B the inverse relation is f−1 ∶ B → A. The sets,
respectively f(A) and f−1(B), are such that y = f(x) and x = f−1(y). The implications are
valid:

1○ A1 ⊂ A2 ⇒ f(A1) ⊂ f(A2), 4○ B1 ⊂ B2 ⇒ f−1(B1) ⊂ f
−1(B2),

2○ f(A1 ∪A2) = f(A1) ∪ f(A2), 5○ f−1(B1 ∪B2) = f
−1(B1) ∪ f

−1(B2),
3○ f(A1 ∩A2) ⊂ f(A1) ∩ f(A2), 6○ f−1(B1 ∩B2) = f

−1(B1) ∩ f
−1(B2).

Besides 7○ f−1(Bc) = [f−1(B)]c.

Proof. 1○ and 4○ are obvious.
2○ From y ∈ f(A1 ∪ A2) and y = f(x), x ∈ A1 ∪ A2 follows y ∈ f(A1) ∪ f(A2), which

means f(A1 ∪ A2) ⊆ f(A1) ∪ f(A2). Reversely, from y ∈ f(A1) ∪ f(A2) follows existence
x ∈ A1 ∪A2 such that y = f(x), which means y ∈ f(A1 ∪A2) .

3○ From y ∈ f(A1 ∩A2) for y = f(x) follows x ∈ A1 ∩A2, so y ∈ f(A1) ∩ f(A2).
5○ From x ∈ f−1(B1 ∪B2) follows f(x) ∈ B1 ∪B2, so x ∈ f−1(B1) ∪ f

−1(B2). Reversely,
from x ∈ f−1(B1) ∪ f

−1(B2) follows f(x) ∈ B1 ∪B2 so x ∈ f−1(B1 ∪B2).
6○ The proof is formally the same as 5○, just replace the union by intersection.
7○ From x ∈ f−1(Bc), y = f(x) follows y ∈ Bc but than y ∉ B so x ∉ f−1(B). Hence

x ∈ [f−1(B)]c. Reversely, from x ∈ [f−1(B)]c, which means x ∉ f−1(B) so y ∉ B, follows
existence y = f(x) such that x ∈ f−1(Bc).

When f ∶ X → Y and g ∶ Y → Z, then the compound of the functions h(x) = g[f(x)]
defined compositely mapping h ∶ X → Z, we call also a functions composition, which is
denoted by g ○ f . Therefore, the composition of functions is the relation:

h(x) = (g ○ f)(x) = g[f(x)]. (1.60)

The set A is mapped to the set h(A) = g[f(A)].
By convention, every mapping f ∶X → Y is uniquely, from f(x1) ≠ f(x2) follows x1 ≠ x2

(see image 1.20 right), but if stay and vice versa, that from x1 ≠ x2 follows f(x1) ≠ f(x2),
then we say that f is a bijection (both unambiguous mapping).

Check yourself now that in general case:

{
(∀B ⊆ Y ) f[f−1(B)] = B ∩ f(X),
(∀A ⊆X) A ⊆ f−1[f(A)],

(1.61)

if f ∶ X → Y . Also, check that it is always f[f−1(B)] = B, but if f is a bijection, then is
f−1[f(A)] = A too.
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Example 1.1.33 (Cauchy equation). Let f ∶ Q→ R is a function that

(∀x1, x2 ∈ Q) f(x1 + x2) = f(x1) + f(x2).

Prove (∃λ ∈ R) (∀x ∈ Q) f(x) = λx.

Proof. By (math) induction it is easy to prove f(nx) = nf(x), for all n ∈ N and all x ∈ Q.
Especially f(n) = nf(1) = λ ⋅ n, where λ = f(1). From f(0) = f(0 + 0) follows f(0) = 0,
so 0 = f(0) = f[x + (−x)] = f(x) + f(−x), then f(−x) = −f(x). From that we have
f(−n) = −f(n) = −λn = λ(−n), that is f(n) = λn for all n ∈ Z. Then, take r = p/q ∈ Q, and
notice λp = f(p) = f[q ⋅ (p/q)] = f(q ⋅ r) = q ⋅ f(r), i.e. f(r) = λ ⋅ (p/q) = λ ⋅ r. It means, for
all x ∈ Q is valid f(x) = λx.

Example 1.1.34 (Additive function). Let f ∶ R → R and f(x1 + x2) = f(x1) + f(x2)

∀x1, x2 ∈ R. If f is growing on [a, b], then it is growing on R.

Proof. From the previous example, f(nx) = nf(x). Further, let t ∈ [0, b−a]. So a ≤ a+t ≤ b,
and function f is growing, for x1 < x2 gives f(x1) ≤ f(x2), and f(t) = f[(a + t) − a] = f(a +
t) − f(a) ≥ 0. For arbitrary x ∈ R+ exists n ∈ N such that n(b − a) > x, so f(x/n) ≥ 0. From
the previous we have f(x) = f[x ⋅(x/n)] = nf(x/n) ≥ 0. Then f(x2)−f(x1) = f(x2−x1) ≥ 0,
which means that f is non-descending on R.

In the book “Space-time” (see [1]) I mentioned the definition of reality. It is there
connected to physical communication that is the possibility of mutual exchange of physical
information, but here, for now, we can understand the reality through physical interaction.
When physical particles act (mutually) causing some physical changes, then we say they
are in physical interaction. The objects are (mutually) real if they can interact.

For example, when electron is shoot by photon the two particles exchange momentums
and change their movements. Also, when we move around the environment so that we
notice its changes, and vice versa, by its presence we disturb its previous states, then we are
in (mutual) physical interaction with the environment. In both cases, object in interactions
are (mutually) real. The relation “be real with” is the relation of equivalence.
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Quantum Mechanics

1.1.5 Probability

An example of the application of the theory of sets is also found in Kolmogorov’s37 axiomatic
probability theory (see [7]). The probability of an event A is denoted by P (A) or with Pr(A).
The set Ω is a non-empty universal set of events, and F is a set of subsets from Ω that form
field (Ω, F,P ) with P . The axioms are valid:

Definition 1.1.35 (Probability). Funkcija P ∶ F → R ima osobine:

K-1. (non-negativity) P (A) ≥ 0, for all A ∈ F ;

K-2. (normalization) P (Ω) = 1;

K-3. (finite additivity) P (A ∪B) = P (A) + P (B) for all disjoint A,B ∈ F .
The function P is called probability, and (Ω, F,P ) the probability space.

Probability can be understood as a normative measure of the amount of certainty. If
the realization of a random event A is more prosperous, then P (A) is greater than zero
(K-1) and closer to the unit, so that P (A) = 1 signifies a certain event (K-2). The event
complementary to event A is denoted by Ā, and with ∅ an empty set that is complementary
to the universal set Ω, that is Ω̄ = ∅ and ∅̄ = Ω.

Theorem 1.1.36. Relationships are used for probability:

i. P (Ā) = 1 − P (A), iii. A ⊆ B ⇒ P (A) ≤ P (B),
ii. P (∅) = 0, iv. 0 ≤ P (A) ≤ 1.

Events A,B ⊆ Ω are arbitrary.

Proof. Events A and Ā are disjoint, A∩ Ā = ∅, and besides is A∪ Ā = Ω. Forward, from the
axioms we have:

P (A ∪ Ā) = P (Ω),

P (A) + P (Ā) = 1,

and there the first proposition. Put A = Ω, we get the second. When A ⊆ B, then B/A and
A are disjoint, so:

B = (B/A) ∪A, (B/A) ∩A = ∅,

P (B) = P (B/A) + P (A) ≥ P (A),

and the third follows. The forth follows from the first axiom and the previous.

By induction, from the third axiom one can prove the claim:

P (
n

⋃
k=1

Ek) =
n

∑
k=1

P (Ek), (1.62)

for mutually exclusive events E1,A2, . . . ,An. Mutually exclusive events are the same as
disjoint events, so Ei ∩Ej = ∅ if i ≠ j.

Equality (1.62) is sometimes referred instead of the third axiom (K-3), even with an
unlimited number of events n→∞. If we take it instead of the axiom (K-3) and put E1 = A
and E2 = B/A, where A ⊆ B, and put Ek = ∅ for all other k ≥ 3, then the proof of the
previous theorem is reduced in the manner shown.

37Andrey Kolmogorov (1903-1987), Russian mathematician.
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The universe Ω is a collection of all logically possible outcomes or results of a random
occurrence or experiment. The element of this set ω ∈ Ω is a possible result. The set Ω can
be finite or infinite.

An example of a finite number of outcomes is throwing a coin, then Ω = {head, tail},
and when we throw a fair coin P (head) = 1

2 and P (tail) = 1
2 . The sum of these probabilities

is, of course, one. A different example is throwing coins twice and registering the number of
drops of say the head. The set of all possible results is Ω = {0,1,2}, with the probabilities
P (0) = 1

4 , P (1) = 2
4 and P (2) = 1

4 , whose sum is also one. An example of an infinite
number of outcomes is the number of coin throws until a “head” falls. The set of all
possible outcomes is Ω = {1,2, . . . , n, . . .} with the probabilities P (1) = 1

2 , P (2) = 1
4 , . . . ,

P (n) = (1
2
)
n
, . . . , whose sum is again 1.

Example 1.1.37. The two of them agree to find themselves between 1 and 2 hours and
wait 20 minutes at the agreed place. What is the probability of meeting?

Figure 1.21: Agreed meeting.

Solution. Let x and y arrive at the meeting place in minutes after the first hour. In the
image 1.21 a set of Ω of all points of the square side length 60 is displayed. A favorable
event A ⊂ Ω is when ∣x − y∣ ≤ 20, and hence:

x > y y > x
x − y ≤ 20 y − x ≤ 20
y ≥ x − 20 y ≤ x + 20

(y = x − 20) (y = x + 20)

The solution is the hatched surface in the given image. The area of the whole square is
∣Ω∣ = 602 = 3600, the surfaces of unshaped triangles below and above the boundary line are
1
2 ⋅ 40 ⋅ 40 = 800, so the surface of the hatched part is ∣A∣ = ∣Ω∣− 2 ⋅ 800 = 2000. Therefore, the

probability that the two of them will meet is P (A) =
∣A∣

∣Ω∣
= 2000

3600 = 0.56.

The following statements are useful probabilities in “unclear cases”, when we have no
mutually exclusive events.

Lemma 1.1.38. For arbitrary events A,B ⊆ Ω are valid:

P (A ∪B) = P (A) + P (B) − P (A ∩B), P (A/B) = P (A) − P (A ∩B).

Proof. The first is a direct consequence (1.56). The second follows from breaking the A set
to disjoint subsets A/B and A ∩B.
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Example 1.1.39. If we throw two dices at once, what is the probability that both numbers
that fall are odd or that their sum is six? What is the probability that both are odd, but that
the total is not six?

Figure 1.22: Two dices thrown.

Solution. On figure 1.22 we see pairs of we see pairs of outcomes, which have 36. Nine
underlined with green are elements of the event A – both numbers are odd, and five shaded
yellow make an event B – their sum is six. Using the lemma 1.1.38 we find:

P (A ∪B) =
9

36
+

5

36
−

3

36
=

11

36
, P (A/B) =

9

36
−

3

36
=

6

36
.

The probability that both numbers are odd or that their sum is 6 is 11
33 , and that both are

odd but the sum is not 6 is 1
6 .

Sometimes we ask for the probability of an event A knowing that a particular event B
has already been realized. Then P (A∣B) is called the probability of the event A under the
condition B.

Example 1.1.40. From a box of 7 white and 3 black balls, we randomly pull two balls one
after the other without returning. What is the probability of drawing a black ball, if the first
draw was black?

Solution. We have events B1 – the first drawn ball is black, B2 – the second drawn ball
is black. Then P (B1) =

3
10 end, if the event B1 occurred, there were 9 balls in the box, 7

white and 2 black. Therefore, the probability P (B2∣B1) =
2
9 is required.

We define conditional probability as a quotient

P (A∣B) =
P (A ∩B)

P (B)
, P (B) ≠ 0. (1.63)

We say, the probability of the event A provided that the event B surely happened is P (A∣B).
For conditional probabilities, it is useful to use decomposition of set S as any representation
of S as the union of disjoint family of set S = ∑i∈I Si. For example S to n of disjoint
subsets S1, S2, . . . , Sn (indexes are from the set I = {1,2, . . . , n}) whose union is S. The
decomposition is also called a partition, and the disjoints of subsets can be proved by
checking all pairs.
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Note that in the case of S ⊂ A, as in the figure 1.23 where n = 4, equals are valid:

S =
n

⋃
k=1

(Ak ∩ S), P (S) =
n

∑
k=1

P (Ak ∩ S), Sk = Ak ∩ S, (1.64)

since the sets Sk and Sj for k ≠ j are disjoint.

Figure 1.23: Decomposition of set S.

Theorem 1.1.41. For arbitrary events from Ω are valid probabilities:

1○ P (A ∩B) = P (A∣B)P (B), P (B) ≠ 0,
2○ P (A ∩ S) = P (A∣S1)P (S1) + ⋅ ⋅ ⋅ + P (A∣Sn)P (Sn),
3○ P (S) = P (S∣A1)P (A1) + ⋅ ⋅ ⋅ + P (S∣An)P (An),
4○ P (A∣B ∩C) = P (A ∩B∣C)/P (B ∩C), P (B∣C) ≠ 0,

Sets S and A are decomposed on sets Sk and Ak (k = 1,2, . . . , n).

The third of these equations is called the formula of complete or total probability.

Proof. 1○ Follows directly from (1.63).

2○ Follows from the previous, P (A∩Sk) = P (A∣Sk)P (Sk) and by adding on k = 1, . . . , n.

3○ Follows from S = ⋃
n
k=1(Ak ∩ S), and P (S) = ∑

n
k=1 P (Ak ∩ S), because P (AkS) =

P (S∣Ak)P (Ak).

4○ Use definition (1.63) twice:

P (A∣B ∩C) =
P (A ∩B ∩C)

P (B ∩C)
=
P (A ∩B∣C)P (C)

P (B∣C)P (C)
=
P (A ∩B∣C)

P (B ∩C)
,

which is asked.

Theorem 1.1.42. The conditional probability (1.63) satisfies Kolmogorov’s axioms (defi-
nition 1.1.35).

Proof. K-1 follows directly from (1.63), i.e. P (A∣B) ≥ 0.

K-2, in case A = Ω follows from P (Ω∣B) = P (Ω ∩ B)/P (B) = P (B)/P (B) = 1, and
in case A = B follows from P (B∣B) = P (B)/P (B) = 1, because B ∩ B = B. Note, from
B = (A ∩B) ∪ (Ā ∩B) and so P (B) = P (A ∩B) + P (Ā ∩B) ≥ P (A ∩B) we have always
P (A∣B) ≤ 1.
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K-3 follows from 2○ state of the theorem 1.1.41. Namely, if A1,A2, . . . ,An is a decompo-
sition of set A, then the events A1 ∩B,A2 ∩B, . . . ,An ∩B are disjoint and gives sum A∩B,
and from (1.62) we get:

P (A ∩B) = P (A1 ∩B) + P (A2 ∩B) + ⋅ ⋅ ⋅ + P (An ∩B),

P (A∣B) = P (A1∣B) + P (A2∣B) + ⋅ ⋅ ⋅ + P (An∣B).

The second equation we get dividing the first with P (B).

Theorem 1.1.43 (Bayes formula). If events A1,A2, . . . ,An form a decomposition of set Ω,
then

P (Ak∣B) =
P (B∣Ak)P (Ak)

P (B ∩A1)P (A1) + ⋅ ⋅ ⋅ + P (B ∩An)P (An)
.

It is Bayes rule, or formula of hypotheses probability.

Proof. It follows from:

P (Ak ∩B) = P (Ak∣B)P (B) = P (B∣Ak)P (Ak),

P (Ak∣B) =
P (B∣Ak)P (Ak)

P (B)
,

and changing P (B) by formula of total probability.

For example, the symptom B appears in the diseases A1,A2, . . . ,An. The probability of
each disease P (Ak) for k = 1,2, . . . , n is known. If a symptom B is observed, the probability
of the disease Ak is the number P (Ak∣B) given by the Bayes formula. This is an automatic
diagnostic scheme.

Paradoxical decomposition

In the theory of sets, a paradoxical set is one that has paradoxical decomposition. The
paradoxical decomposition of set into disjoint subsets is such decompositions from which
can be assembled two sets identical to the initial. It is a feature that can have infinite but
never finite set. The number of elements of the infinite set is called the cardinal number of
the set and for the such set we say it is infinite. When the set is not infinite, it is finite.

In the theory of infinite sets, the axiom of infinity is used. It is one of the axioms of
Zermelo–Fraenkel set theory, also called axiom of choice. It says that there is a set X such
that an empty set is a element of X and whenever x ∈X, there is also x∪{x} ∈X. In short,
exists a set X with infinitely many elements.

From the axiom of infinity follows the theorem on the paradoxical decomposition of
any infinite set, which I just state. Any infinite set X can be decomposed in two disjoint
subsets, each with the same cardinal number as the set X. For example, a countable infinite
set of integers can be decomposed on positive and other integers, which are both countable
infinite sets.

A different example of a similar explanation is the so-called Banach–Tarski paradox.
It is a theorem of the theory of sets and geometry that claims that an arbitrary ball (in
a three-dimensional space) can always be decomposed by the finite number of disjunctive
sets of points, from which two identical copies of the starting ball can then be completed.
Assembly is a process that involves only moving parts as well as rotating them, without
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changing their shape. However, the parts themselves are not “geometric bodies” in the
usual sense, but infinite dispersion (scattering) of points.

Such decompositions of material sets are not possible, as it can be shown that it would
be contrary to the laws of conservation in physics. Hence the idea to postulate the principle
of finality of matter: every property of a physical substance is a finite set.

Independent events

For the event A we say it is independent from the event B when

P (A∣B) = P (A). (1.65)

If A is independent of B, then B is independent of A because:

P (B∣A) =
P (B ∩A)

P (A)
=
P (A∣B)P (B)

P (A)
=
P (A)P (B)

P (A)
= P (B).

Therefore, the independence of the two events A and B can be defined with

P (A ∩B) = P (A)P (B). (1.66)

When there are several events A1,A2, . . . ,An we say that they are independent if for each
of their choice Ai1 ,Ai2 , . . . ,Aim is valid

P (Ai1 ∩Ai2 ∩ ⋅ ⋅ ⋅ ∩Aim) = P (Ai1)P (Ai2) . . . P (Aim). (1.67)

Unlike the disjoint property that is defined by the events themselves, the independence
is defined by probability, that is event measure, so “independence” needs to be checked
intuitively too.

Example 1.1.44. The regular tetrahedron has three sides colored by one of different colors
(red, green, blue) and the fourth side is divided into three parts into these three colors. Check
the independence of the color drop.

Solution. The events are: A – the red color drop, B – the green droop, C – the blue drop.
The probabilities are P (A) = P (B) = P (C) = 2

4 = 1
2 , P (A∩B) = P (B∩C) = P (C∩A) = 1

4 and
P (A∩B∩C) = 1

4 , so P (A∩B) = P (A)P (B) and so on, but P (A∩B∩C) ≠ P (A)P (B)P (C),
which means that these events are independent in pairs, but not as whole.

For Ω we say it is certain event and for ∅ that it is impossible event.

Example 1.1.45. If A ⊆ Ω is any event, show that the next events are mutually independent:

(A,Ω), (A,∅).

Soluton. From A∩Ω = A and P (Ω) = 1 follows P (A∩Ω) = P (A)⋅1, and that is independence.
From A∩∅ = ∅ and P (∅) = 0 follows P (A∩∅) = P (A) ⋅0, and that means independence.

Example 1.1.46. The pair of events (A,B) is independent. Prove that the next are inde-
pendent too:

1○ (A, B̄); 2○ (Ā,B); 3○ (Ā, B̄).
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Solution. Events A ∩B and A ∩ B̄ are decompositions of event A, so P (A) = P (A ∩B) +

P (A ∩ B̄), and given is P (A ∩B) = P (A)P (B).

1○ P (A ∩ B̄) = P (A) − P (A ∩B) = P (A) − P (A)P (B) = P (A)[1 − P (B)] = P (A)P (B̄).

2○ P (Ā ∩B) = P (B ∩ Ā) = P (B)P (Ā) = P (Ā)P (B).

3○ If independent are A and B, then independenta are A and B̄. Again, if independent
are B̄ and A, then independent are B̄ and Ā.

Impossible is the event that has zero probability, so we say that possible event is any
that has no probability of zero. For disjoint events, we say they are exclusive. If the events
are not independent, we say that they are dependent.

Theorem 1.1.47. Given are two possible events A and B.

1○ If A and B are independent, then they are not exclusive.

2○ If A and B are exclusive, they are dependent.

Proof. 1○ For possible independent events A and B suppose the opposite, that they are ex-
clusive. Than we have P (A)P (B) ≠ 0 and P (A∩B) = P (A)P (B), and that is contradiction
with the assumption P (A ∩B) = P (∅) = 0. Accordingly, these events are not disjoint.

2○ If events A and B are exclusive, then P (A ∩ B) = 0, so P (A∣B)P (B) = 0, and for
P (B) ≠ 0 must be P (A∣B) = 0, which means that event A is dependent of B.

Theorem argues that for possible events (different from an empty set) there are impli-
cations:

{
1. P (A ∩B) = P (A)P (B) ⇒ P (A ∩B) ≠ 0
2. P (A ∩B) = 0 ⇒ P (A ∩B) ≠ P (A)P (B).

(1.68)

Accordingly, “dependence” is equivalent to “exclusivity”, that is, “independence” is equiva-
lent to “non- exclusivity”. Modern interpretations of random events of quantum phenomena
overlook these attitudes and hence some “quantum wonders”.

I emphasize that because of lemma 1.1.38 we have P (A∪B) = P (A)+P (B) if and only
if the events A and B are dependent, which at first glance looks “foreign”. Theorem 1.1.47
looks more “unusual” to modern physics, which is why I quote the following remark.

When particles collide and reject, they have no common points, and again, it’s okay to
say that they are dependent. The presences of one hinder the other and therefore have no
common points. Accordingly, particles that interact with one another are not independent.
On the other hand, interfering waves have common points, so they are independent. This
second may still be “weird”, so we’ll consider it, but a little later.

Nature of coincidence

The infinite world of ideas comprise mathematical and other truths. It is objective because
it is immutable. We can perceive, for example, Pythagoras’ theorem that the sum of the
squared catheti of each right triangle is equal to the square of the hypotenuse, or the
decimals of the number π = 3.14159 . . . , but nothing can be done to change that truth. So
for such an abstract idea I say that it is pseudo-information.

Pseudo-information can be obtained, for example, by abstract proofing or measurement.
The first case is each of several hundred today known proofs of Pythagoras theorem, and
the other is the measurement of the ratio of the volume and diameter of any circle, which
will give more decimals of the number π with greater accuracy of measurement. I call it a
“pseudo” because it’s not a “real” information, it does not come from a real haphazard, but
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nevertheless, the decimals of each irrational number, such as π and say
√

2 = 1,41421 . . . ,
will pass as “random numbers” on any of random probability tests.

Note that the knowledge of abstract truth we can use to change the material world in
which we live, but that will not change the abstraction itself. In no way can we changed
the laws of nature; we can sometimes only reveal them. As an addition, note that pseudo-
information transmits at most the one-way interaction. By doing so, the type of pseudo-
information is also past.

If there is no complete communication with the past, even in the case of the existence
of particles (antimatters) whose course of time goes to our opposite, we see in the following
otherwise known way. Namely, two observers with mutually opposing streams of time cannot
exchange questions and answers if they contain even the slightest uncertainty, since each
one must give an answer before it gets the question. The existence of a real coincidence
is an axiom in my previous book Space-Time, and hence the movement of the particles
backwards in time can only be considered as a random “kicking on the first ball”, that is,
evidence that information are also elementary in elementary particles.

If the material world is not saturated with the world of true ideas, than it could not
be possible to explore it by deductions like in mathematics. It consists of such same ideas
as the bulb onion that we open layer by layer without finding a pearl inside, but only new
and new abstract forms. On the other hand, it is special. The material world is part of the
universal truths, but the real, utter unpredictability is a property of only matter. Namely,
because of the principle of finality, every property of matter is atomized, quantitatively;
it cannot be infinitely divided. So is deduction and causality. Even if they found that
“everything has its own cause”, in the way of implying infinity, then in the case of matter it
would not be possible. Hence, objective unpredictability is an important feature of matter.
It is objective because it is not in our power to change it, and it is unpredictable because it
is not completely recognizable.

This further means that we, the material, can never know all the abstract truths, if it
consists of infinite parts; we can only have perception of fragments, and only such fragments
can exists in the material world. On the other hand, the exchange of fragments between
material objects must have its own peculiarities. It changes them like drops of water that
are shaped under the action of surface tension and other forces, in order to unite, because
their finality does not allow stiffness. So, we come to understanding the interaction with
the information. From the said it is clear that not every transfer of information is followed
by physical interaction, but the presence of interaction is necessary part of the physical
information.

When the matter is the side that receives the right (physical) information, or only
pseudo-information, then on that side, on the receiver side, changes caused by the recep-
tions are possible, so it makes sense to talk about one-sided interaction. When information
is exchanged between two material objects, then there may be two-way interactions. Con-
sistent with the previous explanation (where reality is explained by interactions), now we
define reality by means of communication. Objects A and B are mutually realistic if is
possible (physical) communication between them. It is easy to verify that the relation “A
is real to B” is reflexive, symmetric, and transitive, that is, “be real with” is a relation of
equivalence.

However, we distinguish between “reality” and “pseudo-reality”. I split them into “infor-
mation” and “pseudo-information”, equivalent to separation on “probability” and “pseudo-
probability”. The first are real, physical, which relate to material and, ultimately, final gath-
erings, and the second (with the prefix “pseudo”) are others, referring to abstract worlds of
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ideas. Consequently, the abstract worlds of ideas can also be called pseudo-material. I’m
talking about “worlds of ideas”, because there is no “set of all sets”.
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1.1.6 Born rule

Physical sizes written in different dimensions of physical measuring units (meter, kilogram,
second) have all the properties to represent numerical axes of mutually perpendicular co-
ordinates, that is, the base of the vector space. Consciously or not, everyone who deals
with quantum physics use precisely just that connection between quantum mechanics and
abstract vector spaces. Then we say the quantum mechanics is representation of vector
space; the properties of a given quantum system spanned the physical properties of that
system in the vector space. The vector of such space is representation of quantum state.
Measurement on a quantum state is the vector projection onto the base axes, and the action
of a linear operator on the vector is called the evolution of the quantum state.

The quantum system is the material representation of the abstract vector space and,
therefore, it will always have some special features. For example, in accordance with the
principle of the finiteness of matter is “atomization” of each, and emphasize each, of the
properties of matter, so that the quantum state is always a set of particles, any of them with
the most finitely many material properties. From the same follows limited predictability of
physical behavior of particles, and then the need for probabilities. Consistently, components
of the state vector are some probability functions.

This was otherwise noticed in 1926 when the Born rule for probability of measurement
was formulated (see [9]). In its simplest form, this law states that the density of the
probability of finding a particle at a given site is proportional to the square of the amplitude
of the frequency of the wave function at that site. Varadarajan 38 is one of the first and
most famous who successfully dealt with the explanation why this probability is equal to a
square of amplitude rather than some other function, but instead of his we follow it here in
consistently, but a little different (see [10] ) and simpler explanations.

Let’s look at the vector ∣x⟩ represented with length OT in the figure 1.24. The orthog-
onal projection of the point T on the axis ∣e2⟩ is the point A. By Dirac’s notation, the
measurement is observable in the picture

Ð→
OA = ∣e2⟩⟨e2∣x⟩. (1.69)

Vectors that represent different physical properties are not collinear (they are orthogonal)
and their sum is not equal to the scalar sum of the intensity of the parts. Therefore,
the quotient of ⟨e2∣x⟩ and ∣x⟩ cannot be a probability. In order to get the participation
of individual coordinates in the total probability, we calculate the contribution of each
component of the vector along the ∣x⟩ direction. We get

Ð→
OB = ∣x⟩⟨x∣

Ð→
OA = ∣x⟩⟨x∣e2⟩⟨e2∣x⟩ = ∣x⟩∣⟨e2∣x⟩∣

2, (1.70)

where is used previously (1.69). In total, the system vector is given by a collection of
contributions of individual components along the ∣x⟩, or:

∣x⟩ = ∣⟨e1∣x⟩∣
2
∣x⟩ + ∣⟨e2∣x⟩∣

2
∣x⟩ + ⋅ ⋅ ⋅ + ∣⟨en∣x⟩∣

n
∣x⟩ =

= (∣⟨e1∣x⟩∣
2
+ ∣⟨e2∣x⟩∣

2
+ ⋅ ⋅ ⋅ + ∣⟨en∣x⟩∣

2
)∣x⟩ = ∣x⟩,

because the sum of probabilities of independent outcomes (expression in bracket) is one.
This is why we use squares for probability

∣⟨eµ∣x⟩∣
2
= ∣αµ∣

2
= α∗µαµ, (1.71)
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Figure 1.24: Born probability.

and not some other amplitude function αµ in the representation of the state vector.

The uncertainty of matter is not fictitious, they are real, and we say they are objective
because we cannot avoid them. The real are and probabilities arisen from them. Therefore,
for material probabilities, the principle of probability is valid, roughly speaking, most often
happens what is most likely (see [1]). Because of these inevitable uncertainties that are
realized by the laws of probability, figuratively speaking, I am here where I am and not
out there, because from my point of view such a position at this moment is most likely.
You are there and not here because from your point of view that position is most likely.
Accordingly, the observations of probabilities are relative to individual particles. Each of
them moves from its point of view onto the most probable trajectories.

On the other hand, the realization of uncertainty creates information. Both, the un-
certainty and the information, are material qualities, and are therefore similar to the other
properties of the physical substance.

Information

The simplest definition of uncertainty or information was given by Hartley39 in 1928, as
the logarithm of the number of random outcomes of equal probabilities. It was not the first
historical attempt to define the information, but that was a full hit. It corresponded in form
to the Weber-Fechner law of perception of senses. Also, it is convenient for the information
of a complex event, because it now can be calculated as the sum of the information of
individual participants.

Namely, the uncertainty of the outcome of the throwing of the fair coin is the logarithm
of the number two, the throwing of the cube is the logarithm of number six, and the same
is the information obtained by the realizations of these throws. Thrown at the same time,
coins and cubes will have 2 ⋅ 6 = 12 of equal outcomes, so the information of this complex
event is equal to the logarithm of number 12. However, the logarithm of the product is
equal to the sum of the logarithms of the factors, so the complex event information is equal
to the sum of individual information.

Hartley, who worked for Bell Telephone Company, gave them and to similar compa-
nies the ability to calculate the consumption of information in a way that calculates the
consumption of electricity, water, or other consumer goods. Other applications were soon
followed, in the areas of previously unknown science and technology. A significant contribu-

38Veeravalli S. Varadarajan, born on May 1937, Indian mathematician.
39Ralph Hartley (1888-1970), American electronics researcher.
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tion to the mathematical theory of information and communication was given by Shannon40

in 1948, who worked for the same phone company. He defined the information of various
probable events as the mean value, precisely as the mathematical expectation of Hartley’s
information. The definition was limited to probability distribution, which we will explain a
little later.

We intuitively feel that more likely events are less informative. Namely, when we expect
that something will happen and that happens, then that is not a discovery. That’s why
the journalists say the greater news is “the man has bite the dog” than the news “the dog
has bite the man”, because the first is less expected. Hartley’s definition of information is
consistent with this intuitive observation, since greater uncertainty gives more equally likely
options, and the logarithm of larger number is greater. In a slightly more complex way,
Shannon’s definition of information agrees with the intuition too, and we expect a similar
dependence and in the generalization of known definitions of information. These intuitive
observations have been formulated into the tenet of information in the book “Space-time”,
and then, from this principle, I perform some known laws of physics as a consequence.

The same tenet can be seen differently. From the principle of probability (the more
probably happened more often) arises the principle of information, that nature is stingy
with giving information. Since some (material) haphazard are inevitable, it is inevitable
the emission of (material) information, but because nature prefers more likely coincidences,
it realizes less information. Different conclusions can be derived from this principle, not
only in physics. I’ll quote two.

Gas molecules are in greater amorphous state when they are uniformly scattered over the
room, than if they are in a bunch. The bigger is mess the less is information. Analogously,
the probability of equal scattering of one by one ball in one of many the boxes is greater than
the random arrangement of all the balls in the same box. The most likely spread has the
smallest information, and that is called entropy. According to the principle of information,
entropy spontaneously grows.

Another example are living beings, which we can now define by an excess of information
relative to the corresponding non-living substances. The information is like the energy,
which is within living beings in a similar surplus. Then, the “living beings” are also the
organizations of living beings. In order to reduce the transmission of information to the
outside, a live organism will pack information inside, into the organization, which is also in
line with the principle of information.

Cosine angles

At first glance, it is strange that in the representation of the quantum state ∣x⟩ using base
states ∣eµ⟩ in otherwise usual expression for vectors

∣x⟩ =
n

∑
µ=1

αµ∣eµ⟩, (1.72)

or by notation in the manner (1.69), there appear coefficients αµ which are not themselves
probability, but are probable their squares ∣αµ∣

2 = α∗µαµ. That is the meaning of the afore-
mentioned Born law. We will explain this now in another, even more abstract, and yet
more familiar way.

40Claude Shannon (1916-2001), American mathematician.
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Figure 1.25: Cuboid in rectangular system.

The rectangular coordinate system whose axis originated from O is defined by unit
vectors e1, e2, e3, as in the figure 1.25. The point T is given with the orthogonal projections
in points A,B,C. Its vertical projections at the level of Oe1e2 is A, at Oe2e3 is B, and at
Oe3e2 is C. Projections of these three points on the coordinate axes are points T1, T2 and

T3 respectively. The angles that vector
Ð→
OT overlaps with the coordinate axes are γ1, γ2 and

γ3. We know from mathematics (analytical geometry) that

cos2 γ1 + cos2 γ2 + cos2 γ3 = 1, (1.73)

which is a confirmation of Born law in the representation of (real) rectangular Cartesian
system.

Example 1.1.48. Prove (1.73).

Proof. On figure 1.25 is seen:

OT
2
= OA

2
+AT

2
, OA

2
= OT

2
1 +AT

2
1,

because the triangles OAT and OT1A are rectangular. Right angled is and triangle OT1T .
Analogously, we have for the two other axes. It follows from the trigonometry of a right
triangle:

cos2 γ1 = (
OT 1

OT
)

2

, cos2 γ2 = (
OT 2

OT
)

2

, cos2 γ3 = (
OT 3

OT
)

2

,

cos2 γ1 + cos2 γ2 + cos2 γ3 =
OT

2
1 +OT

2
2 +OT

2
3

OT
2

=
OT

2

OT
2
= 1,

and this was to be proven.

So, Born law, along with the “wonders” of quantum mechanics, is part of a wider
picture, which is impeccably logical in the way that mathematics can be. On the other
hand, quantum mechanics is the material representation of such logic, which means that it
has its own phenomena. One of these is the time.

Phenomenon of time

Present, or “now”, we perceive as emerging information. It is the realization of material
uncertainty in our reality that lies ahead of us like one by one slice in space-time. Every part
of this reality is part of a much larger abstract world of ideas, but it, which is crushed from
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Quantum Mechanics

uncertainty inherent only to matter, creates a specific phenomenon that is not inherent in
that abstraction, which we call time.

Because the position of the cup on the table was most likely at the last moment, it will
be most likely in the next, unless there is force acting on the glass, because it is the force
that can change the probability. Thinking in this way and observing inertial movements
(in the absence of force), we come to the conclusion that similar conditions cause similar
immediate consequences. From the principle of finiteness, then the conclusion is drawn
about some (approximate) periodicity of each material emergence.

A special kind of periodicity is the flickering appearance of matter particles in motion,
which we call waves. It is strange to think of a wave when we know that it comes from an
abstract world where time does not have a familiar meaning to us. The timing of events is
a material thing. It is part of our reality which, assuming it is not inherent in the world of
ideas, nor in deductions, could have exceptions to the usual understanding of the time flow
as a series of causes and consequences. The timing of the events is not equivalent to logical
implications; it follows the principle of information.

When events are not cause-effect and do not generate the surplus of information, then
their simultaneous occurrence is possible, so the appearance of all of them in the same
event. In other words, if all the material mutually independent events of the whole universe
were present in the same place at the same time, in our reality it must give the same result
as when these events would occur one at a time at arbitrary intervals of time. Also, vice
versa, the final effect of the occurrence of an independent event will be the same as if all
these events had arrived at a given place at once.

Collision, attracting or rejecting particles indicates that they are mutually dependent
events on their paths. Unlike such, photons (light) seem as they are not mutually noticed.
Their paths do not show any sign of interaction, nor the dependence of the event, which
can be seen in the case of an interference whose name is physically unhappily chosen.
The interference is the physical occurrence of our perception, that is, the intensification,
weakening or resetting of the wave, without affecting the color of individual participants.

This is not a common view of interference as a mutual influence of the waves, but it is
also proved by the famous Newton optics experiments in 1704. Passing through the prism,
white light dissolves into a spectrum, which then returns again to white light by passing
through another prism. In addition to this, there is another experiment we know and we
did not notice to confirm the same.

Double slot experiment

Coefficient in front of the base vectors (1.69) in the state vector ∣x⟩ is called amplitude.
Intensity square of amplitude represents Born rule for probability, and this squaring of
complex module confuses us in a way that can be recognized in the 1.26 figure fo interference
and diffraction experiment in double- slit.

In the image 1.26 waves, let’s say light, started from the position O on the wall A, then
passed through two sloping slots I1 and I2 in the barrier B and arrived at the surface C
that registers them, forming on time the diffraction pattern D. Let’s look at one place I on
curtain C and at that place interference of two waves I1 and I2.

If one hole was closed, there would be no interference, because at least two waves are
required for interference. The waves would come from O, go through that single aperture
Ii on the obstacle B and cluster on the curtain C, intensively in the penetration of line OI
through plane C, gradually decreasing the intensity of accumulation in further places of
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Figure 1.26: Double slot experiment.

that plane. If both openings I1 and I2 are free, the waves OI1 and OI2 are interfering after
passing through B and this is seen in the form of the diffraction strips D on the detection
plate C. All this is confirmed in the experiment, and it is completely consistent with classical
physics.

Further things are complicated by the particles nature of the waves (light) and the wavy
nature of the particles, but both of them coincide with the supposed nature of randomness.
First of all, let us note that from the theorem 1.1.47 follows that the waves interfere so they
have something in common, and that this is precisely why they are independent random
events. It’s true and vice versa, and we simply conclude that all the independent wave
particles of the universe, if they were ever in the given place, are interfering today. All
material particles are some waves of probability, and their interference is a sign of their
mutual independence.

The possibility of “real coincidence” is justified by the quantization of information and
we consider the same idea in harmony with the quantum nature of energy (light). For
example, it is consistently to say that one photon does not interfere with itself, because
interference is the equivalent of independent random events, and for these it is dance for
at least two. Also, the particle-waves will interfere even if they are leaked in separate time
periods through two openings in the image 1.26. This delayed interference and diffraction
on the curtain D remains strange without a (hypo) thesis from the book [1] in the way they
are exposed there. Let’s consider this major part, in short, once again.

Denote by A = A(I) the amplitude of the outcome, and with the A1 = A(I1) and
A2 = A(I2) wave amplitudes passing through the said openings. The quantum probability
is, according to Born law, the square of the amplitude P (I) = ∣A∣2 = A∗A, where A∗ is a
conjugate number of the complex number A. Denote by R(A),I(A) ∈ R real and imaginary
part of the number A =R(A) + iI(A) (i2 = −1), then check:

{
P (I) = P (I1 ∪ I2) = P (I1) + P (I2) − P (I1 ∩ I2)

∣A∣2 = ∣A1 +A2∣
2 = (A1 +A2)

∗(A1 +A2) = A
∗
1A1 +A

∗
1A2 +A

∗
2A1 +A

∗
2A2.

(1.74)
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Lower expression, ∣A∣2 = ∣A1∣
2 + ∣A2∣

2 + 2R(A∗
1A2), after comparing with the above gives:

P (I) = ∣A∣
2, P (I1) = ∣A1∣

2, P (I2) = ∣A2∣
2, P (I1 ∩ I2) = 2R(A∗

1A2), (1.75)

where R(A∗
1A2) = R(A1)R(A2) + I(A1)I(A2). As the amplitude of the waves arriving

through the holes changes depending on the position along the surface C, so the real part
of the product changes, and with it the total probability of reaching the energy at the given
location of the measured area in the previous figure. This is an experimentally tested result.

In the next figure 1.27, we see what happens when wave amplitudes are opposite and
when they agrees. In the first case (left), the real and imaginary parts of the amplitude
have the opposite sign, so R(A∗

1A2) < 0 and the probability of appearance on the curtain C
are reduced. In the second case (right), the real and imaginary parts of the amplitude have
the same sign, P (A∗

1A2) > 0, so the probability on the curtain C increases. Hence, changed
the dark and light diffraction strips (D). It is strange here, when we compare it with the
above expression (1.74), that the probability of the associated events may be greater than
the sum of the individual.

Figure 1.27: Interference, destructive and constructive.

This synergy of particle-wave, that the sum of associates is larger than separate assem-
blies, has its own message. It’s like telling us something else is hiding under the surface. It
seems as the wavelengths themselves do not show their potential enough as when they are
together. We can try to understand this by referring to Heisenberg’s41 an interpretation of
quantum mechanics when he said: “By measuring the electron we define its path”. The
measurement is taking of information – obtained by the realization of uncertainty into the
information, of the given occurrence. Namely, the reduction of uncertainty results in an
increase in certainty. Analogously to the removal of one by one, marked but equally prob-
able, the ball from the box in a random way (described in the book [1]). With each of the
next incorrect extracted random ball, the probability of the required is increased, and the
remaining uncertainty is reduced.

Similarly, it happened by opening the box with famous Schrödinger’s cat. In this imag-
inary “quantum experiment”, the chance that the cat in the box is alive or dead is half-half
and that’s the real situation until the box is opened. By opening the box we get information,
for example, “cat is alive”, which reduces the previous uncertainty. Thus, the uncertainty

41Werner Heisenberg (1901-1976), a German theoretical physicist.
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of many previous box states in time is reduced, literally adding the definitions to the past
of the box and its contents.

If we understood this, then the easier part is to understand that the variable appearance
of I1 and I2 can result in strange deviations of the expression (1.74).

This interpretation promotes the principle of probability, as well as conservation law
(maintaining the total amount) of uncertainty and information. On the one hand, we have
a quantum of energy; for the (in) dependence to occur, at least two events are required, in
this case at least two quanta. On the other hand, there is an interference of (independent)
particles-waves whenever they are. This all together gives the impression that the waving
of the substance we see as the surface of the sea, and that below the surface exists the see
(ocean) of the uncertainty that generates these waves, which is also in line with the idea
that the material world is only a part of physics, that physics implies wider truths.

Wavelength

The Born rule tells us that the square (intensity) of the wave amplitude is equal to the
probability with which we can find the wave-particle at a given position at a given moment.
Therefore, we consider the quantum phenomenon incidental. The pure nature of these
waves is known to physics from many experiments, but now it is theoretically obtained
from the principle of finiteness. Principled are the wavy nature of the particles, and also
the periodicity of all material phenomena.

The greatest novelty of all in the mentioned part of this discussion is the discovery that
all waves of the universe interfere in a given place, whenever it occurs. Where we observe
the absence of particles-waves is actually their collective destruction, and we can say that
all these waves are in balance, and where Born probability shows a positive value we can
say that we have a disorder. This applies to all periodic occurrences of matter that are
independent random events.

Unlike the amplitude that is more oriented to our search, the wavelength is more impor-
tant to another observations of wave-particles. In conditions where the wavelengths would
be larger, the position of the particle is smoothed in the longer path, so the probability of
its finding at a given site is smaller, or more precisely, the density of the probability of the
particle is smaller. That “density of particle” we see also as an energy or momentum.

Let us consider the expansion of light from one source in concentric spheres. When the
distance from the source increased, the particles amplitude decrease, but their wavelengths
are not changed. These particles are diluted in the larger surfaces of the sphere, without
losing energy or momentums. This means that the amplitudes and wavelengths are inde-
pendent, and immediately there is a conclusion that we have two types of probability in the
quantum world.

I used this type of probability more in the book “Space-time”, checking the probability
principle. When the said source of light moves (uniformly), a relativistic Doppler effect
is considered, which is treated in the mentioned book42. Approaching the light source
corresponds to its residence in our future, because the time of the system in motion is slower
and at the time of the match the two presents coincide. Observing the shorter wavelength of
the light of the source that approaches us boldly43 is interpreted by the greater probability
of the future than the present. In the departure of the source, the relative wavelengths of
light are larger than their own, and this is interpreted by the reduced probability of the

42see [1], 1.3.3. Red shift
43colleague’s remark
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past relative to the present. The travel direction of the wave (photons) is from the larger
to smaller wavelengths, from less likely to more probable positions.

The mean (average) of the incoming and outgoing wavelengths is called longitudinal
and is greater than the light of the same source at rest. It is equal to the transferal! Unlike
the previous physics, the theory of relativity successfully predicted the transferal Doppler
Effect, the greater the value of the wavelength of light that passes us at the nearest point
of its path.

I interpreted this relative increase of the value, both transverse and longitudinal wave-
lengths, with relative probability. The particles remain in a state of rest (of their source) or
uniform straight-line motion, because any other form of movement is less likely for them, un-
til another body or force acts on them. Therefore, the probability principle is in accordance
with Newton’s law of inertia.

The Doppler Effect is not necessary to confirm the above-mentioned aspect of the prob-
ability principle. The same can be obtained from the Compton Effect, the observed increase
in the wavelengths of X-rays and other energetic electromagnetic radiations that have been
elastically scattered by electrons. After publication in 1923, these observations are used to
prove the corpuscular nature of light (in addition to the wave).

Compton Effect

Somewhere in the early 1920s, when on the basis of the photoelectric effect was still discussed
about waves of light and photons; Compton gave a clear experimental evidence of the
“particle nature” of these waves. He watched the dissipation of the γ-rays on carbon
electrons and found the distributed γ-rays of larger wavelengths than the incoming, as in
the figure 1.28. The change in the wavelength increases with the scattering angle according
to the Compton formula

λ2 − λ1 = ∆λ =
h

mec
(1 − cos θ). (1.76)

On the left-hand side are the λ1 input and λ2 output wavelength of bulk photons. On the
right approximately h = 6.626 × 10−34 Js is Planck’s constant, me = 9.109 × 10−31 kg is the
electron mass in rest, c = 3 × 108 m/s speed of light in vacuum. The scattering angle is θ,
and the quotient h/mec = 2.43 × 10−12 m is called Compton’s wavelength of the electron.

Compton processed and explained the data from his experiment, applying the laws of
maintaining energy and impulses in the interactions of the photons of γ and the electron
e− and obtained that the dissipated photon had lower energy and a larger wavelength than
incoming, according to the Planck44 formula

E = hν, (1.77)

where ν = c/λ is the frequency of the wave. Here’s how it’s calculated.

The photon γ with the initial energy E1 = hν1 travels along the abscise (x-axis) and
dissipates on the electron e− with energy Ee = mec

2, as in the figure 1.28. The photon
is reflected from the electron in the direction that closes the angle θ with abscise, leaving
with energy E2 = hν2. We know that the wavelength λ and the frequency ν of photons
are in the relation λν = c. The electron energy at rest is Ee1 = mec

2, and after collision
Ee2 =

√
p2
ec

2 +m2
ec

4, where p⃗e is electron momentum after a collision.

44Max Planck (1858-1947), German theoretical physicist.
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Figure 1.28: Compton Effect.

Apply the law of energy conservation and calculate:

E1 +Ee1 = E2 +Ee2,

E1 +mec
2
= E2 +

√
p2
ec

2 +m2
ec

4,

(E1 −E2 +mec
2
)

2
= p2

ec
2
+m2

ec
4.

Applying the law of momentum conservation we get:

p⃗1 = p⃗2 + p⃗e,

(p⃗1 − p⃗2)
2
= p⃗2

e,

p2
1 + p

2
2 − 2p1p2 cos θ = p2

e.

By multiplying this equation with c2 and using the relation E = pc for a photon, it becomes

E2
1 +E

2
2 − 2E1E2 cos θ = p2

ec
2.

By combining this result with the previous one, we find:

E2
1 +E

2
2 +m

2
ec

4
+ 2E1mec

2
− 2E2mec

2
− 2E1E2 = E

2
1 +E

2
2 − 2E1E2 cos θ +m2

ec
4,

E1mec
2
−E2mec

2
−E1E2 = −E1E2 cos θ,

1

E2
−

1

E1
=

1

mec2
(1 − cos θ),

λ2 − λ1 =
h

mec
(1 − cos θ),

which is formula (1.76). From the previous we also get the formula for the energy of the
dissipated photons

E2 =
E1

1 + E1

mec2
(1 − cos θ)

, (1.78)

where E1 is the energy of the incident photon. How ∣ cos θ∣ ≤ 1 the denominator is not less
than one, so E2 ≤ E1, and equality is achieved only when there is no dissipation, θ = 0.
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For his discovery, Compton45 received the Nobel Prize in Physics in 1927 which is
now a classic. What is less known is the connection between wavelength, amplitude and
probability, as we here (hypothetically) look at the above mentioned way. We principally
believe that a photon travels along a trajectory that seems most likely to it, and that
the collision with the electron turns the photon into a less probable path. In addition,
the wavelength is regarded as a probability of trajectory, in such a way that the larger
wavelengths correspond to the lower density of the photon position.

45Arthur Compton (1892-1962), American physicist.
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1.1.7 Distribution of probability

Distribution of probabilities is a table or equation that binds each outcome of a statistical
experiment with the probability of events. In a discrete case (countable set of events) we
write the distribution in a transparent way:

Ω ∶ (
ω1 ω2 . . . ωn
p1 p2 . . . pn

) , (1.79)

where P (ωk) = pk, ωi ∩ ωj = ∅ and ⋃nk=1 ωk = Ω. Therefore, ∑nk=1 pk = 1 is an important
feature of this distribution. Often happens that we need to associate random events to
numbers, ωk → xk ∈ R, so we write the previous table:

X ∶ (
x1 x2 . . . xn
p1 p2 . . . pn

) , (1.80)

where P (X = xk) = pk. The mean value of these numbers

µ(X) = p1x1 + p2x2 + ⋅ ⋅ ⋅ + pnxn =
n

∑
k=1

xkpk, (1.81)

we also call mathematical expectation. The mean value of the squares of deviations from
the mathematical expectation µ = µ(X) is

σ2
(X) =

n

∑
k=1

(xk − µ)
2pk, (1.82)

and it is called variance. In other words, Variance is the average of the squared differences
from the Mean. The square root of the variance, σ =

√
σ2(X), is called standard deviation.

From (1.82) we get:

σ2
=

n

∑
k=1

(x2
k − 2µxk + µ

2
)pk =

n

∑
k=1

x2
kpk − 2µ

n

∑
k=1

xkpk + µ
2
n

∑
k=1

pk =
n

∑
k=1

x2
kpk − 2µ ⋅ µ + µ2

⋅ 1,

and hence

σ2
=

n

∑
k=1

x2
kpk − µ

2. (1.83)

It is the formula of the same variance, easier to use.

Example 1.1.49. Throw a fair dice. We get two tokens if fall 6, one if it falls 5, and in
all other cases we lose one token. Find expectation and dispersion.

Solution. Expectation (mean) of win-wast is

µ = 2 ⋅
1

6
+ 1 ⋅

1

6
+ (−1) ⋅

4

6
= −

1

6
,

which means that in this game we lose on average just under 17 percent (1
6 ≈ 0,16667) of

one token after throwing the cube. The variance is

σ2
=∑x2

kpk − µ
2
= [22

⋅
1

6
+ 11

⋅
1

6
+ (−1)2

⋅
4

6
] − (

1

6
)

2
=

53

36
= 1,47222.

Standard deviation is σ ≈ 1,213. This is the average deviation of separately gain-loss from
expectation.
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It comes out that with the increasing number of repetitions of the random events the
outcomes are increasingly better grouped around the distribution of probability. It is in-
teresting that the measure of this reduction, the grouping of outbursts of outcomes around
the expected probabilities, can also be obtained theoretically. We will break this step by
step, by examples and evidence.

A simple beginning to understand the distribution is the indicator IA of the realized
random events A from the universe Ω, from the set of all options:

IA(ω) = {
1, ω ∈ A
0, ω ∈ Ac.

(1.84)

For example, if is thrown a fair coin three times we get the set with 23 = 8 outcomes:

Ω = {HHH,HHT,HTH,THH,HTT,THT,TTH,TTT}

where H - a ‘Head‘ has fallen, T - a‘ Tail’ has fallen. If A =H, then the probabilities of the
number of events occurring A are in the table: 1.5.

A probability

0 0,125
1 0,375
2 0,375
3 0,125

Table 1.5: Three tossing coins.

Here is the probability of the event A for one throw of the coin P (A) = 1
2 , the probability

that A will not happen in that throw is P (Ā) = 1 − P (A) = 1
2 . In a different experiment,

the probability of the event A can be any real number p ∈ (0,1), so the probability that A
does not happen is q = 1 − p. Thus, P (A) = p and P (Ā) = q.

When the event A is accidentally extracts the character (joker, lady, king) from the
deck with 52 playing cards (figure 1.29), then p = 3

13 and q = 10
13 . In a series of ten random

drawings on one card from the deck, each time returning this card to the deck and mixing,
each drawn is an independent random event. Because each reporting A in a series of n ∈ N
pulls has the same chance, it will be k times (k = 0,1, . . . , n) extracted A with probability

P (∣A∣ = k) = (
n

k
)pkqn−k. (1.85)

These are the probabilities of binomial distribution, which is signed PB(k) too.

Binomial coefficients

For binomial coefficients equals:

(
n

k
) =

n!

(n − k)!k!
=
n ⋅ (n − 1) . . . (n − k + 1)

1 ⋅ 2 . . . k
. (1.86)

We will prove this formula in two steps.
Firstly consider variations, the scheduling when the order of choosing is important. Let’s

say we have ten competitors who are fighting for the first four places of the ranking. In the
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Figure 1.29: Playing cards.

first place can be any of them, and that’s ten possibilities. Then, in the second place can
be any of the remaining nine. In the third place can be any of the remaining eight, and on
the fourth one of the other seven. For the arbitrary choices the total number of scheduling
is 10 ⋅ 9 ⋅ 8 ⋅ 7.

In general, when we have n = 1,2,3, . . . competitors struggling for the first k = 1,2, . . . , n
position of the rank list, the number of schedules is

V n
k = n ⋅ (n − 1) ⋅ (n − 2) . . . (n − k + 1). (1.87)

This is the number of variations the class k of n elements. A special case is k = n when
talking is about permutations. The same formula is valid, so we have

V n
n = n! = n ⋅ (n − 1) . . .2 ⋅ 1, (1.88)

where n! we read “n factorial”. These are variations and permutations without repetition,
which are the only interesting here.

Secondly consider combinations, scheduling when the order is not important. Let’s say
that we have a set of ten elements from which we form subsets with four elements. In each
of the total number of variations 10 ⋅ 9 ⋅ 8 ⋅ 7 it will be possible to allocate four elements in
4! = 1 ⋅2 ⋅3 ⋅4 permutations. Therefore, the number of combinations, the number of schedules
not counting the order is C10

4 = V 10
4 /4!

In general, if we have a set with n = 1,2,3, . . . elements, and we extract k = 1,2, . . . , n
elements into the subset, the number of subsets is

Cnk =
V n
k

k!
=
n ⋅ (n − 1) . . . (n − k + 1)

1 ⋅ 2 . . . k
, (1.89)

which is the formula (1.86).

As we know from elementary mathematics, written in the way (1.86) or (1.89), the
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binomial coefficients are found in the development of stepped binomials:

(p + q)0 1
(p + q)1 p + q
(p + q)2 p2 + 2pq + q2

(p + q)3 p3 + 3p2q + 3pq2 + q3

(p + q)4 p4 + 4p3q + 6p2q2 + 4pq3 + q4

. . . . . .

(p + q)n (
n
0
)pnq0 + (

n
1
)pn−1q1 + ⋅ ⋅ ⋅ + (

n
k
)pkqn−k + ⋅ ⋅ ⋅ + (

n
n
)p0qn

. . . . . .

(1.90)

The sum in each row is one, because (p + q)n = 1, so the probabilities (1.85) make the
distribution. The coefficients themselves form the Pascal triangle:

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1
. . .

(
n
0
) (

n
1
) . . . (

n
k
) . . . (

n
n
)

. . .

(1.91)

which is easier for memorize. Note that each row of the triangle is symmetric:

(
n

k
) = (

n

n − k
), (1.92)

because the number of ways to extract from the set of n elements a subset of k elements is
equal to the number of ways that after allocation in the given set n − k elements remain.

Example 1.1.50. Prove (1.92) using (1.89).

Proof. Calculate from (1.89):

(
n

k
) =

n!

(n − k)!k!
=
n(n − 1) . . . [n − (n − k) + 1]

(n − k)!
= (

n

n − k
).

And that is (1.92).

In Pascal’s triangle, the sum of two adjacent members of one row is equal to a member
of the following row:

(
n

k
) + (

n

k + 1
) = (

n + 1

k + 1
). (1.93)

This is proved by calculating:

(
n

k
) + (

n

k + 1
) =

n!

(n − k)!k!
+

n!

(n − k − 1)!(k + 1)!
=

=
n!(k + 1)

(n − k)!(k + 1)!
+

n!(n − k)

(n − k)!(k + 1)!
=
n![(k + 1) + (n − k)]

(n − k)!(k + 1)!

=
(n + 1)!

(n − k)!(k + 1)!
= (

n + 1

k + 1
),

and hence (1.93).
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Binomial distribution

The above mentioned binomial distribution can be obtained by counting the indicators
(1.84), when P (A) = p is constant, and the indication process is repeated n = 1,2,3, . . .
times, with k = 0,1, . . . , n repetitions of the event A. The binomial distribution is usually
denoted B(n, p).

Theorem 1.1.51. Expectation for binomial distribution B(n, p) is µ = np.

Proof. For k = 0 is k(nk)p
kqn−k = 0, then k(nk) = n(

n−1
k−1

), so:

µ =
n

∑
k=0

k(
n

k
)pkqn−k =

n

∑
k=1

k(
n

k
)pkqn−k =

n

∑
k=1

n(
n − 1

k − 1
)pkqn−k =

= np
n

∑
k=1

(
n − 1

k − 1
)pk−1q(n−1)−(k−1)

= np
m

∑
j=0

(
m

j
)pkqm−j = np,

where is m = n − 1 and j = k − 1.

In the binomial distribution B(n, p) we imply p+ q = 1. The expectation of the variable
X is often written by E(X) = µ(X), and the variance var(X) = E(X2) − (E(X))2, which
is just another way of writing (1.83).

Theorem 1.1.52. Variance of the B(n, p) is σ2 = npq.

Proof. Calculate the first term of variance:

E(X2
) =

n

∑
k=0

k2
(
n

k
)pkqn−k =

n

∑
k=0

kn(
n − 1

k − 1
)pkqn−k =

= np
n

∑
k=1

k(
n − 1

k − 1
)pk−1q(n−1)−(k−1)

= np
m

∑
j=0

(j + 1)(
m

j
)pjqm−j

= np

⎡
⎢
⎢
⎢
⎢
⎣

m

∑
j=0

j(
m

j
)pjqm−j +

m

∑
j=0

(
m

j
)pjqm−j

⎤
⎥
⎥
⎥
⎥
⎦

= np

⎡
⎢
⎢
⎢
⎢
⎣

m

∑
j=0

(
m − 1

j − 1
)pjqm−j +

m

∑
j=0

(
m

j
)pjqm−j

⎤
⎥
⎥
⎥
⎥
⎦

= np

⎡
⎢
⎢
⎢
⎢
⎣

(n − 1)p
m

∑
j=1

(
m − 1

j − 1
)pj−1q(m−1)−(j−1)

+
m

∑
j=0

(
m

j
)pjqm−j

⎤
⎥
⎥
⎥
⎥
⎦

= np [(n − 1)p(p + q)m−1
+ (p + q)m] = np[(n − 1)p + 1],

E(X2
) = n2p2

+ np(1 − p).

Then calculate:

σ2
(X) = E(X2

) − [E(X)]
2
= np(1 − p) + n2p2

− (np)2,

σ2
(X) = np(1 − p),

and that is to be proved.

The binomial distribution can be applied when the following three conditions are met.
When the number of repetitions of the test is fixed, when the probes are independent and
when the probability of the outcome is constant.
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Quantum Mechanics

Example 1.1.53. The dice is thrown 10 times and registered are number of “six”. What
is the probability that among them:

1○ are exactly 3 sixths;
2○ number sixths is not greater than 3.

What is the expectation and dispersion of the numbers of six?

Solution. We apply binomial distribution B(n, p), where n = 10, p = 1
6 and q = 5

6 .

1○ P (X10 = 3) = (
10
3
) ⋅ p3 ⋅ q7 ≈ 0.155.

2○ P (X10 ≤ 3) = ∑3
k=0 (

10
k
)pkq10−k ≈ 0.930.

Expected “six” are µ = np ≈ 1.67, dispersion from are σ =
√
npq ≈ 1.18.

From this example we see the difficulties in using the binomial distribution in the case of
long arrays, a large number of n. However, then more and more successful approximations
of the binomial distribution exists, above all Poisson46 and the normal distribution. The
first one is used when the expectation is np < 10, otherwise the other, in both cases the
repetition rate is n > 50.

Poisson Distribution

Poisson distribution and approximation are given by the parameter µ = np > 0 with

pk = (
n

k
)pkqn−k ≈ e−µ

µk

k!
, k = 0,1,2, . . . , n→∞. (1.94)

The distribution itself is convenient to calculate the number of events in a given time
interval.

To prove (1.94) see p = µ/n and:

lim
n→∞

P (X = k) = lim
n→∞

n!

k!(n − k)!
(
µ

n
)
k

(1 −
µ

n
)
n−k

=

= (
µk

k!
) lim
n→∞

n!

(n − k)!
(

1

nk
)(1 −

µ

n
)
n

(1 −
µ

n
)
−k

.

Note:

lim
n→∞

n!

(n − k)!
(

1

nk
) = lim

n→∞

n(n − 1)(n − 2) . . . (n − k)(n − k − 1) . . . (1)

(n − k)(n − k − 1) . . . (1)
(

1

nk
) =

= lim
n→∞

n(n − 1)(n − 2) . . . (n − k + 1)

nk
= lim
n→∞

(
n

n
⋅
n − 1

n
⋅
n − 2

n
. . .

n − k + 1

n
) = 1.

Also:

lim
n→∞

(1 −
µ

n
)
n

= e−µ, lim
n→∞

(1 −
µ

n
)
−k

= 1,

hence:

lim
n→∞

P (X = k) = (
µk

k!
) lim
n→∞

(1 −
µ

n
)
n

(1 −
µ

n
)
−k

=
µk

k!
e−µ,

and that is (1.94).

46Siméon Denis Poisson (1781-1840), French mathematician
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Example 1.1.54. The crossroads pass about 300 vehicles per hour.
1○ What is the probability that no vehicle will pass at a given minute?
2○ What is the expected number of passes in two minutes?
3○ What is the probability that this expected number will happen in two minutes?

Display the distribution histogram.

Solution. Use Poisson distribution with parameter µ = 300/60 = 5.

1○ P (X0) = e
5 ⋅ 50

0! ≈ 0,00674.
2○ E(X) = 5 ⋅ 2 = 10.

3○ E(X10) = e
−10 ⋅ 1010

10! ≈ 0,12511.

Histogram of P (X) = e−10 ⋅ 10x

x! measured in two minutes, is the figure 1.30.

Figure 1.30: Distribution histogram.

In order to find the value of Poisson function, tables were used and today computers.
The ability to form the table using only one parameter was very useful, but now it comes to
vision some another feature of the same possibilities. It becomes more interesting to notice
the same, bell-shaped form of these distributions, which is also seen on the previous picture
(histogram 1.30).

Normal distribution

Normal distribution is given by the parameters µ = np and σ =
√
npq, with:

⎧⎪⎪
⎨
⎪⎪⎩

1○ P (
x−µ
σ = y) = 1√

2πσ2
e−y

2/2,

2○ P (a ≤ x−µ
σ ≤ b) = 1√

2π

´ b
x=a e

−y2/2 dy.
(1.95)

In both cases, when n → ∞, the relationship with the binomial distribution becomes the
expectation µ and the dispersion σ. Then the normal distribution and the binomial (ap-
proximately) are equal. Note that the normal distribution function (1○) is defined by one
parameter y = (x − µ)/σ.

We can denote the probability (1○) of the normal distribution with PN(y) in order to
denote the probability (1.85) of the binomial distribution with PB(x), where stay x = k.
Let us consider the approximation PB(x)→ PN(y), when n→∞.

First, from (1.85) note:

PB(k)

PB(k − 1)
=

(
n
k
)pkqn−k

(
n
k−1

)pk−1qn−k+1

=
(n − k + 1)p

kq
, k = 1,2, . . . , n,
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and hence the conclusion that PB(k) is a growing function for k < np and that it is decreasing
when k > np. In other words, the probability function of the binomial distribution is “bell-
shaped” like the histogram in the image 1.30, with the maximum for argument kmax =

np. This is the essence of de Moivre work (see [11]) and the discovery that the binomial
distribution quickly stabilizes with the rise of n.

De Moivre has established the mentioned stability with the approximate probability

P (X = kmax + y) ≈ PB(kmax) exp(−
y2

2npq
) ,

which follows from well-known approximations:

{
ln(1 + ξ) ≈ ξ, ξ ≈ 0,

1 + 2 + ⋅ ⋅ ⋅ +N = 1
2N(N + 1) ≈ 1

2N
2, N →∞.

Namely, in the previous fraction, put k = kmax +m, so perform:

ln
PB(kmax +m)

PB(kmax +m − 1)
= ln

(n − kmax +m)p

(kmax + imq
≈ ln

(nq −m)p

(np +m)q
= ln

1 −m/(nq)

1 +m/(np)
=

= ln(1 −
m

nq
) − ln(1 +

m

np
) ≈ −

m

nq
−
m

np
= −

m

npq
.

This apply for 1 ≤ y ≤ n − kmax, as follows:

ln
PB(kmax + y)

PB(kmax)
= ln [

PB(kmax + 1)

PB(kmax)
⋅
PB(kmax + 2)

PB(kmax + 1)
. . .

PB(kmax + y)

PB(kmax + y − 1)
] =

= ln
PB(kmax + 1)

PB(kmax)
+ ln

PB(kmax + 2)

PB(kmax + 1)
+ ⋅ ⋅ ⋅ + ln

PB(kmax + y)

PB(kmax + y − 1)

≈ −
1

npq
−

2

npq
− ⋅ ⋅ ⋅ −

y

npq
≈ −

1

2

y2

npq
.

Hence the upper De Moivre probability.

Second, note that for large numbers n is valid

PB(k) =
n!

k!(n − k)!
pkqn−k ≈

nn+1/2e−n+k+n−k
√

2π(np)k+1/2(nq)n−k+1/2
pkqn−k,

which comes from the Stirling’s formula

m! ≈
√

2πmm+1/2e−m,

for big m. Therefore, for k ≈ np, we have and the approximation

PB(k) ≈
1

√
2π npq

.

De Moivre’s probability, for general p, becomes:

P (X = kmax + y) ≈
1

√
2π npq

exp(−
y2

2npq
) ,
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or substituting np = kmax, and putting k instead of kmax + y, we find:

P (X = k) ≈
1

√
2π npq

exp [−
(k − np)2

2npq
] =

1
√

2πσ
exp [−

(k − np)2

2σ2
] .

Thus, P (X = k) is approximately equal to the area below the smooth curve

f(x) =
1

√
2πσ

exp [−
(x − np)2

2σ2
] ,

on the interval k − 1
2 ≤ x ≤ k + 1

2 of length one.
Third, note that for every pair of integers 0 ≤ a < b ≤ n, it is valid:

P (a ≤X ≤ b) =
b

∑
k=a

PB(k) ≈
b

∑
k=a

ˆ k+1/2

k−1/2
f(x)dx =

ˆ b+1/2

a−1/2
f(x)dx.

The change of the variable, y = (x − np)/σ, simplifies this integral into a form

1
√

2π

ˆ β

α
e−y

2/2 dy,

where α = (a − np − 1/2)/σ and β = (b − np + 1/2)/σ. This is the known integral of the
normal distribution (1.95), which is also called after Gauss47 who first published it in his
monograph48 where among other things he introduces several important statistical concepts,
such as the method of least squares, the method of maximum likelihood, and the normal
distribution. Until recently, the normal distribution is used to be calculated from special
tables with the formula

Φ(z) =
1

√
2π

ˆ z

−∞

e−y
2/2 dy.

For example, for p = 1
2 and n = 100 of the binomial distribution, from the table there

calculated:

P (45 ≤X ≤ 55) ≈ Φ(
55,5 − 50

5
) −Φ(

44,5 − 50

5
) ≈ 0,8643 − 0,1356 = 0,7287.

Today, this is done using a computer. Nevertheless, for calculation by table or by computer,
we have proved the approximation of the binomial distribution to normal (1.95).

We often use the normal distribution to estimate the height of people, blood pressure,
number of points on the test, volume of machine production, measurement error. The binary
grouping of these distributions is illustrated by Galton49 box (quincunx) in the figure 1.31.
On the upper side, the balls fell from the bars and reflected from the rod-like barriers, shown
from the side in the form of a dotted triangle, decaying to vertical bumps at the bottom.
The central slit collects the most of these balls, and less and less leaves left and right of the
center, forming a bell-shaped structure of balls across the bulkheads.

It is a typical form of function (1.95) whose (lower) integral is “unsolvable”. The area
under the bell curve (1○) to x-axes, between a and b on horizontal axis, is the required
probability. This means that a→ −∞ and b→∞ integral value (2○) is one.

47Carl Friedrich Gauss (1777-1855), German mathematician.
48Gauss: Theoria motus corporum coelestium in sectionibus conicis solem ambientium, 1809.
49Francis Galton (1822-1911), an English statistician
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Figure 1.31: Galton box.

However, depending on the parameters µ and σ there are further regularities of the
characteristic curve the normal distribution, shown in the figure 1.32. The highest ordinate
has an abscissa µ which is a mathematical expectation of the distribution. The curve is
symmetric around this extreme, around the real x = µ. In the interval (µ − σ,µ + σ) of
abscissa there is 68.2% probability. In the interval µ±2σ abscissa lies 95.4% probability. In
the interval ±3σ about µ there is 99.7 percent probability, and in the interval ±4σ as much
as 99.9 percent.

Example 1.1.55. It is assumed that the reaction time of the younger driver has a normal
distribution with a mean value of µ = 0.53 with a dispersion of σ = 0.11 seconds. What is
the probability of reaction time shorter than 0.65 seconds?

Solution. We’re looking for the probability P (x < 0.65) = P (
x−µ
σ <

0,65−µ
σ ) = P (z < 1.09),

and in table 1.33 read 0.8621. Accordingly P (x < 0.65) = 0.8621.

In 1738, De Moivre published the aforementioned work “Doctrine of Chance” by study-
ing the coefficients of the binomial development (a + b)n. He estimated that the middle
member of this development has a value of 2/

√
2πn. Gauss studied statistics in 1809 and

found the “least squares method” and normal distribution. Therefore, the bell-shaped curve
of the normal distribution of the name and the “Gaussian bell” is called. At the same time
and independently of Gauss, in the same year, Adrain50 Published the derivation of normal
probability, but this was not known until 1871 when it was “rediscovered” by Abbe51.

Further development of the statistics was done by Laplace52 proving, among other
things, the “central boundary theorem”, which emphasized the theoretical significance of
normal distribution. That normal distribution is not only a mathematical tool, but a natural
phenomenon too, has demonstrated Maxwell53 in the mid-19th century.

50Robert Adrain (1775-1843), American mathematician.
51Cleveland Abbe (1838-1916), American meteorologist.
52Pierre-Simon Laplace (1749-1827), French mathematician.
53James Clerk Maxwell (1831-1879), Scottish mathematician.
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Figure 1.32: Normal distribution.

Figure 1.33: Normal probabilities.

Today, the reduction in distribution to the bell-shaped normal distributions is a routine
of mathematical probability theory, and their use is recognized even far beyond classical
statistics. After the promotion of the “principle of probability” (most probably happens
most often), and then the “principle of information” (nature is stingy with information),
published in the book “Space-time”, we can notice that normal distribution fits into the
same idea. Distribution of probability by multiple repetitions shows increasing regularity,
increasing certainty. Nature save its uncertainty and dissipation of information.

Hiding information

It’s no longer a secret that nature likes to hide the information, but we can still be surprised
with the ways in which it does. From the principle of finality follows that the uncertainty is
the necessity of the material world, which by its nature would be meaningless if, at any time,
it could not pass to certainty, said information. We already have two types of information
concealment; one is the uncertainty itself, and the other is a slipping of the uncertainty,
because the most commonly realized events are the most probable, and they are the least
informative. At the beginning and at the end of the implementation process, we have equal
amounts, uncertainties and information. This process, “bringing sand to the beach”, is
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called the conservation law of total uncertainty and information.
In other words, uncertainty is just one of the various forms of information for which,

as in the case of different forms of energy, the conservation law is valid. Energy and
information are different physical phenomena and both have links to entropy (the heat and
temperature quotient). Observed in inertial systems, the body of higher velocity has less
relative probability, higher kinetic energy and higher temperature, but unchanged heat54.
The body from stillness will not spontaneously move, because there is a less probable state
there, with also lower entropy.

Each of the two conclusions, movement is less likely and has less entropy, is in accordance
with the law of inertia, but together they seem absurd. Entropy is information of the most
likely (uniform) distribution of particles, it is the smallest possible and, in the proposed way,
the movement makes it as yet smaller. Information grows by decreasing probability, and
here it is required to be calculated even smaller for the “same” optimal schedule! This is the
paradox of entropy that can be resolved when we take into account the relativistic length
contraction. The relative compression of the vessel with air molecules along the direction of
movement, but not perpendicular to that direction, distorts the “most probable position of
the molecule” in relation to the observer at rest. The amount of this relative degradation
of the optimum is sufficient to eliminate the absurdity.

It’s similar in the gravitational field. The body in orbit sees all the other paths as
less likely, and sees all positions closer to the center of gravity with the less entropy. The
replacement of the optimal distribution of gas molecules then comes with a higher weight,
due to which the air particles closer to the floor are denser. In this way or another, relative
information seems to disappear, which is not possible due to conservation laws, and this is
already a different relativistic absurd – let us call it the paradox of information.

It will solve the explanation with the figure of the Hadamard gate 1.12, accepting the
outcome in multiverse. When we consider both outcomes of throwing coins as really equal,
then we accept the existence of both “parallel realities”. Their time flows represent dif-
ferent sequence of events, but (physical) communication between these sequences is not
possible, because it would, for example, violate the law of masses conservation. From me
one (particle) cannot be created the two from nothing.

Shifting the time axis by tilting it toward the direction of velocity or the force corre-
sponds to the partial departure of the observed system into a parallel reality, from which
the observer cannot receive (physical) information. It becomes a relativistic ripping off the
time by the parallel reality and in fact is the kind of information concealment. In this
process there is no permanent disappearance of information, as there is no origination of
energy. The first (information) decreases, while the other (energy) is growing, but in a
wider context, the total amount of each of them is constant.

In accordance with the law of information conservation, we will consider that the normal
distribution of probability is created by multiple repeating the outcome with an increasing
grouping over the Gaussian bell, not as a loss of information, but as a packing, accumulation
or concealment. This creates the law of large numbers of the theory of probability. By
repeating, the quotient of the number of realized outcomes and the number of attempts
tends to the probability of that outcome. The binomial distribution of the realization and
non-realization of the desired outcome tends to normal distribution, in increasingly tighten
bond between the dispersion (σ) and the mean value (µ) into a link that becomes impossible
to get by the guessing, by us the ordinary mortals.

54hypothesis in [1]
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1.1.8 Basis vectors

A set of elements (vectors) in a vector space is called a basis, or a set of basis vectors, if the
vectors are linearly independent and every vector in the vector space is a linear combination
of this set. In more general terms, a basis is a linearly independent spanning set. We imply
the definition of 1.1.9 of the vector space V over the body of the scalar Φ, for which we have
said that are complex numbers C until is emphasized differently.

Given are the arbitrary scalars α1, α2, . . . , αn ∈ Φ and vectors e1, e2, . . . , en ∈ V. Then
the vector

v =
n

∑
k=1

αkek = α1e1 + α2e2 + ⋅ ⋅ ⋅ + αnen (1.96)

is called linear combination of the vectors ek (k = 1,2, . . . , n). We say the vectors ek are
linearly independent if from v = 0 follows αk = 0 in succession for all k = 1,2, . . . , n. On the
contrary, if equality v = 0 is possible with at least one coefficient αk ≠ 0, then we say that
the vectors are linearly dependent.

The base of vector space V is a set of vectors that span each of its subspaces. In other
words, any vector of V is a linear combination of some vectors from the base.

For example, the set of linearly independent vectors from the sum on the right side of
the given equality (1.96) makes one base of the vector space. If we find some other vectors
that added to the expression fulfill the condition of independence, then we consider this
base with n vectors incomplete and expand it for the new vectors, increasing the number
n for the number added. However, if we have a vector e′1, and add the term α′1e

′
1 ≠ 0

to that given sum for which the condition v = 0 would not apply, then from α′1 ≠ 0 and
α′1e

′
1 + α1e1 + ⋅ ⋅ ⋅ + αnen = 0 follows:

e′1 = −
n

∑
k=1

αk
α′1
ek, (1.97)

which in another way can be said that the vector e′1 depends on the previous. The number
of base elements is dimV and we call it the space dimension.

Theorem 1.1.56. In the final dimensional vector space there is a base, and each base of
that space has the final number of elements. Two different bases of the same space always
have the same number of elements.

Proof. Let be given the two bases A = {a1, a2, . . . , am}, B = {b1, b2, . . . , bn}, m ≤ n of vector
space V. Vectors from set A are linearly independent and span V. Than the vectors:

a1, a2, . . . , an, b1

are linearly dependent. Moving from right to left, throw out the first of the vectors tha is
dependent from the previous, and let it be a1. We get sequence of m independent vectors
too, so the sequence of vectors

a2, a3, . . . , an, b1, b2

is linear dependent. Repeat the expulsion procedure, right-to-left, expelling the first of
these vectors which is dependent on the previous, to regain some base of the m vectors.
Repeating further, at each step we have a mixed base of vectors from the bases A and B,
but always with the same number of m elements, to the final base:

b1, b2, . . . , bm.
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Therefore, the number of elements of given databases is equal, m = n, so we say that this
number is equal to the dimension of space, dimV = n.

From the standpoint of quantum mechanics, knowing that the vectors express the prop-
erties of the quantum system, this theorem speaks of maintaining the number of properties
of a given closed system. The choice of the second database means a different definition
of the features of the same system and possibly better or worse measurement capabilities.
Also, the theorem determines that by any theoretical repackaging of definitions of indepen-
dent physical concepts from a given quantum system we cannot obtain any other number
of independent physical terms.

Let’s see what happens if to vector space V′ with n′ base vectors x′1, . . . , x
′
n′ is added a set

of n′′ new base vectors x′′1 , . . . , x
′′
n′′ that span V′′. If each of the new vectors is independent

on the first base, and vice versa, then we can form a vector space called direct sum of the
spaces

V = V′
⊕V′′, (1.98)

in such a way that each vector v ∈ V can be written in the form

v = λ′v′ + λ′′v′′, (1.99)

where the vectors v′ ∈ V′ and v′′ ∈ V′′, and the scalars λ′, λ′′ ∈ C .

Example 1.1.57. Prove that the record (1.99) is unique.

Proof. The zero-vector entry is unique, because from v′ + v′′ = 0 follows v′ = v′′ = 0. Let’s
assume that the record of another vector is not unique, for example

v = v′1 + v
′′
1 = v′2 + v

′′
2 , v′1, v

′
2 ∈ V

′, v′′1 , v
′′
2 ∈ V′′.

Then:
(v′1 − v

′
2) + (v′′1 − v

′′
2 ) = 0,

v′1 − v
′
2 = 0, v′′1 − v

′′
2 = 0,

because these differences are vectors from V′ and V′′. However, zero vectors are unique in
these subspaces, so v′1 = v

′
2 and v′′1 = v′′2 , and this was to be proven.

Unlike the direct sum (1.98), the simple sum of space:

V′
+V′′ (1.100)

we call the union of sets of vectors of given spaces:

V′
+V′′

= {v′ + v′′∣v′ ∈ V′, v′′ ∈ V′′
}. (1.101)

In other words, if we have two lines p′ and p′′ with a single common point, then we can
define two vector spaces V′ = {v′∣v′ ∈ p′} and V′′ = {v′′∣v′′ ∈ p′′} with the common origin
O = p′ ∩ p′′. In the origin there is a zero vector of each spaces and it belongs to that union,
but the union does not have any sum of two non-zero vectors, one of which is from the first
and the other from another space (line). Unlike a simple collection, the direct sum contains
all the vectors (1.99).

When all linear combinations (1.99) are counted, then the vectors of the V′′ base are
added to the vectors of base V′ and form the base of direct sum (1.98) of these spaces. That
is why plane and line with one common point can form a direct sum of space (dimensions
2 + 1 = 3), but two planes intersected in line (dimension 2 + 2 = 4) cannot, at least not in a
three-dimensional space.

Rastko Vuković 83
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Lemma 1.1.58. If the spaces in (1.98) have dimensions n′ = dimV′, n′′ = dimV′′ and
n = dimV, then n = n′ + n′′.

Proof. From the assumption (1.98), for the base vectors e′k ∈ V′ and e′′j ∈ V′′ and their
arbitrary linear combinations

v′ =
n′

∑
k=1

λ′ke
′
k, v′′ =

n′′

∑
j=1

λ′′j e
′′
j ,

we find that from v′ + v′′ = 0 follows v′ = 0 and v′′ = 0, and hence all coefficients of lambda
are zero. Thus, dim(V′ ⊕V′′) = dimV′ + dimV′′, which stands in the assertion.

Lemma 1.1.59. If V = V′ +V′′ and n = n′ + n′′ with the previous marks, then (1.98).

Proof. If the set of vectors containing both bases e′ = (e′k) and e′′ = (e′′j ) were linearly
dependent, it would have had at most n′ + n′′ − 1 = n − 1 linearly independent vectors, so
a (simple) sum of space would be spanned with less than the specified n vectors. This
is contrary to the assertion that this sum is n-dimensional. Thus, e′ and e′′ are linearly
independent.

The last two lemmas point out that each vector v ∈ V can be written in the only one
way in the form v = v′+v′′, where v′ ∈ V′, v′′ ∈ V′′, with the specified space dimensions. The
bundles of (1.98) are called directly complementary. Each system of linearly independent
vectors of a finite dimensional space can be complemented to the base of that space, i.e.
each such a vector system is a subset of at least one base of the space. Each subspace of
the final dimensional space has at least one direct complement.

Data Dimensions

Immediately before this section (1.1.8), we looked at several ways of hiding information.
We have noted that the acceptance of objective coincidence, in the extreme case, means
the obligation to consider and parallel realities, mentioned earlier besides the figure of the
Hadamard gate. If different realities can be realized, say “head” and “tail” by throwing coin,
then in each realizations of the outcome, physical laws apply equally. Each of the resulting
parallel realities has the same number of dimensions of the physical space-time, which is
also the same number of dimensions of the abstract vector space whose representation was
the quantum system observed at the moment before branching. In short, we say they are
isomorphic.

Definition 1.1.60 (Isomorphisms). Given are two vector spaces U and V over the same
scalars Φ. We say the space U is isomorph (algebraically) with the space V, if exists a
mapping that is both one-to-one (an injection) and onto (a surjection) ϕ, that is called
isomorphism, from U to V with property

ϕ(α1u1 + α2u2) = α1ϕ(u1) + α2ϕ(u2), ∀u1, u2 ∈ U, ∀α1, α2 ∈ Φ. (1.102)

Every (algebraic) claim about one space, in the case of isomorphism, turns into an ap-
propriate claim about another space. For example, from linear independence of the vectors
u1, . . . , un ∈ U follows linear independence of the vectors v1 = ϕ(u1), . . . , vn = ϕ(un) ∈ V, and
vice versa. It is easy to verify that isomorphism is the relation of equivalence (definition
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Quantum Mechanics

1.1.31). After all, reflexivity, symmetry and transitivity are well-known characteristics of
bijections – mutually one to one relations.

In general, every two n-dimensional vector spaces over the same scalar body are isomor-
phic, and the dimension of space determines (characterizes) the vector space with accuracy
to isomorphism. In particular, the quantum system spanned with certain substantive prop-
erties is isomorphic to any other quantum system with the same number of properties,
which may seem very strange. For example, if we look at an equal number of substantive
properties of some particles (quantum system) and separately their changes (evolution),
the statics and dynamics of the phenomenon, we will get formally identical representations.
Changes, alone for itself in its intersection of space-time, create the same forms as the known
particles. This is because the linear operators on given vectors also make vector space, and
they can have the same number of dimensions.

A similar thing happens with the splitting of one reality into two parallel realities created
by the aforementioned coin throw. The properties of physical systems remain in each of the
resulting parallel realities. All my reality realized ‘’here” is quantitatively equal to the one
formed “there”, in terms of physical laws of maintenance. These conservation laws make
it very difficult, in fact, they prevent physical communication between parallel realities.
They, one to another, become abstract theoretical “realities”. Maintaining information (in
inertial systems) is not an exception, it also prevents the communication of two randomly
generated “realities”.

That is not (easily) possible to achieve the interaction between parallel realities by
manipulating conditional random events, which happens without exchanging information,
is evident from the following example of quantum entanglement. For example, a zero spin
atom spontaneously emits electrons. Due to the law of spin conservation, the two electrons
each with one spin of ±1

2 , and total zero, is running to the right and left. If an electron with
a negative spin is accidentally measured left, then the right electron spin should necessarily
be positive. In the second reality, the left electron will have a positive spin and the right is
negative. Therefore, from the first reality (with negative spin), it is not possible to observe
the other (also negative spin), as this would undermine the law of spin conservation.

This consideration reveals to us that one-dimensional physical data should be measured
as one-dimensional information. Moreover, the information and its associated information
are located in isomorphic vector spaces. This is easily formalized, which we can notice on
the following example of infinitesimal (very small positive) uncertainty.

Let’s look at almost certain events ω ∈ Ω, the probability of P (ω) → 1, which is most
often realized (probability principle). Denote this probability with P = 1−x, where x = 1/n
is infinitesimal because the number of options n ∈ N, when ω will not happen, is relatively
large. Develop the logarithmic function, in the Taylor series 55, gives approximation

− lnP = − ln(1 − x) ≈ x,

which means that Hartley’s information (approximately) is equal to uncertainty, or is re-
ciprocal to the number of options n. That such “information” is additive follows from:

− ln(P1P2) = − ln[(1 − x1)(1 − x2)] ≈ x1 + x2.

Hence, the information of a nearly certain event approximates the uncertainty of that event.
Each of the accidental properties can be associated with the (belonging) uncertainties, and
obtain two isomorphic vector spaces. Those are the vector space of representation of physical
properties and vector space representing the corresponding information.

55Taylor series: https://en.wikipedia.org/wiki/Taylor_series

Rastko Vuković 85
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Linear operators

Inevitable followers working with bases and vectors are linear operators, which are in fact
specific, simple functions. The descriptive adjective “linearity” for functions in mathematics
comes from the equations of the straight line, y(x) = ax + b in Cartesian coordinate system
Oxy, when the change of ordinate ∆y = y2 − y1 is proportional to the change of abscissa
∆x = x2 − x1, that is ∆y = a∆x. This primary property is then expanded in the following
manner to functions in general.

Definition 1.1.61. Function f is linear if for any pair the functions g1 and g2 of the same
domain and any variable t from the domain state:

1○ additivity f(g1 + g2) = f(g1) + f(g2),
2○ homogeneity f(tg) = tf(g), g ∈ {g1, g2}.

(1.103)

The same definition also includes vector space operators. The L operator is a linear iff:

(∀α,β ∈ Φ)(∀x, y ∈ V) L(αx + βy) = αLx + βLy, (1.104)

where is used the previous vector space labels and otherwise usual Lx instead of L(x) in
the case of linear operators. Linear operators are in general case homomorphism.

All operators in Quantum mechanics are linear except antilinear operators, as A for
which is valid

(∀α,β ∈ C)(∀x, y ∈ V) A(αx + βy) = α∗Ax + β∗Ay. (1.105)

The inversion of time operator is antilinear.
In the case of the figure 1.2, vector addition, it can be seen that the projection of the

vector on the coordinate axis is a linear operator. In Cartesian rectangular system Oxyz,
the usual labels for the unit vectors of the coordinate axes (abscissa, ordinate, applicate)
are i⃗, j⃗ and k⃗, but we will also use the universal labels e⃗x, e⃗y and e⃗z. Thus, the arbitrary
vector v⃗(ax, ay, az) we write

v⃗ = axe⃗x + ay e⃗y + az e⃗z. (1.106)

Joining the vector (ax, ay, az) to the vector (ax,0,0), i.e. its projection to the first axis is
the operator

Px(v⃗) = axe⃗x, (1.107)

which we call projector on abscissa. It is easy to verify that the projector thus defined is a
linear operator.

In general, the projector, P ∶ V → V, is a mapping from direct-sum of vector space into
the vectors of one of its subspace:

P (v) ∶= v′ (1.108)

That this is a well-defined56 function and that it is a linear operator can be easily checked.
It is also obvious that the composition P 2 = P ○ P = P . The projection is idempotent, the
operation that applied one or more times gives the same result.

We mentioned that the projection of the vector (quantum state) on the axis (property) is
a measurement in the quantum system or a way to obtain observable (measurable value). On
the previous page, we also mentioned the approximation of the information by uncertainty,
which is even more accurate when the probability of the measured size is greater, that is,
there is also an isomorphism between the two vector spaces. In other words, we get the
knowledge of the observables by observing the uncertainty.

56“A ∶= B” means “A is defined by B”
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Rotation

Another interesting example of a linear operator is the rotation of the coordinate axes

Rφ ∶ (x, y)→ (x′, y′) (1.109)

which will be explained in more detail for the sake of importance.
At Cartesian plane Oxy, the rotation of the coordinates around the origin for the angle

φ transform them to Ox′y′, with the relations between the coordinates given by equations:

{
x = x′ cosφ − y′ sinφ,
y = x′ sinφ + y′ cosφ.

(1.110)

The inverse transformation is found by solving this system, or by replacing φ→ −φ directly
due to the even the cosine function and the odd of the sinus, namely cos(−φ) = cosφ and
sin(−φ) = − sinφ. We still get:

{
x′ = x cosφ + y sinφ,
y′ = x sinφ − y cosφ.

(1.111)

It is easy to verify that the mapping (1.110) is a linear operator.

Example 1.1.62. Prove the formulas (1.110) are correct.

Figure 1.34: Rotation coordinates.

Proof. In the figure 1.34, the point T in the first system has the coordinates (x, y) in the
second (x′, y′). Therefore, we assume the point is motionless in the Oxy system, and that
the coordinate axes are mapped forming the new rotated system Ox′y′. The projection
of the point T at the axis x crosses the axis x′ at the point a′, and the extension of the
projection at the axis y intersects the axis y′ at the point b′.

From the image we read:

x′ = Oa′ + a′x′, y′ = Ob′ − y′b′,

x′ =
x

cosφ
+ y′ tanφ, y′ =

y

cosφ
− x′ tanφ,

and multiplying by cosφ then solving the system follow:

x′ cosφ = x + y′ sinφ, y′ cosφ = y − x′ sinφ,

x = x′ cosφ − y′ sinφ, y = x′ sinφ + y′ cosφ, (1.112)

and that are the transformations (1.110).
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Measurement problem

The rotation does not change the mutual positions of the points (quantum states), but
only their perceptions. Rotation changes the observation of what can be measured and the
likelihood of finding. We can say that it changes physical properties, but that the quantum
system in its most abstract essence remains the same. In addition, according to the formulas
of rotation (1.111), it is a strictly deterministic transformation, although the result of the
rotation is always stochastic – measurable by random distribution of probability, which
can be statistically analyzed but not accurately predicted. This second introduces us to
the famous measurement problem (paradox of measurement) of quantum mechanics. I will
briefly explain that this problem is now solved and how it is used to be solved.

Before, note that the rotation is a geometric transformation of points that do not change
their mutual distance, we say it is isometry. Other isometries are various symmetries and
translation (glides), but each of them can be reduced on maximum two rotations. For
example, central symmetry is point mapping, ρc ∶ T → T ′, about the given central point C,
so T − C − T ′ points are on the same straight line, say they are collinear, and the center
(C) is in the middle between the original (T ) and the copy (T ′). However, each central
symmetry is a rotation of 180○ around the center, and two consecutive central symmetries
around the centers C1 and C2 represent the translation (moving a figure to a new location

with no other changes) for the vector 2
ÐÐÐ→
C1C2. Axial symmetry is a rotation for a straight

angle (180○) around the axis; the plane (mirror) symmetry is the rotation for the same angle
around the plane (including a dimension more).

Proportional increase or decrease of the figures is called homothety. Homothetic trans-
formation in geometry gives similar triangles, and in analytic geometry it is obtained by
multiplying the coordinates by a constant. A linear operator is a composition of rotations
and multiplication by a constant, which means that these are the evolution of quantum
systems. Insofar the mentioned measurement problem is expanding. Rotations (1.111),
as well as multiplication by constant number, are continual transformations. So, evolution
(represented by continual transformations) is also deterministic change, and again, quantum
states obtained by evolutions are stochastic.

A historical example of this problem, so-called measurement paradox, is Schrödinger’s
cat. The thought experiment, already mentioned here, has been firstly published in 1935.
Now we’ll emphasize in it what is important for the paradox. Using a mechanism, such as
the emission of a radioactive atom, the cat can (not) be killed by a quantum event. Thus,
the macro fate of the cat is connected with the micro fate of a quantum object. Evolution
is a deterministic phenomenon (originally observed by Schrödinger’s equation), and the cat
evolves continuously into a linear combination of conditions that are “living cat” or “dead
cat”. Between these two is the constant scale of probability, but nevertheless, the final
result is always exclusive – finding a live or dead cat. The question is how do these scale of
probabilities turn into a strict, precisely defined outcome?

These are two questions in one, how the deterministic change goes into stochastic and
vice versa, how does stochastic change go into deterministic? Here we explain them as well
as uncertainty, using the principle of the finiteness of matter. We can imagine a point or a
geometrical line, but we cannot measure something as infinitely small as the “line thickness”.
All material phenomena are finite, so if we measure the distance between the two “material
points”, we measure the distance between their imaginary centers. When they are united,
they are transformed into new material structures like the merging of water droplets.

Such a denouement is not far from the original, so-called Copenhagen Interpretation from
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1925-1927 invented by Nils Born and Werner Heisenberg, that the act of observation causes
the collapse of wave function. This new theory no longer requires Von Neumann-Wigner
interpretation of the “collapse of consciousness”, which seemed useful.

At first glance, it is incredible, but only at first glance, that the same denouement is
close to Everett’s57 interpretation from 1957 using a multiverse. Everett denied the truth of
collapse of the wave function and instead represented the objective reality of the universal
wave function. Such a single, given in Everett’s Ph.D. theses, causes “many worlds”, more
precisely, all possible alternative histories and future, as reality, each representing a possible
“world” or “universe”. There are many elaborations of his theory and, as you can see, this
book can be considered an attachment in that direction, with the exception that we negate
the basic idea of Everett.

Before all, the true can be obtained from the false. So, at the first glance the meaningless
taking of the final idea of “multiverse” and without the initial “universal function” can be
fine. Second, there is no set of all sets, no formulas of all formulas, or the universal function
mentioned. We have already seen from the principle of the finiteness of matter that the
objective uncertainty of matter, principles of probability and information are followed. Later
will be shown that (not more than) countable finiteness of our reality can generate the
continuum infinity of parallel realities. Everett’s multiverse is a step toward such, except
that (physical) communication between these pseudo-realities is impossible, so it is more
difficult to talk about a real physical phenomenon that extends through them all.

Operator’s existence

Since the quantum mechanics works mostly with linear operators, in the future we work
mainly with just such and we mean them. With LX we denote the set of all vectors Lx for
x ∈ X ⊆ V. Therefore, LX are the values of the operator, the co-domain area that is the
range of the operator L from the space X, which is also denoted by RL.

Theorem 1.1.63. Codomain area RL, that is range of linear operator L ∶ X → Y , is
subspace in Y and dim(RL) ≤ dimX.

Proof. The linear combinations of the vectors from RL is again a vector from RL, so
RL ⊆ Y . On the other hand, if e1, . . . , en is base in X, then the vectors Lek with k = 1, . . . , n
span the RL subspace, since for y ∈ RL there exists x ∈ X such that y = Lx. It has the
form x = ∑k λkek and Lx = ∑k λkLek = ∑k λkyk. As vectors fk = Lek span RL, that is
dimRL ≤ n = dimX.

Relating to measurements, this theorem states that observing only certain features we
again stay within a representation of vector space. It is not needed to know everything
about everything to know something about something. In the preceding and following two
theorems, we determine that the operator’s operation to an arbitrary vector is completely
determined if the operator’s operation is determined on the base vectors. We also prove the
existence of linear operators between spaces of the same dimension.

Theorem 1.1.64. Let e1, . . . , en is basis in the space X. If A and B are two operators
form X on Y , and Aek = Bek for k = 1, . . . , n, then A = B.

57Hugh Everett III (1930-1982), American physicist.
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Proof. It is obvious, because:

Ax = A
n

∑
k=1

λkek =
n

∑
k=1

λkAek =
n

∑
k=1

λkBek = B
n

∑
k=1

λkek = Bx,

for any x ∈X, which means A = B.

Theorem 1.1.65. For arbitrary vectors f1, . . . , fn ∈ Y exists one and only one (linear)
operator A ∶X → Y such that fk = Aek and ek ∈X for k = 1, . . . , n.

Proof. Mark A the operator that to vector x = ∑k µkek associated vector Ax = ∑k µkfk.
Then to vector

αx + βy = α
n

∑
k=1

µkek + β
n

∑
k=1

νkek =
n

∑
k=1

(αµk + βνk)ek

is associated vector

A(αx + βy) =
n

∑
k=1

(αµk + βνk)fk = α
n

∑
k=1

µkfk + β
n

∑
k=1

νkfk = αAx + βAy.

Such defined operator A is linear and Aek = fk, so the existence of the requested operator
is proven, and uniqueness follows from the previous theorem.

In the generalization of the operators we go a step further. Let X and Y be vector
spaces over the same scalars. We denote by L(X,Y ) the set of all linear operators of the
form L ∶X → Y , and recognized this set as a vector space.

Namely, the two vectors-operator A,B ∈ L are equal if and only if Ax = Bx for each
x ∈X, and then we write A = B. The sum of these operators is defined as the usual sum of
functions:

(∀x ∈X) (A +B)x = Ax +Bx, (1.113)

so the operator C = A +B is linear and belongs to L. For the scalar λ ∈ C we define λA as
the product of that scalar and operator, and also λA ∈ L. Further, it can be proved that
the space L is finally dimensional when the numbers m = dimX and n = dimY are finite,
and then dimL =mn .

Operators are also vectors, and hence their quantum representations are again some
physical states. Conversely, physical properties represent vectors, which we then call the
state’s vectors and the operators over them evolutions of quantum states. This unusual
dualism, vector, and operator of vectors is precisely what the previous theorems affirm.
Knowing how evolution changes basic states we know everything about evolution, and on
the other hand, these changes themselves in their essence are also the kind of quantum
states.

A linear combination of (linear) operators can represent the quantum state of the quan-
tum system, and that is known in quantum mechanics. For example, in the case of a particle
in one dimension (at x-axes), the momentum operator is

p̂ = −i~
∂

∂x
, (1.114)

where for the imaginary unit i is valid i2 = −1, and ~ ≈ 1.055 × 10−34 Js is Planck’s reduced
constant. In the Hilbert space base, which consists of its own momentum states expressed
in a momentum representation, this operator is simply a multiplication with the moment p,
i.e. it is an ordinary multiplication operator, such as a position operator is multiplication
operator in a representation of the position.
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1.1.9 Vectors multiplications

Mathematics knows a several ways the multiplication of two, three or more vectors, all
explained here. The two multiplying of the first group are the scalar and vector product –
named according to the results, or the dot and a cross product of the vector – called ac-
cording to the operation signs. We will consider them mainly geometrically, together with
the “communicator multiplication” – my private from the same group. Other multiplica-
tions have more vectors and are defined by the preceding ones, aggregating the factors as
additional vectors.

Scalar product

The scalar product of two vectors, two oriented segments, a⃗ and b⃗ is a scalar

a⃗ ⋅ b⃗ = ab cosγ, (1.115)

where a = ∣a⃗∣ and b = ∣⃗b∣ are the intensities (lengths) of these vectors, and γ = ∠(a⃗, b⃗) is
the angle between them. In other words, the scalar product is the product of the length
of the first vector and the length of the projection of the second vector at first, as seen in
the figure 1.35. In the wider theory of vectors, the scalar product is often called internal
product, and dot product too.

Figure 1.35: Scalar product.

In the rectangular Cartesian coordinate system Oxyz, the unit vectors of coordinate
axes is called orth and such are denoted with i⃗, j⃗ and k⃗ respectively on abscissa, ordinate
and applicate (x, y and z axis). When the vectors are given by the coordinates of the tops
(the starting point is always at the origin O), we can write:

a⃗ = axi⃗ + aj j⃗ + azk⃗, b⃗ = bxi⃗ + by j⃗ + bzk⃗, (1.116)

so the definition of the scalar product gives

a⃗ ⋅ b⃗ = axbx + ayby + azbz, (1.117)

because i⃗ ⋅ i⃗ = 1, and i⃗ ⋅ j⃗ = 0 and similar for other orths. The lengths, intensities or norms
of these vectors are:

a =
√
a2
x + a

2
y + a

2
z, b =

√
b2x + b

2
y + b

2
z, (1.118)

what we get by applying the Pythagorean theorem. Hence the Cauchy inequality

axbx + ayby + azbz ≤
√
a2
x + a

2
y + a

2
z

√
b2x + b

2
y + b

2
z, (1.119)

since ∣ cosγ∣ ≤ 1. On the other hand, the same terms are often used, for example, to calculate
the angle between given vectors, as in the following example.
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Example 1.1.66. Calculate the angle between the vector a⃗ = 2⃗i − 3j⃗ + 4k⃗ and b⃗ = −i⃗ + j⃗.

Solution. Calculating:

(2⃗i − 3j⃗ + 4k⃗) ⋅ (−i⃗ + j⃗) =
√

4 + 9 + 16
√

1 + 1 cosγ,

−2 − 3 =
√

29
√

2 cosγ,

cosγ = −
5

√
58

≈ −0,65653

and approximately γ = ∠(a⃗, b⃗) = 131○.

Commutator product

To define the commutator product of two vectors, we use just defined scalar product together
with the results, and the figure below. The vectors written in bold, a(ax, ay) and b(bx, by),
with abscissa make the angles respectively α = ∠(xOa) and β = ∠(xOb), while the angle
between given vectors is γ = ∠(aOb).

When in the definition of the scalar product (1.115) right, the cosine is replaced by the
sine, and according to the image above we get:

ab sinγ = ab sin(β − α) = ab(sinβ cosα − cosβ sinα) =

= (a cosα)(b sinβ) − (b cosβ)(a sinα) = axby − bxay.

On this basis, we define the scalar

[a,b] = axby − bxay = ab sinγ,

which we call commutator vectors a(ax, ay) and b(bx, by).

For now, only notice so much that the vectors span the parallelogram whose (oriented)
area is equal to their commutator. From

[b,a] = −[a,b] = −ab sin(β − α) = ba sin(α − β),

we can see that the opposite order of multiplication gives the opposite sign of the sur-
face. Therefore, in contrast to the scalar vector multiplication that is commutative, the
commutator multiplication is anti-commutative.
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Vector product of vectors

The vector product of vectors is a vector whose intensity is equal to the area of the par-
allelogram spanned with given vectors, the direction is perpendicular to the plane of the
parallelogram according to the rule of right hand shown by the figure 1.36. When the fin-
gers of the right hand show the direction of the angle, in the order of vector multiplication
from a⃗ to b⃗, then the thumb indicates the direction of the vector product

c⃗ = a⃗ × b⃗, c = ∣a⃗ × b⃗∣ = ab sinγ, (1.120)

results of vector multiplication. The same direction defines the right-handed thread. While
the thread folds into the plane of the parallelogram circling the direction of multiplication,
the screw moves along the direction of the product of the vector. These two rules define
the right system coordinate.

Figure 1.36: Right-hand rule.

In the right coordinate system, the vector multiplication of the orths become:

i⃗ × j⃗ = k⃗, j⃗ × k⃗ = i⃗, k⃗ × i⃗ = j⃗. (1.121)

The change in direction of vector multiplication changes the sign of the result, as opposed
to the scalar multiplication that is commutative. For both, dot and cross, multiplications
the laws of the distribution are valid:

{
a⃗ ⋅ (b⃗ + c⃗) = a⃗ ⋅ b⃗ + a⃗ ⋅ c⃗, a⃗ × (b⃗ + c⃗) = a⃗ × b⃗ + a⃗ × c⃗,

(a⃗ + b⃗) ⋅ c⃗ = a⃗ ⋅ c⃗ + b⃗ ⋅ c⃗, (a⃗ + b⃗) × c⃗ = a⃗ × c⃗ + b⃗ × c⃗.
(1.122)

Also, both multiplications are linear operators:

(αa⃗ + βb⃗) ○ c⃗ = α(a⃗ ○ c⃗) + β(b⃗ ○ c⃗), (1.123)

where instead of the operator ○ can be dot or cross multiplication. However, these formu-
lations are correct even if we replace the order of distribution. The direct consequence of
cited algebraic features is the ability to write vector multiplication using determinant

a⃗ × b⃗ =

RRRRRRRRRRRRRR

i⃗ j⃗ k⃗
ax ay az
bx by bz

RRRRRRRRRRRRRR

, (1.124)

where the vectors are given by expressions (1.116) in the right coordinate system.
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Example 1.1.67. Show that formula (1.124) is correct.

Solution. Using (1.121) calculate:

a⃗ × b⃗ = (axi⃗ + ay j⃗ + azk⃗) × (bxi⃗ + by j⃗ + bzk⃗) =

= axbyk⃗ − axbz j⃗ − aybxk⃗ + aybz i⃗ + azbxj⃗ − azby i⃗

= (aybz − azby )⃗i − (axbz − azbx)j⃗ + (axby − aybx)k⃗

= i⃗ ∣
ay az
by bz

∣ − j⃗ ∣
ax az
bx bz

∣ + k⃗ ∣
ax ay
bx by

∣ ,

and that is Laplace58 development of the determinant on the first line.

For details about the determinants see the next section (1.2.1. Determinants). Also, see
the theorem 1.2.17 with its consequences in the commutators. These are still only algebra
and geometry of vectors multiplications.

Applications in electrodynamics

In physics it is known that the magnetic field B⃗ is not a vector. It is a pseudovector, which
differs from the vector by plane symmetry. However, the cross product of the psevedector
with the vector is a vector, so Lorentz force

F⃗ = qv⃗ × B⃗

is vector. Here q is charge, v⃗ is the velocity, and B⃗ is the magnetic field. From the
relativistic Lorentz force, later in (1.464), we can see that it does not change the successive
CPT-symmetry inversion, that is, by changing the sign of all three sizes, the charge q, the
position r⃗ = (x, y, z) and time t, this law of physics remains unchanged.

The scalar product (1.115) indicates that the given vector quantities are consent. When
this product is positive (negative), then the more of one vector means the more (less) of
another. In analogy, the vector product (1.120) indicates the twisting of the given vectors
one around the other. The intensity and direction of twisting are equal to the intensity and
direction of the resultant vector.

That is seen59 and in the famous Maxwell equations of the electromagnetic field:

1○ ∇⃗ ⋅ E⃗ = 1
ε0
ρ,

2○ ∇⃗ ⋅ B⃗ = 0,

3○ ∇⃗ × B⃗ = µ0J⃗ +
1
c2

∂
∂tE⃗,

4○ ∇⃗ × E⃗ = − ∂
∂tB⃗.

The vector nabla is the operator

∇⃗ = (
∂

∂x
,
∂

∂y
,
∂

∂z
) = i⃗

∂

∂x
+ j⃗

∂

∂y
+ k⃗

∂

∂z
.

Electrical constant is

ε0 =
1

36π
× 10−9

= 8.854 × 10−12,

58Pierre-Simon Laplace (1749-1827), French mathematician .
59Electromagnetism: https://www.academia.edu/9962088/
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in Farad per meter (F/m), and magnetic constant

µ0 = 4π × 10−7,

in Henry per meter (H/m), determine the strength of the electric and magnetic forces. As
is known, ε0µ0 = 1/c2. The unit for electric capacity is named after Faraday60, and Henry61.
The electric and magnetic fields define E⃗ and B⃗.

The divergence is a vector differential operator, “∇⃗⋅”’, which measures the intensity of
source or sink of the vector field at a given point. In the following descriptions W⃗ can be an
electric or magnetic field, but also a flow of water or wind in a vortex. Positive divergence,
div W⃗ = ∇⃗ ⋅W⃗ > 0 means the field leaks out of the region. Zero divergence, ∇⃗ ⋅W⃗ = 0, means
that the amount of output is equal to the input quantity. Negative divergence, ∇⃗ ⋅ W⃗ < 0,
means that the input to the field in the region is greater than the output.

The curl is a vector differential operator “∇⃗×”’ which describes the infinitesimal rotation
of the vector field. If there is a turbulence in the place, the vector curl W⃗ = ∇⃗ × W⃗ ≠ 0 will
show the intensity of the turbulence and its orientation (direction and aim). At the point
where there is no spinning shall be ∇⃗ × W⃗ = 0.

Now from the first Maxwell equation (1○) we see that the generation of the electric field
E⃗ at a given point is proportional to its density ρ. From the other (2○) we see that there
is neither the output nor input of the magnetic field. From the third (3○) we see that the
rotation of the magnetic field B⃗ increases with the sum of the electric current J⃗ and the
change in the electric field in time t. From the fourth (4○) we see that the rotation of the
electric field is opposite to the magnetic field change over time.

Applications in quantum physics

Generalizing these vectors to real spaces of more dimensions added to the applications of
their multiplications in classical physics. Then the general labels of the base vectors are
useful. The orths i⃗, j⃗ and k⃗ denote e⃗i, e⃗j , e⃗k, and use the ε-simbol

εijk =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1, if it is an even permutation ijk
−1, if it is an odd permutation ijk
0, if at least two indexes are equal,

(1.125)

which is also called the Levi-Civita62. Vector product of the orths then write

e⃗j × e⃗k = εijke⃗i, (1.126)

which is a different record of the same determinant (1.124). We also use bold letters to
denote the vectors, so the unit vectors are ex, ey and ez.

The applications of binary multiplication of the vector are also found in quantum me-
chanics, where vectors are defined over the body of complex numbers. We have already
interpreted the projection of the vector a to the vector b as determination of the physical
property represented by the vector b in the quantum state represented by a. This is the
meaning of the projection ab = ∣a∣ cos∠(a,b), which harmonizes the quantum and previous
applications of the scalar product of the vector. Measurement is now inseparable from the
probability of measurement.

60Michael Faraday (1791-1867), English scientist.
61Joseph Henry (1797-1878), American scientist.
62Tullio Levi-Civita (1873-1941), Italian mathematician.
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In accordance with the property of event’s eventual independence, the vector product
of two vectors represents the size of the dependence among them. These vectors rotational
dependencies projected to the planes x = 0, y = 0 and z = 0 can be expressed by scalars,
cyclic commutators, respectively:

[a,b]x = aybz − azby, [a,b]y = azbx − axbz, [a,b]z = axby − aybx.

In this way, we can develop the determinant (1.124) into the form

a × b = [a,b]xex + [a,b]yey + [a,b]zez,

where ex, ey and ez are orthogonal unit vectors of the coordinate axes.
Further commutator’s implementations are imposed by themselves. As the square of the

module of the vector’s coefficient in quantum mechanics represents the probability p = cos2 α
for measurement of the given observable, then the difference of the unit and that number
p̄ = 1 − p = sin2 α gives the probability of non-measurement. In the case of the certainty of
measurement, p → 1, we have a negligible uncertainty, p̄ → 0, and we can approximate the
information “− lnp” with “p̄”, as done here after the definition 1.1.60.

In such a way, holding only to Hartley’s information, we follow the explanation from
the previous image of vectors a and b, and define the commutator by putting:

a cosα = ax, a sinα = ay

and consistently further for another vector. The first number is the square root of the
probability of finding the first property (represented by abscissa), and the second number
is the root of the probability of non-finding of that property. Recalls, quantum states
are normalized vectors, because the squares of the coefficients are the probabilities of the
properties (defined by axes), and the sum of the squares is one – in the case that there are
no other traits apart from the coordinates. By generalizing the concept of information we
will retain this property and, of course, the principle of information.

The combination of certainty a and the uncertainty b becomes the information flow
a → b, relative to the property of the given axis. The commutator [a,b]x is an amount of
communication of the quantum states of the property x, the representations of the vector
a and b, and not the information alone. When [a,b]x = 0, the total received information is
equal to the given, and according to the information conservancy law we “conclude” that
there is no communication. The total change in the information x of the individual vectors
a and b is the same, so we consider that they are then independent random events.

Note that this explanation harmonizes formal consideration of information with the
previous and that it is consistent with our observation of information as a physical value.
The flow of information from certainty to uncertainty is more likely, and the transfer of
information to uncertainty becomes confiscation of information, that is, uncertainty be-
comes negative information. The divergence and curl vector (rotor) then talk about the
information flows, analogous to those of the electromagnetic fields or water and wind.

An example of an experimental confirmation of the proposed treatment of information is
the Compton effect, in the image 1.28. The photon (γ) after a collision with an electron (e−)
turns away by an angle (θ) continuing the path with an extended wavelength. It goes with
a smaller (longitudinal) probability, or greater uncertainty, so we say that in the exchange
of information during the collision the photon has passed worse. After the collision, the
photon leaves with less (longitudinal) information than the one it had on arriving. At the
same time, this difference is talking about the dependence of random events of photons and
electrons.
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Triple product

Mixed product or triple product of vectors is the scalar product of vector and vector product

[a⃗, b⃗, c⃗] = a⃗ ⋅ (b⃗ × c⃗). (1.127)

This number is equal to the volume V = Bh prism whose base area B = ∣⃗b× c⃗∣ = bc sin∠(b⃗, c⃗))
is a parallelogram stretched by the b⃗ and c⃗ vectors, and the angle between the normal to the
base and the vector a⃗ is ϕ, as in the figure 1.37, so the prism height is h = a cosϕ. Because
the volume of the parallelepiped (prism) does not depend on the choice of the base, we have
the equalities:

a⃗ ⋅ (b⃗ × c⃗) = b⃗ ⋅ (c⃗ × a⃗) = c⃗ ⋅ (a⃗ × b⃗), (1.128)

which express invariance in the cyclic permutation of factors.

Figure 1.37: Triple product.

When the vectors of the triple product are expressed by the components we get

[a⃗, b⃗, c⃗] =

RRRRRRRRRRRRRR

ax ay az
bx by bz
cx cy cz

RRRRRRRRRRRRRR

, (1.129)

which follows from expansion (1.124), and by multiplying (1.127). Developing this deter-
minant along the first row we also get:

[a⃗, b⃗, c⃗] = ax(by, cz − cybz) + ay(bzcx − cxbz) + az(bxcy − cxby) =

= ax[b⃗, c⃗]x + ay[b⃗, c⃗]y + az[b⃗, c⃗]z = a⃗ ⋅ (b⃗ × c⃗) = V.

This is the first of equal volumes (1.128). The first sum’s item is the volume of the par-
allelepiped whose height is ax on the parallelogram [b⃗, c⃗]x which is a projection of the
parallelepiped spanned by the vectors a⃗ and b⃗ onto the plane Oyz. It’s similar with the
other two.

Interpreted, the commutator [b⃗, c⃗]x is positive when the property x is more likely to
transfer information b⃗ → c⃗. Then the first summand ax[b⃗, c⃗]x represents the probability
of finding the x property of this transfer in the state a⃗, and vice versa. The volume V is
a summary information of three such readings. Coordinate transformations change these
items, the factors ratios in each of them changes, but their sum is not changed. Applying it
to quantum physics, this interpretation should be extended to a free number of coordinates
(physical properties) and to complex vector spaces.
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Vector triple product

Double vector product or vector triple product is the cross product of one vector with the
cross product of the other two

v⃗ = a⃗ × (b⃗ × c⃗). (1.130)

By the definition of a vector product, this vector is normal to the vector b⃗ × c⃗, i.e. on a
normal to the parallelogram that span the vectors b⃗ and c⃗. Therefore, it lies in the plane of
vectors b⃗ and c⃗, and it has the form

v⃗ = λbb⃗ + λcc⃗, (1.131)

where λb and λc are scalars, here real numbers. To develop it, express its first component
in the mode of determinant (1.124)

v⃗x = ay(b⃗ × c⃗)z − az(b⃗ × c⃗)y = ay(bxcy − bycx) − az(bzcx − bxcz).

Rightly add and subtract the item axbxcx to get:

vx = bx(axcx + aycy + azcz) − cx(axbx + ayby + azbz),

vx = bx(a⃗ ⋅ c⃗) − cx(a⃗ ⋅ b⃗).

Changing the index x with indexes y and z, we find analog terms for other components, so
the final result can be written in vector form

v⃗ = a⃗ × (b⃗ × c⃗) = b⃗(a⃗ ⋅ c⃗) − c⃗(a⃗ ⋅ b⃗). (1.132)

This formula makes works with a dual vector product (see [12]) easier for applications in
theoretical physics.

The first summand in the third expression can be interpreted as the emitted information
of property x that is transferred from state a⃗ to transfer [b⃗, c⃗] of the property. It is a hypo-
thetical interpretation which takes a few more steps to quantum physics. Representation
of oriented segments had its famous peak with Maxwell’s electrodynamics, and only in the
later development of theoretical physics the emphasis was placed on further mathematics.
Thus, the theory of general relativity was promoted by the tensor calculation, and quantum
mechanics algebra of vector spaces and functional analysis. All three areas of mathematics,
each in its own way, study the vector spaces, as well as quantum mechanics.

Examples in geometry

Example 1.1.68. When will the vector c⃗ = a⃗ + b⃗ divode the angle between vectors a⃗ and b⃗
in two equal parts?

Solution. When the mentioned angles are equal, put a = ∣a⃗∣, b = ∣⃗b∣ and c = ∣a⃗+ b⃗∣ so we have:

cos∠(a⃗, c⃗) =
a⃗ ⋅ c⃗

ac
, cos∠(b⃗, c⃗) =

b⃗ ⋅ c⃗

bc
,

a⃗ ⋅ (a⃗ + b⃗)

ac
=
b⃗ ⋅ (a⃗ + b⃗)

bc
,

b(a2
+ a⃗ ⋅ b⃗) = a(b⃗ ⋅ a⃗ + b2),
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(a − b)(ab − a⃗ ⋅ b⃗) = 0.

So, the first solution is a− b = 0, which means that the vectors (a⃗ and b⃗) of equal intensities
are given, they span the rhomb whose diagonal (c⃗) halves the angle of adjacent sides. The
second solution is ab = a⃗ ⋅ b⃗, which means cos∠(a⃗, b⃗) = 1, that the given vectors are collinear
and aim the same direction, the angle between them is zero, and zero are the angles of the
division too.

Example 1.1.69. Given are vectors u⃗ = a cosϕi⃗ + a sinϕj⃗ and v⃗ = b cosϕi⃗ − b sinϕj⃗. What
is the area of the parallelogram constructed over these vectors?

Solution. That are vectors u⃗ =
Ð→
OA and v⃗ =

Ð→
OB on figure 1.38, from where it can be seen

that the required surface of the parallelograms is P = ab sin(2ϕ). Check this using vector
multiplication.

By dot product prove that the angle between the vectors u⃗ and v⃗ is double ϕ:

cos∠(u⃗, v⃗) =
u⃗ ⋅ v⃗

∣u⃗∣∣v⃗∣
=

(a cosϕi⃗ + a sinϕj⃗) ⋅ (b cosϕi⃗ − b sinϕj⃗)

∣a cosϕi⃗ + a sinϕj⃗∣∣b cosϕi⃗ − b sinϕj⃗∣
=

=
ab(cos2ϕ − sin2ϕ)

√
a2 cos2ϕ + a2 sin2ϕ

√
b2 cos2ϕ + b2 sin2ϕ

=
ab cos(2ϕ)

ab
= cos(2ϕ),

and indeed ∠(u⃗, v⃗) = 2ϕ, as on the figure. On the other side, area P of the parallelogram
calculated by cross product:

u⃗ × v⃗ =

RRRRRRRRRRRRRR

i⃗ j⃗ k⃗
a cosϕ a sinϕ 0
b cosϕ −b sinϕ 0

RRRRRRRRRRRRRR

= k⃗ ∣
a cosϕ a sinϕ
b cosϕ −b sinϕ

∣ = −k⃗ab(2 sinϕ cosϕ),

so it is P = ∣u⃗ × v⃗∣ = ab sin(2ϕ), as on the figure.

Figure 1.38: Two vectors.

This example was a demonstration of the correctness of vector multiplications, rather
than computing the surface itself of a given parallelogram.

Example 1.1.70. Write q⃗ = a⃗ × b⃗ + b⃗ × c⃗ + c⃗ × a⃗ in a form of one vector product.
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Solution. We calculate in rows:

q⃗ = a⃗ × b⃗ − c⃗ × b⃗ + c⃗ × a⃗ = (a⃗ − c⃗) × b⃗ + c⃗ × a⃗ =

= (a⃗ − c⃗) × b⃗ + c⃗ × a⃗ − a⃗ × a⃗ = (a⃗ − c⃗) × b⃗ − (a⃗ − c⃗) × a⃗,

q⃗ = (a⃗ − c⃗) × (b⃗ − a⃗).

The relation a⃗ × a⃗ = 0 is used.

Example 1.1.71. Show that (a⃗− b⃗)× (a⃗+ b⃗) = 2(a⃗× b⃗) and explain geometrical meaning of
the relation.

Solution. Multiply:

(a⃗ − b⃗) × (a⃗ + b⃗) = a⃗ × a⃗ + a⃗ × b⃗ − b⃗ × a⃗ − b⃗ × b⃗ = 2a⃗ × b⃗,

and that is the expected result. When the vectors a⃗ and b⃗ span the parallelogram, vectors
a⃗ ± b⃗ are the diagonals of this parallelogram. Diagonals form a new parallelogram of a
double-sized surface, and this is the result known from planimetry.

In the right system of 3-dimensional space coordinates, right-handed triad are three
vectors v⃗1, v⃗2 and v⃗3 whose cross product of the first two, in the order given, is the vector
that closes a sharp angle with the third. In other words, the vector v⃗ = v⃗1 × v⃗2 and vector
v⃗3 point to the same half-space whose boundary is plane spanned by the vectors v⃗1 and v⃗2.

Example 1.1.72. There are three non-coplanar vectors a⃗, b⃗ and c⃗ which form the right-
handed triad. What orientation will have a triad of vectors a⃗ + b⃗, b⃗ + c⃗ and c⃗ + a⃗? In what
ratio are the volumes of parallelepipeds constructed over the first three and above the other
three vectors?

Solution. We seek the answer using a triple product of the vector, knowing (a⃗ × b⃗) ⋅ c⃗ > 0
because the triad has the right-hand orientation:

[(a⃗ + b⃗) × (b⃗ + c⃗)] ⋅ (c⃗ + a⃗) =

= [a⃗ × b⃗ + a⃗ × c⃗ + b⃗ × b⃗ + b⃗ × c⃗] ⋅ (c⃗ + a⃗)

= (a⃗ × b⃗) ⋅ c⃗ + (b⃗ × c⃗) ⋅ a⃗

= 2(a⃗ × b⃗) ⋅ c⃗,

which means that the new tetrahedron has the same orientation with twice the volume.

Example 1.1.73. Show that:

Q = (a⃗ × b⃗) ⋅ (c⃗ × d⃗) + (b⃗ × c⃗) ⋅ (a⃗ × d⃗) + (c⃗ × a⃗) ⋅ (b⃗ × d⃗) = 0.

Solution. Let’s consider the first factors of these summands as one vector. Then:

Q = [(a⃗ × b⃗) × c⃗] ⋅ d⃗ + [(b⃗ × c⃗) × a⃗] ⋅ d⃗ + [(c⃗ × a⃗) × b⃗] ⋅ d⃗ =

= [(a⃗ × b⃗) × c⃗ + (b⃗ × c⃗) × a⃗ + (c⃗ × a⃗) × b⃗] ⋅ d⃗.
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It follows from formula (1.132) that the expression in brackets is identically equal to zero.
Indeed, from:

(a⃗ × b⃗) × c⃗ = b⃗(a⃗ ⋅ c⃗) − a⃗(b⃗ ⋅ c⃗),

(b⃗ × c⃗) × a⃗ = c⃗(b⃗ ⋅ a⃗) − b⃗(c⃗ ⋅ a⃗),

(c⃗ × a⃗) × b⃗ = a⃗(c⃗ ⋅ b⃗) − c⃗(a⃗ ⋅ b⃗),

by adding all three equations we get (a⃗× b⃗)× c⃗+(b⃗× c⃗)× a⃗+(c⃗× a⃗)× b⃗ = 0, which is otherwise
known Jacobi63 identity. Hence, Q = 0, which should have been shown.

Example 1.1.74. What angle is between the vectors u⃗ = (a⃗ × b⃗) × a⃗ and v⃗ = (a⃗ × b⃗) × b⃗, if
vectors a⃗ and b⃗ form the angle ϕ?

Solution. From the orthogonality of the vectors u⃗ ⊥ a⃗ and v⃗ ⊥ b⃗, because the angles with
orthogonal arms are equal (or supplementary) angles, it follows that it is also ∠(u⃗, v⃗) = ϕ.
I leave the reader to prove this by vectors multiplications.

The most well-known representations of vector spaces are “oriented segments”, which
are so much represented in this section. They are easily interpreted as orderly arrays.
Between the unit vectors of the coordinate axes and the triplex arrays exists a bijection.
For example, the mapping e⃗x → (1,0,0), e⃗y → (0,1,0) and e⃗z → (0,0,1). The same bijection
maps the vectors (1.116) to the arrays, a⃗→ (ax, ay, az) and b⃗→ (bx, by, bz), for whose scalar
product can be taken again (1.117).

In matrix representations of the vector space, definition 1.1.9, the matrix multiplication
mode dictates additional properties. From the tensor calculus, we distinguish covariance
and contravariant coordinates, and in the same way we also share the corresponding ordered
arrays. The first is written in the form of a matrix-row, the other in the form of a matrix-
column, so that the “scalar product” of the vector (1.116) is

(ax ay az) ⋅
⎛
⎜
⎝

bx
by
bz

⎞
⎟
⎠
= axbx + ayby + azbz, (1.133)

therefore, again equal (1.117). Additionally, in the case that the scalars field is no longer
real but complex numbers, the matrix components need to be conjugated when they go
from co- to the counter-variant coordinate, or vice versa.

Increasing the number of dimensions of the vector space continues to become a routine
matter. It’s just a question of the length of an array, or of the type of matrix. However,
insight into the representation of vector space is not exhausted. I believe that many mathe-
maticians who dealt with these abstract algebraic structures are caught with the breadth of
physical properties that could be used as base vectors in quantum representations, as they
might have been surprised by the constraints of other needs. For example, all quantum-
mechanical vectors lie on an unit sphere, or that all their operators are themselves inverse.

63Carl Gustav Jacob Jacobi (1804-1851), German mathematician.
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1.2 Representations

After the oriented lengths, the most well-known representation of the vector space made
matrices. Perhaps this is also because the matrix and determinant are the very foundations
of algebra, as well as quantum mechanics, it have shown that their special properties were
very useful in separating vector spaces from other algebraic structures.

Example 1.2.1. At one performance they were grown up, students and children. The adult
ticket cost 10 BAM, for pupils 7 BAM and 5 BAM for children, and a total of 370 tickets
for 3170 BAM were sold. Adults were twice as many as pupils. How many children were as
many as pupils and how many adults?

Solution. Mark x, y, z respectively the number of children, pupils and adult. According
the data, form the system of equations:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

x + y + z = 370,
5x + 7y + 10z = 3170,
2y − z = 0,

whose solution is x = 40, y = 110 and z = 220 we find on the known ways.
For example, this system can be solved by the substitution method. Put z = 2y from

the third to the second and get the first equation

{
x + 3y = 370,
5x + 27y = 3170.

When we substitute x = 370−3y from the first to the second, we get 1850+2y = 3170, hence
12y = 1320, and y = 110. From the last change x = 370 − 3 ⋅ 110 = 40, and from the first
z = 2 ⋅ 110 = 220.

The system of linear equations can be solved by determinants too. The system deter-
minant D with the variable determinants, successively are:

D =

RRRRRRRRRRRRRR

1 1 1
5 7 10
0 2 −1

RRRRRRRRRRRRRR

, Dx =

RRRRRRRRRRRRRR

370 1 1
3170 7 10

0 2 −1

RRRRRRRRRRRRRR

, Dy =

RRRRRRRRRRRRRR

1 370 1
5 3170 10
0 0 −1

RRRRRRRRRRRRRR

, Dz =

RRRRRRRRRRRRRR

1 1 370
5 7 3170
0 2 0

RRRRRRRRRRRRRR

.

We determined the variable determinants Dx, Dy, Dz based on D by replacing the first,
second and third column with constants (free coefficients), which stand on the right-hand
side of the equality of the given system. These determinants have values:

D = −12, Dx = −480, Dy = −1320, Dz = −2640,

and they are the Cramer’s64 coefficients of the equations system:

D ⋅ x =Dx, D ⋅ y =Dy, D ⋅ z =Dz, (1.134)

which has the same solutions as the given system.
From the Cramer equations, in general, we see that the system is not regular if the

system determinant is zero (D = 0). This is contradiction except consent when in this case

64Gabriel Cramer (1704-1752), Swiss mathematician.
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all the determinants are the zero values (Dx = Dy = Dz = 0). In the contradiction, given
system has no solution (the third equation contradicts the first two), and in the consent,
the system has infinite solutions (the third equation is the linear combination of the first
two), because at least one equation is surplus. We say that the system is regular when the
system determinant is not zero (D ≠ 0), and then the system has a unique solution.

The determinant order is the number of its rows, or the number of columns. Recall that
the second order determinants are calculated according to the formula

detA = det(
a11 a12

a21 a22
) = ∣

a11 a12

a21 a22
∣ = a11a22 − a21a12. (1.135)

Determinants of the third order

detA =

RRRRRRRRRRRRRR

a11 a12 a13

a21 a22 a23

a31 a32 a33

RRRRRRRRRRRRRR

(1.136)

and we can calculate by using the Sarus65 rule, and only them, given on the figure 1.39.
The first two columns are successively added at the end of the determinant, the products
of three elements on the three main diagonal elements are added and the products of three
on the three secondary diagonals are subtracted.

Figure 1.39: Sarrus rule.

Calculate, firstly according to the Sarrus rule:

detA = (a11a22a33 + a12a23a31 + a13a21a32) − (a13a22a31 + a11a23a32 + a12a21a33)

= a11(a22a33 − a23a32) − a12(a21a33 − a23a31) + a13(a21a32 − a22a31),

and hence

detA = a11 ∣
a22 a23

a32 a33
∣ − a12 ∣

a21 a23

a31 a33
∣ + a13 ∣

a21 a22

a31 a32
∣ . (1.137)

This is Laplace66 development of determinant (1.136) following the first row. Check, starting
from Sarrus development, the same value of the determinant is obtained by developing the
determinant by an arbitrary r-th row (r = 1,2,3), when the elements of that line ar1, ar2, ar3
are multiplied in succession with cofactors, determinants which remain when the row and
column of the given element (ark) is removed from the given determinant (1.136) and
multiplied by the sign (−1)r+k.

65Pierre Frédéric Sarrus (1798-1861), French mathematician.
66Pierre-Simon Laplace (1749-1827), French mathematician.

Rastko Vuković 103
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When given the determinant detA = det(ark) of the order n ∈ N, the cofactors are n2

determinants detArk of the order n−1, obtained by ejecting the r rows and k columns of the
given determinant multiplied by the sign ±1, with the positive sign on the main diagonal,
and with all the neighbors in the rows (columns) with the opposite sign. These signs are
changed as the black and white fields of the chessboard:

∣
+ −

− +
∣ ,

RRRRRRRRRRRRRR

+ − +

− + −

+ − +

RRRRRRRRRRRRRR

,

RRRRRRRRRRRRRRRRRRR

+ − + −

− + − +

+ − + −

− + − +

RRRRRRRRRRRRRRRRRRR

, . . . (1.138)

From the Laplace development, if you calculated them according to the previous recom-
mendation, note that by multiplying the corresponding elements of the r-th row and the
cofactors in the same line, you get the value of the given determinant, but while multiply-
ing the row of elements with the wrong line of the cofactors you get zero. Therefore, the
product of the matrix A and the matrix of its cofactors, which is called the adjacent matrix
and denotes adjA, is equal to the determinants detA. In other words, the matrix

A−1
=

1

detA
adjA (1.139)

is the inverse matrix of the given matrix. An inverse matrix does not exist when detA = 0.
The given matrix then is not a bijection, although it is a linear operator.

Example 1.2.2. Two types of balls, with x1 and x2 of them, have a total weight of 82
grams and a total volume of 27.5 cm3. Individually, the ball of the first or second type has
weight of 8 and 6 grams, the volume 2 and 2.5 cm3 respectivelly. How many balls are?

Solution. We set the task in matrix:

(x1 x2)(
8 2
6 2,5

) = (82 27,5) , (1.140)

and hence get:

(x1 x2) = (82 27,5)(
8 2
6 2,5

)

−1

,

(x1 x2) = (82 27,5) [
1

8 ⋅ 2,5 − 6 ⋅ 2
(

2,5 −2
−6 8

)] ,

(x1 x2) =
1

8
(82 27,5)(

2,5 −2
−6 8

) ,

(x1 x2) =
1

8
(40 56) ,

(x1 x2) = (5 7) .

So, there are 5 balls of the first type and 7 balls of another kind.

The unknown x1 and x2 were written in (1.140) covariant, as a matrix-row type. The
same result would be achieved by transpose of the matrix equation, replacing the columns
by rows:

(
8 6
2 2,5

)(
x1

x2
) = (

82
27,5

) . (1.141)

It would be a countervariate beginning of the same solution. Note that transposing changes
the order of matrix multiplication. In general, (AB)τ = BτAτ .
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1.2.1 Determinants

So far, we have already mentioned some of the characteristics of the determinants, but
they need to be proven. That’s the theme of the sequel. The starting point is the usual
definition of the determinants (see [13]) from which we will derive mainly its more important
properties and then the properties of the matrices.

Definition 1.2.3. Let aij, for indexes ij = 1,2, . . . , n, are complex numbers. Let i1i2 . . . in
is a permutation of the set {1,2, . . . , n} and let [i1, i2, . . . , in] is number of all inversions of
the permutation. Sentence

∑
iπ

(−1)[i1,i2,...,in]a1i1a2i2 . . . anin (1.142)

where is summed for all permutations iπ of set {1,2, . . . , n}, is determinant of order n.

Therefore, the determinant of order n is an algebraic sum n! = 1 ⋅ 2⋯n numbers, and
each of these summers is a product of n given numbers. We see this in the development of
the third order determinant (1.136), or in the development of the second order determinant
(1.135). The elements of the r-th row of the determinants are ar1, ar2, . . . , arn. The elements
a1k, a2k, . . . , ank make the k-th column of the determinant. Elements a11, a22, . . . , ann make
main diagonal, and the elements a1,n, a2,n−1, . . . , an,1 secondary diagonal determinants.

Theorem 1.2.4. Determinant detA is equal to determinant detAτ which is obtained from
it by replacing the corresponding rows and columns. In other words:

detA =

RRRRRRRRRRRRRRRRRRR

a11 a12 . . . a1n

a21 a22 . . . a2n

. . .
an1 an2 . . . ann

RRRRRRRRRRRRRRRRRRR

=

RRRRRRRRRRRRRRRRRRR

a11 a21 . . . an1

a12 a22 . . . an2

. . .
a1n a2n . . . ann

RRRRRRRRRRRRRRRRRRR

= detAτ .

Proof. Put

detA′
=

RRRRRRRRRRRRRRRRRRR

b11 b12 . . . b1n
b21 b22 . . . b2n
. . .
bn1 bn2 . . . bnn

RRRRRRRRRRRRRRRRRRR

.

Then bij = aji, for i, j = 1,2, . . . , n. From definition 1.2.3 it follows that any assertion about
the types of determinants applies to the columns of that determinant and vice versa.

Theorem 1.2.5. By changing the place of the two rows (columns), the determinant changes
the sign.

Proof. From definition 1.2.3 folows:

det A =∑
iπ

(−1)[i1,...,ij ,...,ik,...,in]a1i1⋯ajij⋯akik⋯anin =

=∑
iπ

(−1)[i1,...,ik,...,ij ,...,in]+1a1i1⋯akik⋯ajij⋯anin = −det A.

Theorem 1.2.6. When each element of a row (column) of the determined is multiplied by
the number λ then the determinant is multiplied by the number λ.
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Proof. From the definition we have:

RRRRRRRRRRRRRRRRRRR

a11 a12 . . . λa1k . . . a1n

a21 a22 . . . λa2k . . . a2n

. . .
an1 an2 . . . λank . . . ann

RRRRRRRRRRRRRRRRRRR

=∑
iπ

(−1)[i1,i2,...,ij ,...,in]a1i1a2i2⋯λakik⋯anin =

= λ∑
iπ

(−1)[i1,i2,...,in]a1i1a2i2⋯anin = λdet A.

Theorem 1.2.7. The determinant to which the two columns (rows) are proportional is
equal to zero.

Proof. According theorem 1.2.6 we have

RRRRRRRRRRRRRRRRRRR

a11 . . . a1k . . . λa1k . . . a1n

a21 . . . a2k . . . λa2k . . . a2n

. . .
an1 . . . ank . . . λank . . . ann

RRRRRRRRRRRRRRRRRRR

= λ

RRRRRRRRRRRRRRRRRRR

a11 . . . a1k . . . a1k . . . a1n

a21 . . . a2k . . . a2k . . . a2n

. . .
an1 . . . ank . . . ank . . . ann

RRRRRRRRRRRRRRRRRRR

.

Let the determinant on right is D. According theorem 1.2.5, that changing two columns
determinant changes sign, now we have D = −D and then D = 0.

Theorem 1.2.8. The sum of two determinants of equal to all columns (rows) except one,
k, is equal to determinant with the same columns (rows) and the sums of the corresponding
coefficients of k-th column (row).

Proof. From definition follows:

RRRRRRRRRRRRRRRRRRR

a11 a12 . . . a′1k + a
′′
1k . . . a1n

a21 a22 . . . a′2k + a
′′
2k . . . a2n

. . .
an1 an2 . . . a′nk + a

′′
nk . . . ann

RRRRRRRRRRRRRRRRRRR

=∑
iπ

(−1)[i1,i2,...,ij ,...,in]a1i1a2i2⋯(a′kik + a
′′
kik

)⋯anin =

=∑
iπ

(−1)[i1,i2,...,ij ,...,in]a1i1a2i2⋯a
′
kik
⋯anin +∑

iπ

(−1)[i1,i2,...,ij ,...,in]a1i1a2i2⋯a
′′
kik
⋯anin =

=

RRRRRRRRRRRRRRRRRRR

a11 a12 . . . a′1k . . . a1n

a21 a22 . . . a′2k . . . a2n

. . .
an1 an2 . . . a′nk . . . ann

RRRRRRRRRRRRRRRRRRR

+

RRRRRRRRRRRRRRRRRRR

a11 a12 . . . a′′1k . . . a1n

a21 a22 . . . a′′2k . . . a2n

. . .
an1 an2 . . . a′′nk . . . ann

RRRRRRRRRRRRRRRRRRR

,

and that has to be proved.

We write this premise shorter

det(a1, . . . ,a
′
k + a′′k , . . . ,an) = det(a1, . . . ,a

′
k, . . . ,an) + det(a1, . . . ,a

′′
k , . . . ,an), (1.143)

where the usual representation of determinants by column was used.

Theorem 1.2.9. The determinant does not change if to the column is added another column
multiplied by a constant.

Rastko Vuković 106
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Proof. According previous, we have: det(a1, . . . ,aj + λak, . . . ,ak, . . . ,an) =

= det(a1, . . . ,aj , . . . ,ak, . . . ,an) + λdet(a1, . . . ,ak, . . . ,ak, . . . ,an),

and the second of the added determinants is zero because it has two equal columns.

Definition 1.2.10. For determinant

det A =

RRRRRRRRRRRRRRRRRRR

a11 a12 . . . a1n

a21 a22 . . . a2n

. . .
an1 an2 . . . ann

RRRRRRRRRRRRRRRRRRR

(1.144)

the determinant obtained by omitting i-th row and j-th column is called a minor. Minor
multiplied by the sign (−1)i+j is called the cofactor of the given element.

In other words, for the given determinant (1.143), the minor of element aij is

Mij =

RRRRRRRRRRRRRRRRRRRRRRRRRRRR

a11 . . . a1,j−1 a1,j+1 . . . a1n

. . . . . .
ai−1,1 . . . ai−1,j−1 ai−1,j+1 . . . ai−1,n

ai+1,1 . . . ai+1,j−1 ai+1,j+1 . . . ai+1,n

. . . . . .
an1 . . . an,j−1 an,j+1 . . . ann

RRRRRRRRRRRRRRRRRRRRRRRRRRRR

, (1.145)

and the cofactor Aij = (−1)i+jMij . Signs ±1 cofactors are changed as colors on the chess
field. All minors and cofactors of the determinant order n are the determinants of the order
n − 1. The following attitude proves the accuracy of Laplace development.

Theorem 1.2.11 (Laplace development). For determinant (1.144) any row r is valid

ar1Ar1 + ar2Ar2 + ⋅ ⋅ ⋅ + arnArn = det A, (1.146)

where Arj are its cofactors.

Proof. According to definition:

det A =∑
iπ

(−1)[i1,i2,...,in]a1i1a2i2 . . . anin =∑
iπ

(−1)[1,i2,...,in]a11a2i2 . . . anin+

+∑
iπ

(−1)[2,i2,...,in]a12a2i2 . . . anin + ⋅ ⋅ ⋅ +∑
iπ

(−1)[n,i2,...,in]a1na2i2 . . . anin =

= a11(−1)1+1
∑
iπ≠1

(−1)[i2,...,in]a2i2 . . . anin + a12(−1)1+2
∑
iπ≠1

(−1)[i2,...,in]a2i2 . . . anin+

⋅ ⋅ ⋅ + a1n(−1)1+n
∑
iπ≠n

(−1)[i2,...,in]a2i2 . . . anin =

= a11(−1)1+1M11 + a12(−1)1+2M12 + ⋅ ⋅ ⋅ + a1n(−1)1+nM1n,

det A = a11A11 + a12A12 + ⋅ ⋅ ⋅ + a1nA1n,

and that is the Laplace development (1.146) on the first row r = 1.
Let us prove now that the general statement of the theorem is valid. Let us permutated

the r-th row of the given determinants with each of the previous lines. After r−1 permuta-
tion, we arrive at the determinant whose first line minors are multiplied by (−1)k−1, but the
cofactors are multiplied by (−1)k−1, and the development result remains unchanged.
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Theorem 1.2.12. For determinant (1.143), for two arbitrary rows i ≠ r is

ai1Ar1 + ai2Ar2 + ⋅ ⋅ ⋅ + ainArn = 0, (1.147)

where Arj (j = 1,2, . . . , n) are its cofactors.

Proof. Let’s consider the given determinant and determinant det A′ obtained by replacing
the r-th order with the order of arbitrary coefficients b1, b2, . . . , bn. According to the previous
(1,146)

det A′
= b1Ar1 + b2Ar2 + ⋅ ⋅ ⋅ + bnArn.

If we put each bj = arj according to the previous one, we get det A′, but this substitution
determinant will then have two equal lines, and according to the theorem 1.2.7 zero value.

According to the theorems 1.2.4, everything that applies to the rows also applies to
columns.

Theorem 1.2.13. Let the coefficients of the determinant (1.143) are functions aij = aij(x).
Then det A is a function of the variable x whose derivation for that variable is equal to the
sum:

d

dx
det A = (det A)

′
=

n

∑
r=1

RRRRRRRRRRRRRRRRRRRRRRRR

a11(x) a12(x) . . . a1n(x)
. . .

a′r1(x) a′r2(x) . . . a′rn(x)
. . .

an1(x) an2(x) . . . ann(x)

RRRRRRRRRRRRRRRRRRRRRRRR

, (1.148)

where a′ij(x) =
d
dxaij(x).

Proof. According definition of determinant:

d

dx
det A =

d

dx
∑
iπ

(−1)[i1,i2,...,in]a1i1a2i2 . . . anin =

=∑
iπ

(−1)[i1,i2,...,in]
n

∑
r=1

a1i1a2i2 . . . ar−1,ir−1a
′
rirar+1,rr+1 . . . anin

=
n

∑
k=1

∑
iπ

(−1)[i1,i2,...,in]a1i1a2i2 . . . ar−1,ir−1a
′
rirar+1,rr+1 . . . anin ,

and so requested formula.

Example 1.2.14. Split into factors67

det A =

RRRRRRRRRRRRRR

a + x b + y c + z
b + x c + y a + z
c + x a + y b + z

RRRRRRRRRRRRRR

.

67Task from the repertory [14].
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Solution. To the first column the determinant gives to the second, then the third (theorem
1.2.9), and draw out the common factor from the first column (theorem 1.2.6), we get:

det A = (a + b + c + x + y + z)

RRRRRRRRRRRRRR

1 b + y c + z
1 c + y a + z
1 a + y b + z

RRRRRRRRRRRRRR

.

From the second, then from the third line we subtract the first, and develop the determinant
on the first column (Laplace development), we get:

det A = (a + b + c + x + y + z) ∣
c − b a − c
a − b b − c

∣ =

= (a + b + c + x + y + z)[(c − b)(b − c) − (a − b)(a − c)]

= −
1

2
(a + b + c + x + y + z)(2a2

+ 2b2 + 2c2
− 2ab − 2bc − 2ca),

det A = −
1

2
(a + b + c + x + y + z)[(a − b)2

+ (b − c)2
+ (c − a)2

]

and there are no other (real) factors.

Example 1.2.15. Split to factors

detA =

RRRRRRRRRRRRRR

2x + y + z y z
x x + 2y + z
x y x + y + 2z

RRRRRRRRRRRRRR

.

Solution. Subtract the second line from the first and third. Draw factors (x + y + z)2 from
the first and third lines.

detA = (x + y + z)2

RRRRRRRRRRRRRR

1 −1 0
x x + 2y + z z
0 −1 1

RRRRRRRRRRRRRR

Add the third column to the second and develop on the bottom line. We get

detA = 2(x + y + z)3.

Example 1.2.16. Calculate det(aij)n×n where aij = 0 for i = j, and aij = 1 for i ≠ j.

Solution. We have

det(aij) =

RRRRRRRRRRRRRRRRRRRRRRRR

0 1 1 . . . 1
1 0 1 . . . 1
1 1 0 . . . 1
. . .
1 1 1 . . . 0

RRRRRRRRRRRRRRRRRRRRRRRR

.

To the elements of the first column add the elements of all other columns, we get

det(aij) = (n − 1)

RRRRRRRRRRRRRRRRRRRRRRRR

1 1 1 . . . 1
1 0 1 . . . 1
1 1 0 . . . 1
. . .
1 1 1 . . . 0

RRRRRRRRRRRRRRRRRRRRRRRR

.
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The first column subtract from all the others (second, third, ..., n-th):

det(aij) = (n − 1)

RRRRRRRRRRRRRRRRRRRRRRRR

1 0 0 . . . 0
1 −1 0 . . . 0
1 0 −1 . . . 0
. . .
1 0 0 . . . −1

RRRRRRRRRRRRRRRRRRRRRRRR

,

and so det(aij) = (−1)n(n − 1).

Commutator points

Let the points A(Ax,Ay), B(Bx,By) and C(Cx,Cy) in the Cartesian rectangular system
Oxy be given as in the picture 1.40. Let’s look at how the oriented surfaces of the closed
figures can be represented by determinant.

Theorem 1.2.17. The surface measure, which is the area of the triangle ABC is:

σ(ABC) =
1

2

RRRRRRRRRRRRRR

Ax Bx Cx
Ay By Cy
1 1 1

RRRRRRRRRRRRRR

. (1.149)

Figure 1.40: Oriented surface of triangle

Proof. Note that the surface of the triangle ABC on the figure 1.40 consists of trapezoidal
surfaces AxCxCA plus CxBxBC minus AxBxBA. We know that the surface of the trapezoid
is equal to the product of the arithmetic mean of the lengths of the two parallel sides and
height. In other words, we have

σ(ABC) =
Cy +Ay

2
(Cx −Ax) +

By +Cy

2
(Bx −Cx) −

By +Ay

2
(Bx −Ax) =

=
1

2
[Ax(By −Cy) +Bx(Cy −Ay) +Cx(Ay −By)] =

1

2

RRRRRRRRRRRRRR

Ax Bx Cx
Ay By Cy
1 1 1

RRRRRRRRRRRRRR

,

and that’s what we wanted to prove.
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Commutator points A,B is the number [A,B] = AxBy −BxAy. Obviously, the commu-
tator of points is zero if and only if the straight line AB contain the origin of the coordinate
system. It is always [A,B] = −[B,A]. The direct consequence of the theorem 1.2.17 is the
following lemma.

Lemma 1.2.18. The cyclic sum of the commutators of the triangle vertices is equal to the
double surface of that triangle, i.e.

[A,B] + [B,C] + [C,A] = 2σ(ABC).

Proof.

[A,B] + [B,C] + [C,A] = (AxBy −BxAy) + (BxCy −CxBy) + (CxAy −AxCy) =

= Ax(By −Cy) +Bx(Cy −Ay) +Cx(Ay −By) = 2σ(ABC).

Let T is point on line AB, we write T ∈ AB, but such that A − T −B, which means T
is collinear with A and B, and is between them. Then the surface (area) of the triangle
ABC is equal to the sum of the surfaces of the triangles ATC and TBC. In other words,
the next proposition applies.

Theorem 1.2.19. T ∈ AB ⇐⇒ [A,B] = [A,T ] + [T,B].

Proof. If T ∈ AB, take arbitrary point C. For the areas of the triangles is valid

2σ(ABC) = 2σ(ATC) + 2σ(TBC),

so we have simplifications, in a row:

[A,B] + [B,C] + [C,A] = ([A,T ] + [T,C] + [C,A]) + ([T,B] + [B,C] + [C,T ])

[A,B] + [C,A] = ([A,T ] + [T,C] + [C,A]) + ([T,B] + [C,T ])

[A,B] = [A,T ] + [T,C] + [T,B] + [C,T ]

[A,B] = [A,T ] + [T,B].

Conversely, if the right side of the equivalence is valid, then look at the triangle ATB.
From

σ(ATB) = [A,T ] + [T,B] + [B,A] = [A,B] + [B,A] = 0

follows the collinearity of the vertices A,T,B.

Example 1.2.20. Check the theorem 1.2.19 by oriented lengths.
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Solution. Arbitrary point T on line AB is given by vector equation:

Ð→
OT =

Ð→
OA +

Ð→
AB ⋅ t, t ∈ R, (1.150)

that is
(Tx, Ty) = (Ax,Ay) + (Bx −Ax,By −Ay)t. (1.151)

In other words, we have the system of equations:

Tx = Ax + (Bx −Ax)t, Ty = Ay + (By −Ay)t. (1.152)

So
[A,T ] + [T,B] = AxTy − TxAy + TxBy −BxTy =

= Ax(Ay + (By −Ay)t) − (Ax + (Bx −Ax)t)Ay+

+(Ax + (Bx −Ax)t)By −Bx(Ay + (By −Ay)t)

= AxAy +AxByt −AxAyt −AxAy −BxAyt +AxAyt+

+AxBy +BxByt −AxByt −BxAy −BxByt +BxAyt

= AxBy −BxAy = [A,B].

Example 1.2.21. Present the areas of convex and concave quadruple ABCD, on the figure
1.41, by commutators.

Figure 1.41: Convex and concave quadruple.

Solution. The area of the convex (left) is

σ(ABCD) = σ(ABD) + σ(BCD) =

= ([A,B] + [B,D] + [D,A]) + ([B,C] + [C,D] + [D,B])

= [A,B] + [B,C] + [C,D] + [D,A].
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Using the theorem, we easily find the area of the concave (right):

σ(A′B′C ′D′
) = [A′,B′

] + [B′,C ′
] + [C ′,D′

] + [D′,A′
] =

= [A′,B′
] + [B′,E′

] + [E′,C ′
] + [C ′,D′

] + [D′,E′
] + [E′,A′

]

= [A′,B′
] + [B′,E′

] + [E′,A′
] + [E′,C ′

] + [C ′,D′
] + [D′,E′

]

= σ(A′B′E′
) + σ(E′C ′D′

). (1.153)

In general, the cyclical sum of commutators along the broken closed line is equal to the
surface closing by the given figure. The positive direction of the tread is counterclockwise.
This surface is positive (negative) if the travel is in a positive (negative) direction. More
about this see in the article [15].

Kepler areas

The second Kepler’s68 law (the law of equal areas) says that an imaginary line drawn from
the center of the Sun to the center of the Planet will sweep out equal areas in equal intervals
of time. These are hatched surfaces in the figure below.

Suppose the time of observation of the planet on the path from points A to B with a
hatched surface σ(SAB) is much less than a month. Let’s mark the angle α = ∠SAB, the
distance from S to A as the vector r⃗ of module r, and distance from A to B as vector dr⃗ of
intensity dr. The hinged surface is the infinitesimal scalar dσ = 1

2r dr sinα, and it is also the
intensity of the oriented surface, the vector product of the vectors dσ⃗ = 1

2 r⃗ × dr⃗. Derivative

on the time gives ˙⃗σ = 1
2 r⃗ ×

˙⃗r. The second derivative on time gives ¨⃗σ = 1
2(

˙⃗r × ˙⃗r + r⃗ × ¨⃗r).

The first summand of the second derivative on the right in brackets is zero because
the vector product of the parallel vector is zero. In the second item the vector ¨⃗r is the

68Johannes Kepler (1571-1630), German mathematician.
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acceleration of the planet, and according to Newton’s69 second law (acceleration of the
body is proportional to the force acting on it, and inverse proportional to its mass) it is
proportional to the gravitational force, so it has the same direction with r⃗. That’s why the
other summand is zero. So, ¨⃗σ = 0, and then ˙⃗σ = const, which is the second Kepler’s law.

This is a known method of proof of Kepler’s law of equal surfaces from Newton’s law
of force, using vectors. What is less well-known is the notion that Newton’s law is not at
all important here. Instead of a gravitational force, in S can be any other central force
that produces the movement of a given body by a given path. Force can also be repulsive.
Moreover, when the path is a straight line, and the body moves uniformly in the absence
of force, the lengths of AB and CD are equal, so for any fixed point S the triangles SAB
and SCD have equal heights and bases and again equal areas.

Observation becomes more interesting when we compile the aforementioned ideas of
commutator points with the preceding ones on the commutator multiplication of the vectors,
and then notice that the surface approximates the information. In addition to the known
constant speed of the own (proper) time flow, then we would also discover something similar
to the relative flow.

69Isaac Newton (1643-1727), English mathematician.
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1.2.2 Matrices

Matrix of the type m×n is a mn-turn of complex numbers written in the form of a rectangle
in m rows and n columns. The same can be defined in the following way.

Definition 1.2.22. Matrix of type m × n is a schematic diagram

A =

⎛
⎜
⎜
⎜
⎝

a11 a12 . . . a1n

a21 a22 . . . a2n

. . .
am1 am2 . . . amn

⎞
⎟
⎟
⎟
⎠

, (aij ∈ C; i = 1,2, . . . ,m; j = 1,2, . . . , n). (1.154)

If m ≠ n matrix is called rectangular matrix, and if m = n is called square matrix. A
short general method of writing matrix is A = (aij)m×n. The numbers aij are called matrix
elements.

The rows, columns, and diagonals of the matrix are defined in analogy to those terms
in the determinants. Matrices that have the same number of rows and the same number
of columns are called matrices of the same type. A matrix whose all elements are zeros is
called zero-matrix and denotes O. A matrix whose all elements of the main diagonal are 1
and all the other 0 is called unit matrix and denotes I.

The matrices A = (aij)m×n and B = (bij)m×n are equal if and only if aij = bij for all
indices i = 1,2, . . . ,m and all indices j = 1,2, . . . , n.

The sum of the matrices A = (aij)m×n and B = (bij)m×n is the matrix C = A +B with
coefficients cij = aij + bij for all indices. The product of the scalar λ ∈ C and the matrix A
is the matrix B = λA with the coefficients bij = λaij .

The product of the matrix A = (aij)m×n and B = (bij)n×p is the matrix C = (cij)m×p for
which is valid

cij =
n

∑
k=1

aikbkj , (i = 1,2, . . . ,m; j = 1,2, . . . , p). (1.155)

Note that in order to define the product of two matrices, the first matrix must have as many
columns as the other has rows.

Lemma 1.2.23. Multiplication of the matrix is associative.

Proof. Let give the matrices Amn, Bnp and Cpq where the indices down mark the type.
Then is possible to multiply the matrices (AB)mp and Cpq and it’s the matrix type m × q.
The same type is the matrix Amn(BC)nq. We further prove that the coefficients of these
matrices of the results are the same.

Calculate in the order:

(AB)C =

p

∑
γ=1

(
n

∑
β=1

aαβbβγ)cγδ =∑
γ,β

(aαβbβγ)cγδ =

=∑
β,γ

aαβ(bβγcγδ) =
n

∑
β=1

aαβ(
p

∑
γ=1

bβγcγδ) = A(BC),

and this was to be proven.
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Theorem 1.2.24 (Properties of matrices). The following equality applies:

1. αA = Aα 8. (α + β)A = αA + βA
2. IA = AI = A 9. α(A +B) = αA + αB
3. OA = AO = O 10. A +O = O +A = A
5. α(βA) = (αβ)A 12. C(A +B) = CA +CB
4. αO = Oα = O 11. α(AB) = (αA)B = A(αB)

6. A + (B +C) = (A +B) +C 13. (A +B)C = AC +BC
7. A +B = B +A 14. A(BC) = (AB)C

where α,β ∈ C, and A,B,C are arbitrary matrices for which the terms make sense. For
example, 13, matrices A and B have to be the same type m × n and C be the type n × p.

Proof. Properties 1-13 are obvious. We proved the property of the 14 in the lemma 1.2.23.

That the matrix multiplication is not always commutative can be seen on the simple
example:

A = (
1 2
3 4

) , B = (
1 −1
1 1

) ,

AB = (
3 1
7 1

) , BA = (
−2 −2
4 6

) .

Thus, AB ≠ BA. Matrices for which AB = BA are called commutative matrices. For
example, the unit matrix is commutative with each square matrix of the same order. Each
square matrix is commutative with itself.

The exponent of the square matrix A is defined by the following formulas:

A0
= I, A1

= A, A2
= AA, . . . , An+1

= AAn, . . . (1.156)

From the definition of the exponent of the square matrix, by induction, the following identity
follows:

AmAn
= Am+n, (Am

)
n
= Amn, (1.157)

for m,n ∈ N.

Definition 1.2.25. Let A = (aij)m×n. Then matrix Aτ = (aji)n×m, defined by

Aτ
=

⎛
⎜
⎜
⎜
⎝

a11 a12 . . . a1n

a21 a22 . . . a2n

. . .
am1 am2 . . . amn

⎞
⎟
⎟
⎟
⎠

τ

=

⎛
⎜
⎜
⎜
⎝

a11 a21 . . . am1

a12 a22 . . . am2

. . .
a1n a2n . . . amn

⎞
⎟
⎟
⎟
⎠

(1.158)

called transposed matrix.

Theorem 1.2.26. For transposed matrices are valid:

(αA + βB)
τ
= αAτ

+ βBτ , (AB)
τ
= BτAτ . (1.159)

Rastko Vuković 116
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Proof. Let A = (aij)m×n and B = (bij)m×n. Then:

(αA + βB)
τ
= [(αaij + βbij)m×n]

τ
= (αaji + βbji)n×m = αAτ

+ βBτ ,

which is the first part of the statement. The second part follows from:

(AB)
τ
= [(ai1b1j + ai2b2j + ⋅ ⋅ ⋅ + ainbnj)m×n]

τ
=

= (aj1b1i + aj2b2i + ⋅ ⋅ ⋅ + ajnbni)n×m = BτAτ .

That’s the attitude proved.

To each square matrix A = (aij)n can be joined determinant (1.144). Obviously, from
A = B follows det A = det B, however, vice versa does not apply, which is seen on the next
example:

(
2 1
3 4

) ≠ (
1 1
1 6

) , ∣
2 1
3 4

∣ = ∣
1 1
1 6

∣ = 5. (1.160)

Also (we conclude from the statement 1.2.8) the determinant of sum of matrices in the
general case is not equal to the sum of the determinants of given matrices, i.e.

det(A +B) ≠ det A + det B, (1.161)

although these matrices are square of the same order. However, the following paragraph
applies.

Theorem 1.2.27 (Determinant of product). It is correct:

det(αA) = αn det A, det(AB) = (detA)(detB), (1.162)

where the matrices A and B have order n, that is type n × n.

Proof. The first follows from:

RRRRRRRRRRRRRRRRRRR

αa11 αa12 . . . αa1n

αa21 αa21 . . . αa2n

. . .
αan1 αan2 . . . αann

RRRRRRRRRRRRRRRRRRR

= αn

RRRRRRRRRRRRRRRRRRR

a11 a12 . . . a1n

a21 a22 . . . a2n

. . .
an1 an2 . . . ann

RRRRRRRRRRRRRRRRRRR

,

applying n times the theorem 1.2.6.
To prove the second formula we put A = (aij)n, B = (bij)n and C = AB = (cij)n,

and we know cij = ∑
n
k=1 aikbkj . In the definition of determinant detC ask the coefficient

a1i1a2i2 . . . anin . We will find this coefficient if we put a1j = 0 for j ≠ i1, a2j = 0 for j ≠ i2, ...,
anj = 0 for j ≠ in. That way we get

RRRRRRRRRRRRRRRRRRR

a1i1bi11 a1i1bi12 . . . a1i1bi1n
a1i2bi21 a1i2bi22 . . . a1i2bi2n
. . .

a1inbin1 a1inbin2 . . . a1inbinn

RRRRRRRRRRRRRRRRRRR

= a1i1a2i2 . . . anin

RRRRRRRRRRRRRRRRRRR

bi11 bi12 . . . bi1n
bi21 bi22 . . . bi2n
. . .
bin1 bin2 . . . binn

RRRRRRRRRRRRRRRRRRR

.

If some of numbers i1, i2, . . . , in are equal, then the determinant on the right is equal to
zero, because it has two equal rows. If the numbers i1, i2, . . . , in are different they form one
permutation of the set {1,2, . . . , n} so determinant on the right is

(−1)[i1,i2,...,in]a1i1a2i2 . . . anin detB,
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so

det C =∑
π

(−1)[i1,i2,...,in]a1i1a2i2 . . . anin det B = (det A)(det B),

which has to be proved.

Definition 1.2.28. If for the square matrix A exists the square matrix B such that

AB = BA = I, (1.163)

then A is invertible, and B we call inverse matrix of the A.

That the square matrix A can have at most one inverse matrix, we see as follows.
Suppose that this matrix has two inverse matrices B1 and B2. Then from equality (1.163)
we have:

B1 = IB1 = (B2A)B1 = B2(AB1) = B2I = B2, (1.164)

which means B1 = B2.

The negative exponents of the A matrix is defined by equality

A−(n+1)
= A−nA−1, (1.165)

where A−1 is the inverse matrix of the matrix A. Now, by induction, we can expand
the formulas (1.157) to the negative integer exponents. For invertible matrices apply the
formula:

AmAn
= Am+n, (Am

)
n
= Amn, (1.166)

for all m,n ∈ Z.

Adjugate matrix of A, marked adjA, is obtained when in the transposed matrix Aτ

each element aij is replaced by the corresponding cofactor Aij , we write:

adjA =

RRRRRRRRRRRRRRRRRRR

A11 A21 . . . An1

A12 A22 . . . An2

. . .
A1n A2n . . . Ann

RRRRRRRRRRRRRRRRRRR

. (1.167)

Then the product AadjA = det(ai1Aj1 + ai2Aj2 + ⋅ ⋅ ⋅ + ainAjn)n, which according to the
theorems 1.2.11 and 1.2.12 means that it becomes a matrix with all elements of the same
detA on the main diagonal, while all the other elements are 0. So

AadjA =

⎛
⎜
⎜
⎜
⎝

detA 0 . . . 0
0 detA . . . 0
. . .
0 0 . . . detA

⎞
⎟
⎟
⎟
⎠

= (detA)I. (1.168)

Similarly is also prove the equality (adjA)A = (detA)I. The “adjugate” has sometimes
been called the “adjoint”, but today the “adjoint” of a matrix normally refers to its corre-
sponding adjoint operator, which is its conjugate transpose.

Definition 1.2.29. Matrix A for which it is detA ≠ 0 is called a regular matrix. Matrix
A for which is detA = 0 is called a singular matrix.
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A necessary and sufficient condition for the square matrix A to have an inverse matrix
A−1 is that A is a regular matrix. In this case

A−1
=

adjA

detA
. (1.169)

Namely, if A is a regular matrix, i.e. if detA ≠ 0, from the previous formulas we get

A
adjA

detA
=

adjA

detA
A = I,

from where, based on the definition of the inverse matrix, follows (1.168). Conversely, if the
matrix A has an inverse matrix A−1, then AA−1 = I. However, since det I = 1 and based
on the theorem 1.2.27 on the product determinants, it follows that (detA)(detA−1) = 1,
which means that detA ≠ 0.

Example 1.2.30. Prove:

(
−1 2
4 1

)

2k

= (
32k 0

0 32k) , (
−1 2
4 1

)

2k+1

= (
−32k 2 ⋅ 32k

4 ⋅ 32k 32k ) ,

for k = 1,2,3, . . . .

Proof. We use the method of mathematical induction. The first step of induction is correct:

(
−1 2
4 1

)

2

= (
32 0
0 32) , (

−1 2
4 1

)

3

= (
−32 2 ⋅ 32

4 ⋅ 32 32 ) .

Suppose the statements for the previous k are true, so check the following:

(
−1 2
4 1

)

2k+1

= (
32k 0

0 32k)(
−1 2
4 1

) = (
−32k 2 ⋅ 32k

4 ⋅ 32k 32k ) ,

(
−1 2
4 1

)

2k+2

= (
−32k 2 ⋅ 32k

4 ⋅ 32k 32k )(
−1 2
4 1

) = (
32(k+1) 0

0 32(k+1)) .

With this the proof by mathematical induction is complete.

Example 1.2.31. Look for all second-order matrices whose square is a zero-matrix.

Solution. Let A = (
a b
c d

) is asked matrix. Then, from A2 = O follows:

(
a b
c d

) = (
0 0
0 0

) ,

(
a2 + bc ab + bd
ac + cd bc + d2) = (

0 0
0 0

) ,

a2
+ bc = 0, ab + bd = 0, ac + cd = 0, bc + d2

= 0,

d = −a, a2
= −bc,

A = (
a b
c −a

) , a2
= −bc.
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Example 1.2.32. Solve by X matrix equations:

AX1 = B, X2A = B, AX3 = BA−1B, X4A = BA−1B,

where:

A =
⎛
⎜
⎝

1 2 1
1 1 0
2 0 −1

⎞
⎟
⎠
, B =

⎛
⎜
⎝

1 1 1
0 0 0
0 0 0

⎞
⎟
⎠
.

Solution. Calculate the matrix cofactors A, so the determinant, then the adjacent and
inverse matrix:

⎛
⎜
⎝

−1 1 −2
2 −3 4
−1 1 −1

⎞
⎟
⎠
, adjA =

⎛
⎜
⎝

−1 2 −1
1 −3 1
−2 4 −1

⎞
⎟
⎠
, A−1

=
⎛
⎜
⎝

1 −2 1
−1 3 −1
2 −4 1

⎞
⎟
⎠
.

Determinant is detA = −1. Then:

X1 = A−1B =
⎛
⎜
⎝

1 1 1
−1 −1 −1
2 2 2

⎞
⎟
⎠
, X2 = BA−1

=
⎛
⎜
⎝

1 −2 1
0 0 0
0 0 0

⎞
⎟
⎠
.

Multiplying gives

BA−1B =
⎛
⎜
⎝

2 2 2
0 0 0
0 0 0

⎞
⎟
⎠
,

so:

X3 =
⎛
⎜
⎝

2 2 2
−2 −2 −2
4 4 4

⎞
⎟
⎠
, X4 =

⎛
⎜
⎝

4 −6 2
0 0 0
0 0 0

⎞
⎟
⎠
.

Example 1.2.33. Let A = (aij)n×n is a square regular matrix with integer coefficients.
Then the inverse matrix A−1 has only integer coefficients if and only if detA = ±1.

Proof. If A−1 is a matrix of integer coefficients, all its cofactors are integers, its determinant
is an integer, and because of the assumption the detA is integer. From

(detA)(detA−1
) = det(AA−1

) = det I = 1,

follows detA = ±1.
Reversed, if it is detA = ±1, then from A−1 = adjA/detA follows A−1 = ±adjA. Each

element of the adjacent matrix adjA is a new cofactor Aij of the given matrix, and these
are integers. Therefore, an inverse matrix A−1 contains only integers.

Task 1.2.34. If A = (
a b
c d

), prove

A2
− (a + d)A + (ad − bc)I = O.

Starting from this result, determine all second order matrices whose square is a zero matrix.
Prove that it is Ak = O, for k = 3,4,5, . . . , if and only if A2 = O.
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Task 1.2.35. Check the next representation of a second order matrix

(
a11 a12

a21 a22
) =

a11 + a22

2
(

1 0
0 1

) −
i(a12 + a21)

2
(

0 i
i 0

)+

+
a12 − a21

2
(

0 1
−1 0

) +
i(a11 − a22)

2
(
−i 0
0 i

) ,

where i2 = −1. Note that the matrices on the right are unit and Pauli’s.

Task 1.2.36. For n = 1,2,3, . . . prove

(
1 1
1 0

)

n

= (
Fn Fn−1

Fn−1 Fn−2
) ,

where Fn are Fibonacci70 numbers 1,1,2,3,5,8,13,21,34,55,89,144, . . . defined recursive:
F−1 = 0, F0 = 1, Fn = Fn−1 + Fn−2.

Task 1.2.37. Determine all matrix pairs

A = (
a b
c d

) , B = (
α β
γ δ

)

which satisfy the condition AB = BA.

Task 1.2.38. Find the value x so that A =
⎛
⎜
⎝

x x2 1
2 3 1
0 −1 1

⎞
⎟
⎠

is singular.

Task 1.2.39. If

A =

⎛
⎜
⎜
⎜
⎝

1 −1 0 0
0 1 −1 0
0 0 1 −1
−1 0 0 1

⎞
⎟
⎟
⎟
⎠

, B =

⎛
⎜
⎜
⎜
⎝

−3
4 −2

4 −1
4 0

0 −3
4 −2

4 −1
4

−1
4 0 −3

4 −2
4

−2
4 −1

4 0 −3
4

⎞
⎟
⎟
⎟
⎠

,

check is it ABA +A = O.

Task 1.2.40. Define α and β so the matrices

A =
⎛
⎜
⎝

cosα − sinα 0
sinα cosα 0

0 0 1

⎞
⎟
⎠
, B =

⎛
⎜
⎝

1 0 0
0 cosβ − sinβ
0 sinβ cosβ

⎞
⎟
⎠
,

are commutative.

Special themes are block-matrices, then matrices whose coefficients are matrices, and in
general linear operators. The vector space of the matrix over the body of complex numbers
is well known to us, but the vector space of the matrix over the body of the matrix is not.
This latter has a little known but visible physical meaning.

70Leonardo Fibonacci (1175-1245), Italian mathematician.
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Matrix vectors

The quantum system is the representation of the vector space. The selected observables are
the base vectors, and the quantum state is expressed in terms of them. The evolution of the
quantum state is a linear operator. However, linear operators on a vector space also make
some vector space, we say dual to the given. According to the above, their representations
are again quantum systems.

In the functional analysis, which we will discuss later, the dual space V∗ of the vector
space V is the space of linear functions f ∶ V → Φ, which we call functionals. These are
all linear functions that map vectors to scalars so that (f1 + f2)(v⃗) = f1(v⃗) + f2(v⃗) and
(αf)(v⃗) = α(f(v⃗)), where v⃗ ∈ V and α ∈ Φ . In particular, the dual matrix is a conjugate-
transpose of the given matrix, and the space of these also satisfies the axioms of the vector
space, the definition 1.1.9.

In other words, the evolution of quantum states is again some quantum states. The
same changes of particles are also some ”particles”. That is why we can talk about the
dualism of physical space and time and their formal treatment by means of a quaternions
as indicated in the book Space-time, where physical space-time has six dimensions. We
constantly observe the three dimensions of the space, but only the projection of the (three)
times. By one spatial and time axis are in pairs, so the direction of movement, velocity,
impulse, acceleration and force can be treated as vectors. This is also in the Schwarzschild
gravitational field (see [1], Theorem 1.4.4.).

Rotating the coordinate system gives us different base vectors, which is always the same
number and spanned the same space, but their representations do not always have to be
convenient measurable values. When observables are not well chosen, we will say that they
are not the characteristic vectors (eigenvectors) of the given transformation and that we
do not have the happily chosen basis for the physical consideration. Then, we do not work
with the corresponding characteristic values (eigenvalues) of the observed evolution of the
quantum state. This equally reflects on the dual space of the quantum states itself.
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1.2.3 Characteristic measures

The own or characteristic measure is eigenvalue (characteristic value) and eigenvector (char-
acteristic vector). We find them solving the equation

Ax = λx, (1.170)

where A = (aij)n×n is square matrix order n, x = (xk)n is vector n-tuple matrix-row, and
λ ∈ C is scalar. The vector (1.170) is called eigenvector and the scalar is eigenvalue of the
given matrix. The same equation can be written in the form

(A − λI)x = O, (1.171)

where I is a unit matrix. It is also the system of homogeneous71 linear equations:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

(a11 − λ)x1 + a12x2 + ⋅ ⋅ ⋅ + a1nxn = 0
a21x1 + (a22 − λ)x2 + ⋅ ⋅ ⋅ + a2nxn = 0
. . .
an1x1 + an2x2 + ⋅ ⋅ ⋅ + (ann − λ)xn = 0

(1.172)

with the trivial solution x1 = 0, x2 = 0, ..., xn = 0.
Note that linear equations in general, even given, can be regarded as a linear sum of

the vectors vk ∈ V (here, the coefficients of the vector x) above the scalar field C, whereby
the vectors form a regular base if the system has no other solutions than the trivial one.
When on the right side of equality (instead of zero) are the vectors of another base of the
same space, then the given system enables the transformation of the vector of one base into
another, and then we say that the system is regular, that it has a unique solution. The
determinant of such a system is different from zero.

Conversely, for a system with unknown vector coefficients x to have a non-trivial solution
(different from zero) it is necessary that the system determinant

det(A − λI) =

RRRRRRRRRRRRRRRRRRR

a11 − λ a12 . . . a1n

a21 a22 − λ . . . a2n

. . .
an1 an2 . . . ann − λ

RRRRRRRRRRRRRRRRRRR

= pA(λ) (1.173)

be equal to zero. By developing the determinant, it becomes the polynomial order n on
parameter λ with the leading coefficient (−1)n. This polynomial is called the characteristic
polynomial of the matrix A, and the equation pA(λ) = 0 is called the characteristic equation
of the matrix A. A set of eigenvalues is called spectrum of the given matrix.

Let’s look at a proposition useful for controlling the calculation of eigenvalues, then
several instructive examples, the first of which is explained in more detail in the book [16]
on pages 179-182.

Theorem 1.2.41. The product of its eigenvalues is equal to the matrix’s determinant.

Proof. Let λ1, λ2, . . . , λn are all eigenvalues of A. These “lambdas” with indexes are certain
numbers and also the roots of the characteristic polynomial

detA = pA(λ) = (λ1 − λ)(λ2 − λ) . . . (λn − λ),

where “lambda” without index is a variable. The variable can be chosen to be zero, and
getting in the polynomial λ = 0 we get detA = λ1λ2 . . . λn, which has to be proven.

71Homogeneity – see definition 1.1.61, property 2○.
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Example 1.2.42. Determine eigenvalues and the corresponding eigenvectors of matrix:

A = (
3 −2
4 −3

) , B = (
1 −1
1 1

) , C = (
3 2
−2 −1

) .

Solution. In the case of matrix A the characteristic polynomial is

λ2
− 1 = 0,

with roots λ1 = −1, λ2 = 1. The spectra is the set of numbers σA = {1,−1}. Further solving

by spectrum, in order for λ1 = −1 and λ2 = 1, for eigenvector x1 = (
ξ1

η1
) we find 2ξ1 = η1,

and for eigenvector x2 = (
ξ2

η2
) we find ξ2 = η2, with arbitrary η1, η2 ∈ C, so chose:

(
3 −2
4 −3

)(
1
2
) = −(

1
2
) , (

3 −2
4 −3

)(
1
1
) = (

1
1
)

for special solutions of the “characteristic tasks” in the first case.
In the case of matrix B the characteristic polynomial is

λ2
− 2λ − 2 = 0,

with solutions λ1 = 1 − i, λ2 = 1 + i. The spectra of this matrix is pair of conjugate complex
numbers σB = {1−i,1+i}. Further solving, form the first and second “lambda”, find ξ = ±iη,
with arbitrary η ∈ C, and select:

(
1 −1
1 1

)(
1
i
) = (1 − i)(

1
i
) , (

1 −1
1 1

)(
i
1
) = (1 + i)(

i
1
) .

These solutions are easily verified by direct multiplication.
In the case of matrix C the characteristic polynomial is

λ2
− 2λ + 1 = 0,

whose zeros are λ1 = λ2 = 1. The spectre of the matrix is one-member set σC = {1}, which
means that this matrix has only one eigenvalue of the algebraic multiple of two. Solving,
we find ξ = −η, for arbitrary η ∈ C, and the equation is valid

(
3 2
−2 −1

)(
1
−1

) = (
1
−1

) ,

which can be easily checked by direct matrix multiplication.

Example 1.2.43. Determine eigenvalues and eigenvectors of the rotation (1.110).

Solution. The rotation (1.110) can be written as matrix

(
cosφ − sinφ
sinφ cosφ

)(
ξ
η
) = (

ξ′

η′
) , (1.174)

or Rφx = x′. Characteristic equation of the matrix Rφ is:

∣
cosφ − λ − sinφ

sinφ cosφ − λ
∣ = 0,
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λ2
− 2λ cosφ + 1 = 0,

λ1 = e
iφ, λ2 = e

−iφ.

If φ = 0, then λ1 = λ2 = 1, and all are eigenvectors. If φ = π, tada je λ1 = λ2 = −1 and again
all vectors are eigen. If φ ≠ 0 (mod π), the eigenvalues are different. Eigenvectors:

x1 = (
ξ1

η1
) , x2 = (

ξ2

η2
)

satisfy equalities:

ξ1(cosφ − λ1) − η1 sinφ = 0, ξ2(cosφ − λ2) − η2 sinφ = 0,

−iξ1 sinφ − η1 sinφ = 0, iξ2 sinφ − η2 sinφ = 0,

so:

x1 = C1 (
−1
i
) , x2 = C2 (

1
i
) , (C1,C2 ∈ C).

Task 1.2.44. Find the characteristic polynomial for matrix

⎛
⎜
⎜
⎜
⎝

2 −1 1 2
0 1 1 0
−1 1 1 1
1 1 1 0

⎞
⎟
⎟
⎟
⎠

.

Solution. λ4 − 4λ3 + 2λ2 + 5λ + 2.

In an ,,oriented-length” representation, the operator does not change the direction of
its eigenvectors, it changes only its intensity proportional to the eigenvalue. In the space
with n ∈ N dimension the operator can have not more than n of such vectors. In other
representations and other scalar fields, this analogy remains the same.

Now it’s clear that the eigenvectors represent good carriers of physical properties. This
is the same connection why we consider energy as physical, because the law of energy
maintenance applies. Also, it is why we consider the information as a part of physics, if the
law of maintenance applies to it. The acting of a linear operator on a vector represents the
evolution of the quantum state in which the very physical property of the observable does
not change.

A limited number of own vector matrices is in accordance with the principle of finite
matter. But, this leads us to the paradoxical infinite divisibility of the vector space itself,
which we will analyze later. For now, we note that the finiteness of the substantial represen-
tations of the vector space and its infinite partition (continuum) indicate to the importance
of space-time relativity. The relative system in motion has a shorter unit of length (then
the proper) in the direction of moving, and slower flow of time. By slowing down the time,
virtual particles become visible, as much as it allows Heisenberg’s uncertainty relations.
Therefore, space-time always have finer subdivisions than given, each with the final mate-
rial properties, so that it can be regarded as the not more than countably infinite as the set
of natural numbers.
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Limit

Example 1.2.45. Apply the characteristic values to the unlimited exponents of the matrix.

Solution. We’ll take the example matrix

A = (
0.8 0.3
0.2 0.7

)

and pay attention to the series of degrees:

A = (
0.8 0.3
0.2 0.7

) , A2
= (

0.70 0.45
0.30 0.55

) , A3
= (

0.650 0.525
0.350 0.475

) , . . .

that converges to matrix

A0 = (
0.6 0.6
0.4 0.4

) ,

that is easier to check (AA0 = A0A = A0) than to calculate.

We can calculate it by solving eigen problem Ax = λx. First, we find that this matrix

has two eigenvalues λ1 = 1 and λ2 = 1
2 with corresponding eigenvectors, say x1 = (

3
2
) and

x2 = (
1
−1

), so:

(
0.8 0.3
0.2 0.7

)(
3
2
) = (

3
2
) , (

0.8 0.3
0.2 0.7

)(
1
−1

) =
1

2
(

1
−1

) ,

which is easily verified by multiplying. The only two vectors that do not change their
direction after the operation of the given matrix are x1 and x2. The first of them does not
change its intensity while the other halves. By multiplying this matrix, the first eigenvector
remains the same, the other one disappears.

All other vectors are a linear combination of these two. If we form a matrix of vector
columns, which by multiplying with a given matrix will not change, we quickly arrive at
the conclusion that the matrix A0 is required limit value.

Examination from the example can be extended. Let the matrix be given

A = (
1 − a 1 − b
a b

) , (1.175)

and find the boundary value of the series A,A2,A2, . . . solving the proper problem:

∣
1 − a − λ 1 − b

a b − λ
∣ = 0,

λ2
− (b − a + 1)λ + (b − a) = 0,

λ12 =
(b − a + 1) ±

√
(b − a + 1)2 − 4(b − a)

2
,

λ12 =
(b − a + 1) ±

√
(−b − a + 1)2

2
,
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and hence:

λ1 = 1, λ2 = b − a. (1.176)

To control the results, let’s notice that for the data from the previous example a = 0.2 and
b = 0.7 we really get the spectrum from this example λ1 = 1 and λ2 =

1
2 . The second control,

the product of its own values is the determinant of the given matrix (theorem 1.2.41).

For the eigenvalue λ1 = 1, for the coefficients of its eigenvector x1 = (
ξ1

η1
) we find the

proportion ξ1 ∶ η1 = (1 − b) ∶ a. For the eigenvalue λ2 = ba, for the coefficients of the

eigenvector x2 = (
ξ2

η2
) we find the relation ξ2 ∶ η2 = −1. It is generally:

x1 = γ1 (
1 − b
a

) , x2 = γ2 (
1
−1

) , (1.177)

where γ1 and γ2 are arbitrary numbers. By direct multiplication werify that it is really
Ax1 = x1 and Ax2 = (ba)x2 .

Each vector (given space) can be represented as a linear sum of the eigenvectors. By
multiplying the given matrix, its eigenvectors do not change the directions, with the first
remaining unchanged length (due to λ1 = 1) and the second (if λ2 = ba ≠ 1) unrestrictedly
grows or disappears, depending on whether ∣λ2∣

n → ∞ or λn → 0. In the second case, we
find the boundary value An →A0 (n→∞), where

A0 = γ (
1 − b 1 − b
a a

) , γ =
1

1 + a − b
. (1.178)

If we apply the data from the example (a = 0.2 and b = 0.7), we get the same matrix (A0).
By multiplying we can check that the more general equations are also accurate:

AA0 = A0A = A0, (1.179)

which can also be used directly to find this limit value. Many of the matrices from the
literature, for which we calculate the spectrum and their eigenvectors, can be derived similar
to this from (1.175).

Pauli matrices

The unit with Pauli matrices is in the sequence:

I = (
1 0
0 1

) , σx = (
0 1
1 0

) , σy = (
0 −i
i 0

) , σz = (
1 0
0 −1

) . (1.180)

It turns out (task 1.2.35) that every matrix of the second order can be represented as a
linear sum of these four. Each of these four matrices remains unchanged after conjugation
and transposition, which we write

X†
= X, (1.181)

where X ∈ {I,σx,σy,σz}. With this index (dagger) we asign the associated matrix, i.e.
conjugated and transposed that we can also call dual matrix, which in general should be
distinguished from the adjacent (matrix of the cofactor).
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Since the square of each of the Pauli matrices is a unit matrix, their eigenvalues are ±1.
The corresponding normed eigenvectors are:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ⃗x+ =
1√
2
(

1
1
) , σ⃗x− =

1√
2
(

1
−1

) ,

σ⃗y+ =
1√
2
(

1
i
) , σ⃗y− =

1√
2
(

1
−i

) ,

σ⃗z+ = (
1
0
) , σ⃗z− = (

0
1
) .

(1.182)

The proper state of Pauli’s matrix is spin. We find it from its characteristic equality:

(
uz ux − iuy

ux + iuy −uz
)(
ξ
η
) = (

ξ
η
) ,

{
uzξ + uxη − iuyη = ξ
uxξ + iuyξ − uzη = η,

{
(uz − 1)ξ + (ux − iuy)η = 0
(ux + iuy)ξ − (uz + 1)η = 0,

{
(cos θ − 1)ξ + (e−iϕ sin θ)η = 0
(e+iϕ sin θ)ξ − (cos θ + 1)η = 0,

{
(−2 sin2 θ

2)ξ + (e−iϕ2 sin θ
2 cos θ2)η = 0

(e+iϕ2 sin θ
2 cos θ2)ξ − (2 cos2 θ

2)η = 0.

By canceling the first equation with sin θ
2 and the second with cos θ2 , we get the system:

{
(− sin θ

2)ξ + (e−iϕ cos θ2)η = 0

(e+iϕ sin θ
2)ξ − (cos θ2)η = 0,

It is a dependent system of two equations with two complex unknown ξ and η, with an
infinite solution.

Take an arbitrary complex number ξ ∈ C, so calculate η = eiϕ tan θ
2ξ with the condition

∣ξ∣2 + ∣η∣2 = 1. It’s general solution is

(
ξ
η
) = (

e−ϕ/2 cos(θ/2)

eiϕ/2 sin(θ/2)
) . (1.183)

It is eigenvector of the rotated Pauli matrix. Note that the rotation for the angle 2π leads
to the transformation (

ξ
η
)→ −(

ξ
η
). So, to spin back to the starting position, two full circle of

the vector angle (1.183) are needed. Only after the rotation for the angle 4π spin becomes
the same as at the beginning.

It’s a kind of symmetry that we do not see every day, but we can still understand it.
Dirac devised a way to visualize this “rotation” of the electron, for an angle of 720○, using
the tape shown in the images 1.42. Figure 1: A flat strip of bracing between the walls holds
a horizontal plate that is blue up and red down. Figures 2 and 3: the tape turns around its
long axis, remaining attached to the walls, so that the plate rotates twice, totaling to the
angle of 720○, in the end again with the blue color up. In this position, without moving the
tile and without detaching the tape from the walls, the tapes elastically go around the two
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Figure 1.42: Dirac tape.

sides of the plate, restoring the condition to the initial picture 1. The tapes did not become
tangled.

It is a demonstration of fermion, a spin particle 1
2 , which returns to its initial state only

after two full circles. These pictures show that such a twisting of the tape is possible without
causing clutter. Today there are various presentations, combinations of Dirac’s idea, with
more tape, or with a person holding one glass in his hands as he twists and turns around his
axis, or similar displays. A real vector of real space, the so-called oriented-length, cannot
demonstrate this “rotation” of the fermion.

Each of the Pauli matrices is Hermite matrix, a self-adjoined, square complex matrix
that is equal to its own conjugated transpose, which here we write H† = H for the matrix
H ∈ {I,σx,σy,σz}.

Matrix mechanics

Matrix Mechanics is the formulation of quantum mechanics by Heisenberg, Born and Jor-
dan72 from 1925. This is the first conceptually autonomous and logically consistent formu-
lation of quantum mechanics (see [17]). It explained the quantum jumps of Bohr’s73 orbit
model of an electron in the atom by interpreting the physical properties of the particles as
matrices evolving in time. It is equivalent to Schrödinger’s waveform formula of quantum
mechanics and the manifest of Dirac’s bra-ket notation.

In his work in 1925, Heisenberg did not mention the matrix anywhere, but he calculate
radiation from the atom using term

C(n,n − b) =∑
a

A(n,n − a)B(n − a,n − b). (1.184)

Formally, this is a matrix multiplication, but the formula was outside the context of the
algebra and denoted the multiplication of the energy frequency from the state n to the state
n−a with the corresponding frequencies for the energy from the state n−a to n− b and the
sum of such products.

This famous work was handed over to the press, the author went on vacation, and
Max Born wrote: Heisenberg’s rule of multiplication did not give me peace. After a week
of intense thinking and various attempts, I suddenly remembered one algebraic theory ...

72Pascual Jordan (1902-1980), German mathematician and theoretical physicist.
73Niels Bohr (1885-1962), Danish physicist.
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such square surfaces are known to mathematicians and they call them matrices. I applied
Heisenberg’s quantum conditions and found the agreement. Suddenly, there was a weird
matrix formula in front of me

QP −PQ =
i~
2π
, (1.185)

where Q is the matrix of the position, and the P matrix of the momentum. This formula
is the essence of Heisenberg’s uncertainty principle, derived from mathematics. It shows
that quantum mechanics strictly limits the precision of the measurement. The observer can
accurately find out the position or momentum, but not both.

In contrast to the waveform, the matrix formulation of quantum mechanics also ex-
plained the spectrum (mainly energy) by operators, in a purely algebraic way.
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1.2.4 Unitary space

Transformations of quantum states are mostly linear (definition 1.1.61), and the most sig-
nificant among the linear operators are unitary. The linear operator U whose inverse U−1

is adjoint U †, is called unitary operator :

U−1
= U †, U †U = UU †

= I. (1.186)

The matrix representation of the operator U is the matrix U and the matrix representation
of the adjoint operator U † is the adjoint matrix U† meaning associated by conjugating and
transposing the matrix U. This is the topic of this section.

Unitary operators can be understood as the generalization of complex numbers whose
absolute value is one. They are operators who keep “lengths” and “angles” between the
vectors, so the need for them comes directly from the Born rule. Formally, any unitary
operator is some isometry of the space, i.e. geometric transformations that do not change
the distance of points. Since all isometries can be reduced to some rotations, these operators
can be considered as types of rotations in the abstract vector space. Therefore, the already
mentioned rotations are a model for unitary operators, including Pauli’s matrices (σ), or
quaternions (q), which we will only consider as an example of a matrix with its own non-real
values.

Definition 1.2.46 (Unitary space). For vector space V over the field of scalars Φ we say it
is unitary if it is defined the mapping from the set V2 to the set Φ so that to each ordered pair
of the vectors x, y ∈ V corresponds the scalar ⟨x∣y⟩, which meets the following requirements:

i. ⟨y∣x⟩∗ = ⟨x∣y⟩, conjugated symmetry,
ii. ⟨x∣y1 + y2⟩ = ⟨x∣y1⟩ + ⟨x∣y2⟩, additivity on second argument,

iii. ⟨x∣λy⟩ = λ⟨x∣y⟩, homogeneity by second argument,
iv. ⟨x∣x⟩ ≥ 0, positive definiteness,
v. ⟨x∣x⟩ = 0 ⇐⇒ x = 0, self-orthogonality of zero,

(1.187)

for arbitrary vectors x, y, y1, y2 ∈ V and an arbitrary scalar λ ∈ Φ.

As we know, the operation introduced by this definition is called the inner product of
the vectors x and y, or the scalar product of these vectors. Depending on whether the
Φ field is C or R, the space V is called a complex or real vector space. However, due to
⟨x∣x⟩∗ = ⟨x∣x⟩ from the definition follows ⟨x∣x⟩ ∈ R no matter what the scalars are. The
direct consequence of the definition is ⟨0∣x⟩ = ⟨x∣0⟩ = 0, for arbitrary x ∈ V.

Theorem 1.2.47. For inner product are true:

a. ⟨λx∣y⟩ = λ∗⟨x∣y⟩,
b. ⟨x1 + x2∣y⟩ = ⟨x1∣y⟩ + ⟨x2∣y⟩,
c. ⟨∑

n
µ=1 αµxµ,∑

n
ν=1 βνyν⟩ = ∑

n
µ=1∑

n
ν=1 α

∗
µβν⟨xµ∣yν⟩,

(1.188)

for all x,x1, . . . , xn, y, y1, . . . , yn ∈ V and λ,α1, . . . , αn, β1, . . . , βn ∈ C.

Proof. We have orderly:

⟨λx∣y⟩ = ⟨y∣λx⟩∗ = λ∗⟨y∣x⟩∗ = λ∗⟨x∣y⟩,

and that is statement a. Equation b follows from:

⟨x1 + x2∣y⟩ = ⟨y∣x1 + x2⟩
∗
= ⟨y∣x1⟩

∗
+ ⟨y∣x2⟩

∗
= ⟨x1∣y⟩ + ⟨x2∣y⟩.

The third equation (c) is immediate consequence of the previous two.
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Definition 1.2.48 (Vector norm). The number

∣x∣ =
√

⟨x∣x⟩, (1.189)

is called the norm of vector x. We also mark it with ∥x∥.

The norm of the vector should be differing from the probability. For such a defined norm,
Cauchy74 is inequality (1.119), for which there is a large number of interesting proofs.

Lemma 1.2.49 (Cauchy–Schwarz inequality). It is valid ∣⟨x∣y⟩∣ ≤ ∣x∣∣y∣.

Proof. Let λ ∈ R. Then:

0 ≤ ⟨x + λ⟨x∣y⟩y, x + λ⟨x∣y⟩y⟩ = ⟨x∣y⟩ + 2∣⟨x∣y⟩∣2λ + ∣⟨x∣y⟩∣2⟨y∣y⟩λ2.

So, this square polynomial on λ must not have real solutions, so the discriminant of the
associated square equation is negative. Hence:

∣⟨x∣y⟩∣4 − ∣⟨x∣y⟩∣2⟨x∣x⟩⟨y∣y⟩ ≤ 0,

∣⟨x∣y⟩∣2 ≤ ⟨x∣x⟩⟨y∣y⟩,

∣⟨x∣y⟩∣ ≤
√

⟨x∣x⟩
√

⟨y∣y⟩,

∣⟨x∣y⟩ ≤ ∣x∣∣y∣,

and this was to be proven.

Equality can be achieved if and only if ∣x + λ⟨x∣y⟩y∣ = 0, when x + λ⟨x∣y⟩y = 0, and this
will only be when the vectors x and y are proportional, collinear. Further features of the
norm are seen from the following statement.

Theorem 1.2.50. For the norm is valid:

i. ∣x∣ ≥ 0,
ii. ∣x∣ = 0 ⇐⇒ x = 0,
iii. ∣λx∣ = ∣λ∣∣x∣,
iv. ∣x + y∣ ≤ ∣x∣ + ∣y∣,

(1.190)

for all mentioned vectors and scalars.

Proof. The relations i, ii are the direct consequences of the corresponding relations that
apply to the inner product.

From ∣λx∣ =
√

⟨λx∣λx⟩ and
√

⟨λx∣λx⟩ =
√
λ∗λ⟨x∣x⟩ = ∣λ∣∣x∣ follows that equality iii is also

true.
In the proof of the inequality iv, which is called inequality of triangle, we will use

Schwarz’s inequality:

∣x + y∣2 = ⟨x + y∣x + y⟩ = ⟨x∣x⟩ + ⟨x∣y⟩ + ⟨y∣x⟩ + ⟨y∣y⟩ =

= ∣x∣2 + ⟨x∣y⟩ + ⟨x∣y⟩∗ + ∣y∣2 = ∣x∣2 + ∣y∣2 +R⟨x∣y⟩,

where the last item denotes the real part of the complex number ⟨x∣y⟩. But,

R⟨x∣y⟩ ≤ ∣⟨x∣y⟩∣ ≤ ∣x∣∣y∣,

so we get:
∣x + y∣2 ≤ ∣x∣2 + ∣y∣2 + 2∣x∣∣y∣ = (∣x∣ + ∣y∣)2,

from where the required inequality of the triangle (iv).
74Augustin-Louis Cauchy (1789-1857), French mathematician.

Rastko Vuković 132
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Theorem 1.2.51. In an unitary vector space V is valid the parallelogram equality:

∣x + y∣2 + ∣x − y∣2 = 2∣x∣2 + 2∣y∣2, (1.191)

for all vectors x, y ∈ V.

Proof. According to definition:

∣x + y∣2 + ∣x − y∣2 = ⟨x + y∣x + y⟩ + ⟨x − y∣x − y⟩ =

= ⟨x∣x⟩ + ⟨x∣y⟩ + ⟨y∣x⟩ + ⟨y∣y⟩ + ⟨x∣x⟩ + ⟨x∣ − y⟩ + ⟨−y∣x⟩ + ⟨−y∣ − y⟩.

But ⟨x∣ − y⟩ = −⟨x∣y⟩, ⟨−y∣x⟩ = −⟨y∣x⟩ i ⟨−y∣ − y⟩ = ⟨y∣y⟩, so we have:

∣x + y∣2 + ∣x − y∣2 = 2⟨x∣x⟩ + 2⟨y∣y⟩ = 2∣x∣2 + 2∣y∣2,

and this was to be proven.

Quaternions

Pauli’s matrices (1.180) are the solution of the matrix equation X2 = I, and the quaternions
are the solution of the equation Y2 = −I. If the first resolves X, the second resolves Y = iX.
Therefore, instead of (1.180), we now have another four matrices:

iI = (
i 0
0 i

) , iσx = (
0 i
i 0

) , iσy = (
0 1
−1 0

) , iσz = (
i 0
0 −i

) , (1.192)

which we call quaternions. They are also Hermitian adjoint (Hermitian conjugate or Her-
mitian transpose), i.e. Y†Y = I. Let’s denote the quaternion matrices with:

qx = (
0 i
i 0

) , qy = (
0 1
−1 0

) , qz = (
i 0
0 −i

) , (1.193)

so let us note that in the “scalar” multiplication, they behave as a “vector” multiplication
of the vector of the decay of Cartesian coordinate system Oxyz. Namely:

{
q†
x ⋅ qy = qz, q†

y ⋅ qz = qx, q†
z ⋅ qx = qy,

q†
y ⋅ qx = −qz, q†

z ⋅ qy = −qx, q†
x ⋅ qz = −qy.

(1.194)

That’s why in the matrix representation of vector spaces there is no so much sense to insist
on distinguishing “scalar” from “vector” multiplication, and hence to the writing of the
point (a ⋅ b), or cross (a × b) when multiply.

The universality of these multiplications opens the possibility that square matrices are
considered as the vector space of the matrix over the scalar body which is also matrices.
Before that, let’s look at the properties of eigenvectors of quaternions. By solving its
characteristic equation (1.170) we find:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

qx ∶ (
0 i
i 0

)(
a
a
) = i(

a
a
) , (

0 i
i 0

)(
a
−a

) = −i(
a
−a

) ,

qy ∶ (
0 1
−1 0

)(
a
ia

) = i(
a
ia

) , (
0 1
−1 0

)(
a
−ia

) = −i(
a
−ia

) ,

qz ∶ (
i 0
0 −i

)(
a
0
) = i(

a
0
) , (

i 0
0 −i

)(
0
a
) = −i(

0
a
) ,

(1.195)
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where a ∈ C is an arbitrary parameter. Usually this parameter is chosen so that each of its
eigenvector has a unit length, which means ∣q∣ = 1. Therefore, the quaternion’s eigenvectors
are:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q⃗x+ =
1√
2
(

1
1
) , q⃗x− =

1√
2
(

1
−1

) ,

q⃗y+ =
1√
2
(

1
i
) , q⃗y− =

1√
2
(

1
−i

) ,

q⃗z+ = (
1
0
) , q⃗z− = (

0
1
) ,

(1.196)

with labels qq⃗ = λq⃗, i.e. the matrix times eigenvector is its eigenvalue times eigenvector.
They indicate the directions on which the corresponding quaternion matrices transform
vectors. We will consider this in a bit more detail now.

Figure 1.43: Spherical coordinates.

On the figure 1.43, spherical coordinates are represented as they are most commonly
given in physics. The point T that in the right-hand Cartesian system has the coordinates
(x, y, z), in the spherical it has the coordinates (r, θ,ϕ). The distance from Origin to the
point is OT = r, the central angle to z-axis is ∠(TOz) = θ and z = r cos θ. It is also the
height TT of the point relative to the Oxy plane. The projection the point onto the plane
Oxz is OT ′ = r sin θ, and the projections of this projections onto the abscissa and ordinate
are respectively x = OT ′ cosϕ and y = OT ′ sinϕ. Hence:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

x = r sin θ cosϕ
y = r sin θ sinϕ
z = r cos θ

(1.197)

All unit vectors are r = 1, including both eigenvectors of quaternion (1.196), and transformed
unit vectors by quaternions (1.195).

The general unit vector u⃗ = (ux, uy, uz), written covariant, for which in the right-hand
Cartesian system the equality u2

x +u
2
y +u

2
z = 1 holds, in the sphere coordinate system reads

u⃗ = (sin θ cosϕ, sin θ sinϕ, cos θ), (1.198)
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which follows from (1.197). The inner product with the contravariant vector of the matrix
column

q⃗ = (qx,qy,qz)
τ (1.199)

amounts

u⃗ ⋅ q⃗ = qx sin θ cosϕ + qy sin θ sinϕ + qz cos θ. (1.200)

By including quaternion matrices we obtain:

u⃗ ⋅ q⃗ = (
0 i
i 0

) sin θ cosϕ + (
0 1
−1 0

) sin θ sinϕ + (
i 0
0 −i

) cos θ =

= (
i cos θ i sin θ cosϕ + sin θ sinϕ

i sin θ cosϕ − sin θ sinϕ −i cos θ
)

= (
i cos θ i sin θ(cosϕ − i sinϕ)

i sin θ(cosϕ + i sinϕ) −i cos θ
) ,

and using Euler75 formula

eiϕ = cosϕ + i sinϕ, (1.201)

we write

u⃗ ⋅ q⃗ = (
i cos θ ie−iϕ sin θ
ieiϕ sin θ −i cos θ

) . (1.202)

This can be simplified using unit vectors. For this we notice:

e±iϕ sin θ = (cosϕ ± i sinϕ) sin θ = cosϕ sin θ ± i sinϕ sin θ = ux ± iuy,

so it is

u⃗ ⋅ q⃗ = i(
uz ux − iuy

ux + iuy −uz
) = i u⃗ ⋅ σ⃗, (1.203)

where we extracted the common factor (the imaginary unit i) in front of the matrix, and
then returned the quaternion’s insertion to Pauli matrices (1.192).

Orthogonal vectors

Consider the vectors x and y of unitary space, for which the equality holds ⟨x∣y⟩ = 0, that
we call perpendicular, vertical or orthogonal vectors. We will then define the orthonormal
systems, their bases, complement, and prove some fundamental attitudes related to them,
necessary for working in quantum mechanics.

Definition 1.2.52 (Orthogonal set). For set {x1, x2, . . . , xn} of vectors of unitary space V
we say it is orthogonal if every two different vectors from that set are orthogonal, i.e. if
from µ ≠ ν follows ⟨xµ∣xν⟩ = 0.

It is important to note that vectors can be orthogonal both over real and complex scalars
and that the orthogonal set of vectors does not have to be orthonormal76. In other words,
vectors with both real and complex coefficients can be mutually “vertical”, and both of
them do not have to have unit lengths. Let’s look at it through examples.

75Leonhard Euler (1707-1783), Swiss-Russian-German mathematician.
76Two vectors are orthonormal if they are orthogonal and have unit lengths.
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For example, matrices-columns of real numbers:

x1 =
⎛
⎜
⎝

1
−1
0

⎞
⎟
⎠
, x2 =

⎛
⎜
⎝

1
1
0

⎞
⎟
⎠
, x3 =

⎛
⎜
⎝

0
0
1

⎞
⎟
⎠
, (1.204)

make an orthogonal set of vectors. Namely:

⟨x1∣x2⟩ = (1 −1 0)
⎛
⎜
⎝

1
1
0

⎞
⎟
⎠
= 0, ⟨x1∣x3⟩ = 0, ⟨x2∣x3⟩ = 0.

But, ∣x1∣ =
√

⟨x1∣x2⟩ =
√

2, x2 =
√

2 and x3 = 1, so this set is not normed.
Second example are matrices of complex numbers77:

{x1,x2,x3,x4} =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

⎛
⎜
⎜
⎜
⎝

1 + i
1

1 − i
i

⎞
⎟
⎟
⎟
⎠

,

⎛
⎜
⎜
⎜
⎝

1 + 5i
6 + 5i
−7 − i
1 − 6i

⎞
⎟
⎟
⎟
⎠

,

⎛
⎜
⎜
⎜
⎝

−7 + 34i
−8 − 23i
−10 + 22i
30 + 13i

⎞
⎟
⎟
⎟
⎠

,

⎛
⎜
⎜
⎜
⎝

−2 − 4i
6 + i
4 + 3i
6 − i

⎞
⎟
⎟
⎟
⎠

⎫⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎭

, (1.205)

which also constitute an orthogonal but orthonormal set of vectors. We’re checking:

∣x1∣
2
= ⟨x1∣x1⟩ = (1 − i 1 1 + i −i)

⎛
⎜
⎜
⎜
⎝

1 + i
1

1 − i
i

⎞
⎟
⎟
⎟
⎠

=

= (1 − i)(1 + i) + 1 + (1 + i)(1 − i) − i ⋅ i = 2 + 1 + 2 + 1 = 6 ≠ 1.

⟨x1∣x2⟩ = (1 − i 1 1 + i −i)

⎛
⎜
⎜
⎜
⎝

1 + 5i
6 + 5i
−7 − i
1 − 6i

⎞
⎟
⎟
⎟
⎠

=

= (1 − i)(1 + 5i) + 1 ⋅ (6 + 5i) + (1 + i)(−7 − i) − i(1 − 6i) =

= (6 + 4i) + (6 + 5i) + (−6 − 8i) + (−i − 6) = 0 + 0i = 0.

Check the other couples by yourself. Because the internal product is anti-commutative, you
do not need to test pairs with the reverse order of multiplication. This means that we need
to check in total four norms and only (

4
2
) = 4⋅3

1⋅2 = 6 pairs.

Theorem 1.2.53. An orthogonal set of vectors that are different from zero is a linearly
independent set.

Proof. Let S = {x1, x2, . . . , xn} is orthogonal set of vectors, and xµ ≠ 0 for all µ = 1,2, . . . , n.
Let λ1, λ2, . . . , λn are arbitrary scalars. Put

λ1x1 + λ2x2 + ⋅ ⋅ ⋅ + λnxn = 0.

Then for all µ = 1,2, . . . , n we have:

λ1⟨x1∣xµ⟩ + ⋅ ⋅ ⋅ + λµ⟨xµ∣xµ⟩ + ⋅ ⋅ ⋅ + λn⟨xn∣xµ⟩ = 0,

77A First Course in Linear Algebra: http://linear.ups.edu/
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http://linear.ups.edu/


Quantum Mechanics

λµ⟨xµ∣xµ⟩ = 0,

λµ = 0,

because ⟨xµ∣xµ⟩ > 0. Accordingly, given vectors are independent.

Example 1.2.54. Express the vector y = (3 7 4)
τ

by the vectors (1.204).

Solution. We are looking for unknown coefficients a1, a2 and a3 solving the system of
equations:

a1x1 + a2x2 + a3x3 = y,

a1

⎛
⎜
⎝

1
−1
0

⎞
⎟
⎠
+ a2

⎛
⎜
⎝

1
1
0

⎞
⎟
⎠
+ a3

⎛
⎜
⎝

0
0
1

⎞
⎟
⎠
=
⎛
⎜
⎝

3
7
4

⎞
⎟
⎠
,

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

a1 + a2 + 0a3 = 3
−a1 + a2 + 0a3 = 7
0a1 + 0a2 + a3 = 4

from where a3 = 4, a2 = 5 and a1 = −2, so y = −2x1 + 5x2 + 4x3.

Orthonormal vectors

We continue to look at the “perpendicular” vectors of the unit “length”, which we call
orthonormal. These are the pairs x and y of the unitary space vectors for which holds the
equality ⟨x∣y⟩ = 0, and the equalities ∥x∥ = ∥y∥ = 1.

Definition 1.2.55 (Orthonormal set). Set of vectors {x1, x2, . . . , xn} of the unitary space
V we call orthonormal if

⟨xµ∣xν⟩ = δµν = {
1, µ = ν
0, µ ≠ ν

(1.206)

for all µ, ν = 1,2, . . . , n.

From previous considerations, we have seen that each vector space has a base and that
any two bases of the same space have the same number of elements. Then we introduced a
scalar multiplication, defining the unitary spaces, and then the orthogonality and orthonor-
mality. As a special type of vector space, the unit space has a base, always with the same
number of elements, so the question arises: has such always an orthonormal base? A posi-
tive answer to this question is given by the following theorem. It demonstrates and Gram-
Schmidt78 procedure of orthogonalization, constructing an orthonormal basis of the space V
starting from its arbitrary base.

Theorem 1.2.56. Each unitary vector space has an orthonormal base.

Proof. Let {x1, x2, . . . , xn} is one unitary base of the vector space V. Put y1 = x1, y2 =

x2 +λy1 where the scalar λ should be find so the vectors y1 and y2 be orthogonal, well that
is ⟨y2∣y1⟩ = 0, and we have:

0 = ⟨y2∣y1⟩ = (x2 + λy1∣y1⟩ = ⟨x2∣y1⟩ + λ⟨y1∣y2⟩,

78Jørgen Pedersen Gram (1850-1916) & Erhard Schmidt (1876-1959) Danish and German mathematicians.
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λ = −
⟨x2∣y1⟩

⟨y1∣y1⟩
= −

⟨x2∣x1⟩

⟨x1∣x1⟩
.

Suppose we have determined the orthogonal vectors y1, y2, . . . , yk−1. Next, put

yk = xk + λ1y1 + λ2y2 + ⋅ ⋅ ⋅ + λk−1yk−1,

then chose scalars λ1, λ2, . . . , λk−1 so that vector yk is orthogonal with all vectors y1, y2, . . . , yk−1,
therefore to be ⟨yk∣yµ⟩ = 0 for all µ = 1,2, . . . , k − 1. We have:

0 = ⟨yk∣yµ⟩ = ⟨xk + λ1y1 + λ2y2 + ⋅ ⋅ ⋅ + λk−1yk−1∣yµ⟩ = ⟨xk∣yµ⟩ + λµ⟨yµ∣yµ⟩,

λµ = −
⟨xk∣yµ⟩

⟨yµ∣yµ⟩
, µ = 1,2, . . . , k − 1.

In this way, the orthogonal vectors are constructed y1, y2, . . . , yn. It is a linearly independent
vector set that forms the base. That’s why the set {e1, e2, . . . , en}, where

eµ =
yµ

∣yµ∣
, µ = 1,2, . . . , n,

is orthonormal base of the space V.

When B = {e1, e2, . . . , en} is the base of the unitary vector space V, then the arbitrary
vector x ∈ V can be written in the form

x = ξ1x1 + ξ2x2 + ⋅ ⋅ ⋅ + ξnxn,

where ξk ∈ C are the scalars of the given space. But if the base B is orthonormal, then these
scalars can be explicitly determined. Namely, from the given equality, after multiplying
with ek, we obtain:

⟨x∣ek⟩ = ξ1⟨e1∣ek⟩ + ⋅ ⋅ ⋅ + ξk⟨ek∣ek⟩ + ⋅ ⋅ ⋅ + ξn⟨en∣ek⟩,

and hence
ξk = ⟨x∣ek⟩, k = 1,2, . . . , n. (1.207)

Further, it is possible to derive the formula for the scalar product of the vectors:

x =
n

∑
µ

ξµeµ, y =
n

∑
ν=1

ηνeν ,

⟨x∣y⟩ = ⟨
n

∑
µ=1

ξµeµ∣
n

∑
ν=1

ηνeν⟩ =
n

∑
µ=1

n

∑
ν=1

ξ∗µην⟨eµ∣eν⟩,

and hence
⟨x∣y⟩ = ξ∗1η1 + ξ

∗
2η2 + ⋅ ⋅ ⋅ + ξ

∗
nηn, (1.208)

because it is assumed (1.206).
The Gram-Schmidt method of constructing an orthonormal basis, used in the proof of

the theorem, is easier to remember when it is noticed that this is the case of projections of
the vector x⃗ on the vector y⃗, which are the vectors defined by:

proy⃗(x⃗) =
⟨x⃗∣y⃗⟩

∣y⃗∣2
y⃗. (1.209)
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Then transparent, the Gram-Schmidt algorithm we write:

1. y⃗1 = x⃗1, e⃗1 =
y⃗1
∣y⃗1∣
,

2. y⃗2 = x⃗2 − proy⃗1(x⃗2), e⃗2 =
y⃗2
∣y⃗2∣
,

3. y⃗3 = x⃗3 − proy⃗1(x⃗3) − proy⃗2(x⃗3), e⃗3 =
y⃗3
∣y⃗3∣
,

4. y⃗4 = x⃗4 − proy⃗1(x⃗4) − proy⃗2(x⃗4) − proy⃗3(x⃗4), e⃗4 =
y⃗4
∣y⃗4∣
,

. . .

(1.210)

Example 1.2.57. Orthonormate the vectors x1 = (0,1,2), x2 = (1,1,2) and x3 = (1,0,1).

Solution. Use Gram-Schmidt procedure of the previous theorem: y1 = (0,1,2),

y2 = (1,1,2) −
(0,1,2) ⋅ (1,1,2)

∣(0,1,2)∣2
(0,1,2) = (1,1,2) −

5

5
(0,1,2) = (1,0,0),

y3 = (1,0,1) −
2

5
(0,1,2) − (1,0,0) =

1

5
(0,−2,1).

The new basis {y1, y2, y3} is normalized.

Example 1.2.58. Orthonormate vectors x0 = 1, x1 = t and x2 = t2 in the vector space of
real polynomials, the degree not more than two.

Solution. Construct the series of vectors: y0 = x0 = 1,

y1 = x1 −
⟨x1∣y0⟩

∣y0∣
2
y0 = t −

´ 1
0 t dt´ 1
0 1dt

= t −
[1

2 t
2]1

0

[t]1
0

= t −
1

2
,

y2 = x2 −
⟨x2∣y0⟩

∣y0∣
2
y0 −

⟨x2∣y1⟩

∣y1∣
2
y1 = t

2
−

´ 1
0 t

2 dt

1
⋅ 1 −

´ 1
0 t

2(t − 1
2)dt´ 1

0 (t − 1
2)

2dt
⋅ (t −

1

2
) =

= t2 −
1

3
⋅ 1 −

1
12
1
12

⋅ (t −
1

2
) = t2 − t +

1

6
.

Therefore, the orthogonal base is:

y0 = 1, y1 = t −
1

2
, y2 = t

2
− t +

1

6
,

and how it is:

∣y0∣
2
= 1, ∣y1∣

2
=

1

12
, ∣y2∣

2
=

ˆ 1

0
(t2 − t +

1

6
)

2dt =
169

180
,

the orthonormal base consists of vectors, polynomials: ek = yk/∣yk∣, for k = 0,1,2.

Bessel’s inequality

In the theory of vector spaces, and in particular in functional analysis, the following Bessel79

inequality is known, a statement about the components of the Hilbert space vector relative
to the orthonormal base.

79Friedrich Wilhelm Bessel (1784-1846), German mathematician.
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Theorem 1.2.59. Let vectors e1, e2, . . . , em ∈ V made an arbitrary orthonormal set of the
given unitary vector space and let x ∈ V. If λk = ⟨x∣ek⟩ ∈ C, than holds inequality

m

∑
k=1

∣λk∣
2
≤ ∣x∣2, (1.211)

which is called Bessel’s inequality.

Proof. Let y = λ1e1 + λ2e2 + ⋅ ⋅ ⋅ + λmem. Then:

0 ≤ ∣x − y∣2 = ⟨x − y∣x − y⟩ =

= ⟨x∣x⟩ − ⟨x∣y⟩ − ⟨y∣x⟩ + ⟨y∣y⟩ =

= ∣x∣2 − ⟨x∣
m

∑
k=1

λkek⟩ − ⟨
m

∑
k=1

λkek∣x⟩ + ⟨
m

∑
k=1

λkek∣
m

∑
j=1

λjej⟩

= ∣x∣2 −
m

∑
k=1

λk⟨x∣ek⟩ −
m

∑
k=1

λ∗k⟨ek∣x⟩ +
m

∑
k=1

m

∑
j=1

λ∗kλj⟨ek∣ej⟩

= ∣x∣2 −
m

∑
k=1

λkλ
∗
k −

m

∑
k=1

λ∗kλk +
m

∑
k=1

λ∗kλk

= ∣x∣2 −
m

∑
k=1

λkλ
∗
k.

Accordingly

0 ≤ ∣x∣2 −
m

∑
k=1

∣λk∣
2,

and hence the requested inequality.

In the case that m = dim(V), then (1.211) becomes Parseval80 equality :

∣x∣2 =
m

∑
k=1

∣λk∣
2. (1.212)

Indeed, if {e1, e2, . . . , em} is an orthonormal base of V and stands x = λ1e1+λ2e2+⋅ ⋅ ⋅+λmem,
then:

∣x∣2 = ⟨x∣x⟩ = ⟨
m

∑
k=1

λkek∣
m

∑
j=1

λjej⟩ =
m

∑
k=1

m

∑
j=1

λ∗kλj⟨ek∣ej⟩ =
m

∑
k=1

λ∗kλk =
m

∑
k=1

∣λk∣
2.

Finally dimensional vector spaces are studying algebra, and infinitely dimensional func-
tional analysis. When we say that the vector space V is generated or spanned by an
set of infinite vectors {v1, v2, . . .}, we assume that each vector v ∈ V is the linear sum
λk1vk1 +⋅ ⋅ ⋅+λknvkn of finally many given vectors. Similarly, the infinite vector set is linearly
independent if each final combination of them is linearly independent.

80Marc-Antoine Parseval (1755-1836), French mathematician.
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1.2.5 Hilbert space

Physical properties of matter that are measured by independent physical dimensions (meter,
kilogram, second) can be formally viewed as an orthonormal vector system. This is the basic
idea of quantum mechanics, in the given experiment, to observe the quantum state as a
vector represented in an orthonormal basis of the selected physical properties necessary in
the given conditions.

The projection of the state vector to one of the base axes is measurement and the subject
of the measurement is observable. Observable is obtained by projection of the vector on the
base vector, which means the acting of the linear operator in the vector space. The action of
a linear operator is equivalent to a spontaneous change in the quantum state, which we call
the evolution of the quantum state. Hence the importance of linear operators for quantum
mechanics. Their further significance comes from the view that linear operators over the
vector space also made some vector space, which we say is dual to the given.

This section is the continuation of the previous with an emphasis on linear operators.
In doing so we will extend the definition 1.2.46 with just two entries, thus obtaining the
Hilbert space H. It remains a unitary vector space over the scalar body (assuming complex
numbers C) with to us interesting scalar multiplication, its isomorphism and operators.

Definition 1.2.60 (Hilbert space). Vector space V over the field Φ together with the func-
tion ⟨x∣y⟩ defined on V2, with the next proprieties (∀x, y, z ∈ V, ∀λ ∈ Φ):

i. ⟨x∣y⟩∗ = ⟨y∣x⟩,
ii. ⟨x∣y + z⟩ = ⟨x∣y⟩ + ⟨x∣z⟩,

iii. ⟨x∣λy⟩ = λ⟨x∣y⟩,
iv. ⟨x∣x⟩ ≥ 0,
v. ⟨x∣x⟩ = 0 ⇐⇒ x = 0,

vi. (V ∋ xn → x0)⇒ (x0 ∈ V),
vii. dimV =∞,

(1.213)

we call Hilbert space and mark by H.

The function ⟨x∣y⟩ that satisfies i − v properties is called the inner (scalar) product of
the vectors x and y. It defines a unit space. When we add two more properties to the
unitary space, it becomes Hilbert’s: vi: each Cauchy series converges; vii: it is a space with
infinitely many dimensions. In particular, using the scalar product of a vector we define
the intensity of the vector ∥x∥ =

√
⟨x∣x⟩, which also denotes ∣x∣, which we call the norm

(length) of the vector x ∈ H. When d(x, y) = ∥x − y∥ defines the “distance” between the
elements x, y ∈ H, then the Hilbert space becomes metric space. When the metric space
is defined directly by the metric, or the longest norm (without scalar multiplication), it is
called Banach space.

Definition 1.2.61 (Isomorphism). For two unitary vector spaces V1,V2 we say they are
isomorph, or isometric isomorph, if exists the bijection f ∶ V1 → V2 such that are valid:

a. f(x + y) = f(x) + f(y),
b. f(λx) = λf(x),
c. ⟨x∣y⟩ = ⟨f(x)∣f(y)⟩,

(1.214)

for all x, y ∈ V and λ ∈ C.
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Compare this definition with homeomorphism (1.12), the injection from the ring to the
subring, which is isomorphism only in case of existence of inverse mapping. Inverse functions
(1.58) have only bijections, which are at the same time injections and surjections of the
mapping. Analogously, for the two Hilbert spaces H1,H2 we say that they are isomorphic
if there is a bijection f ∶ x1 → x2 for x1 ∈ H1 and x2 ∈ H2 which stores the linearity of
operations and the scalar product, that is, if there is a f bijection with properties (1.214).

Theorem 1.2.62. The unitary vector spaces of a finite equal dimensions are isomorphic.

Proof. Let V and V′ are unitary vector spaces dimensions n, whose orthonormal bases are
B = {e1, e2, . . . , en} and B′ = {e′1, e

′
2, . . . , e

′
n}.

Let x ∈ V. Than x can be displayed in a unique way in the form

x = ξ1e1 + ξ2e2 + ⋅ ⋅ ⋅ + ξnen, ξk ∈ V, k = 1,2, . . . , n. (1.215)

We define the mapping f with

f(x) = ξ1e
′
1 + ξ2e

′
2 + ⋅ ⋅ ⋅ + ξne

′
n ∈ V

′.

The mapping f is isomorphism. Namely, linearity of this function is obvious, and keeping
the inner product follows from orthonormality of the bases and

⟨x∣y⟩ = ξ∗1η1 + ξ
∗
2η2 + ⋅ ⋅ ⋅ + ξ

∗
nηn = ⟨f(x)∣f(y)⟩,

for arbitrary y = η1e1 + η2e2 + ⋅ ⋅ ⋅ + ηnen ∈ V.

This attitude applied to quantum mechanics leads to “strange” phenomena. For exam-
ple, we know that measuring the observable in a selected space means the projection on
the axis of one of the base vectors. The vector space remains the same if a second base is
selected, for which the physical distance and passed time are generally not relevant, and
measurement on another basis can lead to a different but “coupled” result. Hence, the fa-
mous term for quantum entanglement, discovered in 1935 by Einstein, Podolsky and Rosen
(see [18]), was misinterpreted.

In this APR discovery, it was observed that two different measurements result in syn-
chronized results, first giving random values, but not the other, whereby another can be so
physically distant from the first one that the “synchronizing” signal should go faster than
the light. Such alignment is not possible unless the theory of quantum mechanics has some
hidden parameters, concluded the authors of the APR. However, it is possible in the case of
dependent accidental events, dependent probabilities, as in the next case with gloves, which
was later indicated by Einstein.

A pair of gloves, left and right, is placed in two equal boxes. The first box was sent to
us, and the other went far (in the universe). We do not know which of the gloves is in our
box until we open it, but after opening the box at the same time we find out which glove is
in the other, no matter how the other box is was far from us.

This glove case actually speaks of dependent random events, which are connected at
the level of uncertainty, before being realized in one of the outcomes. This is the state
before obtaining the information, before communication is possible and before an interaction
between the material objects. It shows that we must distinguish the material physical reality
that is subject to the laws of coincidence, from some other part of physics (abstract laws)
that are not subject to coincidence.

Rastko Vuković 142
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Similarly, it happened in the collapse of the zero-spin atom that emits the electrons.
Due to the law of conservancy of impulse or spin, and because the spin of an electron can
have only one of two values, ±1

2 , two atoms of the total spin of the nucleus come out of the
atom. Spin of the first electron is arbitrary (+1

2 or −1
2) and random, which is confirmed

in experiments, but then the spin of the second is extracted. Whenever we measure that
the spin of the first electron is positive, the measurement on the second will show that it is
negative and vice versa, although the electrons in the second measurement were far away.
Information is not transmitted between them (faster than light), because it is an entangled,
dependent event. This is a familiar explanation today.

Nearly 30 years after the discovery of the APR paradox, Bell81 in his 1964 work (see
[19]) proved that the assumption of hidden parameters is contradictory. Subsequently,
experimental confirmation of entangled events followed, after which we learned to accept
the APR paradox as a less strange reality of quantum mechanics. Despite the randomness
that occurs in material phenomena, physical phenomena are governed also by strict laws of
conservancies, as laws of (little) higher order in relation to coincidence. Here we just note
that this “unusual” physics is in accordance with the theorem 1.2.62.

Namely, in the aforementioned APR work, after equation (7) it passes to the equation
(8), which is the key to the “paradox”. These two equations are two representations of the
same quantum state in two different bases. The denial of measurement on the other means
the same as denying the existence of another base, which means denying the accuracy of
the theorem 1.2.62. That’s why Bell could have found contradiction in the assumption
that there are hidden parameters, since this is a contradiction of the assumption that the
theorem is incorrect. This will be further confirmed in the text below.

The basis of the application of vector spaces in quantum mechanics is the simplicity of
the structure of the definition 1.1.9. In order for something to be a “vector”, it is sufficient
to have only the properties of a commutative group: closure, associativity, identity element,
and inverse element. This certainly has the physical properties of matter. For example,
a total of two kilograms and three kilograms of something is five kilograms of it. When
calculating the scalar product we multiply the kilograms with kilograms, the meter with
meters, seconds with seconds, more precisely, we multiply the coefficients in front of them.
That is why these theorems are so universal, because the basics are so simple and so abstract.

We said that any group of physical quantities, with independent units of measure, can
be declared as orthonormal vectors. We say that the vector x ∈ V is orthogonal to a set
U ⊂ V if ⟨x∣u⟩ = 0 for each u ∈ U. We further expand it to orthogonal subspecies, in the
sense of the following formal definition.

Definition 1.2.63 (Subspaces’ orthogonality). Two subspaces V′ and V′′ of the unitary
vector space V we call mutually orthogonal if each vector of the set V′ is orthogonal to the
set V′′, and write V′ ⊥ V′′.

Theorem 1.2.64. Let V′ and V′′ subspaces of the unitary vector space V and let B′ and
B′′ are the basis. That the set V′ be orthogonal on the set V′′ it is necessary and sufficient
that the base B′ be orthogonal to the base B′′.

Proof. Because B′ ⊂ V′ and B′′ ⊂ V′′, from V′ ⊥ V′′ follows B′ ⊥ B′′.
Conversely, let B′ = {e′1, e

′
2, . . . , e

′
p} and be B′′ = {e′′1 , e

′′
2 , . . . , e

′′
q } and let B′ ⊥ B′′, i.e.

let:
⟨e′j ∣e

′′
k⟩ = 0, (j = 1,2, . . . , p; k = 1,2, . . . , q). (1.216)

81John Stewart Bell (1928-1990), North Irish physicist,
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For arbitrary vectors x = ξ1e
′
1 + ξ2e

′
2 + ⋅ ⋅ ⋅ + ξpe

′
p and y = η1e

′′
1 + η2e

′′
2 + ⋅ ⋅ ⋅ + ηqe

′′
q let us prove

⟨x∣y⟩ = 0. That follows from:

⟨x∣y⟩ = ⟨ξ1e
′
1 + ξ2e

′
2 + ⋅ ⋅ ⋅ + ξpe

′
p∣η1e

′′
1 + η2e

′′
2 + ⋅ ⋅ ⋅ + ηqe

′′
q ⟩ =

p

∑
j=1

q

∑
k=1

ξ̄jηk⟨e
′
j ∣e

′′
k⟩ = 0,

because (1.216).

Transferred to quantum mechanics, independent physical quantities remain independent
during evolution. That they formally remain disjoint says the next lemma.

Lemma 1.2.65. Let V′ and V′′ are orthonormal subspaces of the unitary vector space V.
Then V′ ∩V′′ = ∅.

Proof. Let x ∈ V′ ∩ V′′. Then x ∈ V′ and x ∈ V′′, so, because of the orthogonality of the
subspaces is valid ⟨x∣x⟩ = 0, from where follows x = 0.

The particular question is why quantum mechanics needs exactly the Hilbert space, with
its two additional conditions (vi) and (vii)? By answering, we will deal in more detail later
on discussing the continuum, and for now we notice only so much that for physical things,
not only the principle of coincidence is applied, but also the principle of finality : material
phenomena are finite, limited to the counting infinite. Formally, the evolution of quantum
states must be represented by limited linear operators, and it will be shown that these are
necessarily continuous. In order for the range to be finite, the domain must be continuous.

If (theory of relativity) we allow infinite time dilatation, then we also allow a formally
unlimited number of moments of time intervals. As we have in the case of natural numbers,
the number of such moments is at most countably infinite. However, there remains an
enigmatic question again: why the space-time is uncountable infinite (continuum)? We’ll
come back to this later.

In addition to the above, only continuous operators have a discrete spectrum. As for
base vectors we take eigenvectors (spectrum), the domain continuity is a necessary condition
for the quanta of physical properties. As we shall see, the mathematics of vector spaces
reveals the properties of the micro-world of physics that may seem unexpected to us from
such simple settings from the definition of the vector space.

For linear operators T and S in n-dimensional unitary space V we say that they are
associated or dual operators if

⟨T (x)∣y⟩ = ⟨x∣S(y)⟩, (1.217)

for all x, y ∈ V.

Lemma 1.2.66. For a linear operator T there is only one associated operator.

Proof. Let T is linear operator, and suppose that exist two different linear operators S1 and
S2 with property (1.217). Than we have:

⟨T (x)∣y⟩ = ⟨x∣S1(y)⟩ = ⟨x∣S2(y)⟩,

⟨x∣S1(y)⟩ − ⟨x∣S2(y)⟩ = 0,

and how this equality applies to every x, y ∈ V it is

S1(y) − S2(y) = 0,

which by definition of operator means S1 = S2.
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Because of uniqueness, the associated operator of the linear operator T is denoted by
T †, and because of the linearity, it is sufficient to write Tx instead of T (x). Let’s remind
that with L(V) we have defined a set of all linear operators that vectors from V map to the
same or some other vector space equally dimensional, and we recognized that set as a new
vector space.

Theorem 1.2.67. Let V is vector space, and let A,B ∈ L(V) are associated with A† and
B† respectively. Then:

i. A† ∈ L,

ii. (A†)† = A,

iii. (λA)† = λ∗A†,

iv. (A +B)† = A† +B†,

v. (AB)† = B†A†.

(1.218)

for all the mentioned operators A,B and the all scalars λ.

Proof. i. For arbitrary vectors x,u, v and scalars α,β is valid:

⟨x∣A†
(αu + βv)⟩ = ⟨Ax,αu + βv⟩ = α∗⟨Ax∣u⟩ + β∗⟨Ax∣v⟩ =

= α∗⟨x∣A†u⟩ + β∗⟨x∣A†v⟩ = ⟨x∣αA†u + βA†v⟩.

This is the proof of linearity and A† ∈ L.
ii. Follows from:

⟨x∣(A†
)
†y⟩ = ⟨A†x∣y⟩ = ⟨x∣Ay⟩,

and hence the claim.
iii. For x, y ∈ V we have:

⟨x∣(λA)
†y⟩ = ⟨(λA)x∣y⟩ = λ∗⟨Ax∣y⟩ = λ∗⟨x∣A†y⟩ = ⟨x∣λ∗A†y⟩,

and hence the claim.
iv. For x, y ∈ V we have:

⟨x∣(A +B)
†y⟩ = ⟨(A +B)x∣y⟩ = ⟨Ax +Bx∣y⟩ = ⟨Ax∣y⟩ + ⟨Bx∣y⟩ =

= ⟨x∣A†y⟩ + ⟨x∣B†y⟩ = ⟨x∣A†y +B†y⟩ = ⟨x∣(A†
+B†

)y⟩,

and hence the claim.
v. If x, y ∈ V, then:

⟨ABx∣y⟩ = ⟨Bx∣A†y⟩ = ⟨x∣B†A†y⟩,

and on the other hand
⟨ABx∣y⟩ = ⟨x∣(AB)

†y⟩.

Hence the claim.

Theorem 1.2.68. For each linear operator A of complex unitary vector space V dimension
n, there exists at least one subspace of the size n − 1 that is invariant with respect to A.

Proof. Let’s consider the operator A†. As space V is complex, there is at least one eigen-
vector x of operator A† for which it is valid A†x = λx. Let us prove that is n−1 dimensional
subspace U, which consists of all vectors that are orthogonal to x, invariant with respect to
A. If u ∈ U, then ⟨u∣x⟩ = 0, so we have ⟨Au∣x⟩ = ⟨u∣A†x⟩ = ⟨u∣λx⟩ = 0, and hence Au ∈ U.
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Examples of Hilbert spaces

1) A complex space l2 (or Cn2 ). The elements of this space are infinite series of complex
numbers x = (ξ1, ξ2, . . . ), y = (η1, η2, . . . ) whose squares converge with norms (definition
1.2.48):

∥x∥2
l2 =

∞

∑
k=1

∣ξk∣
2
< +∞, ∥y∥2

`2 =
∞

∑
k=1

∣ηk∣
2
< +∞.

Equality
⟨x∣y⟩ = ∑

k=1

ξ∗kηk, (1.219)

represents a scalar product.
2) The space of the function l2(T ). Given is an arbitrary set T whose elements are

complex non-zero functions x(t) to the at most countable many points t ∈ T so that

∥x∥2
l2(T ) =∑

t∈T

∣x(t)∣2,

converges. The scalar product is defined by the term

⟨x∣y⟩ =∑
t∈T

x∗(t)y(t). (1.220)

Every Hilbert space is isomorphic with this for some T .
3) The space L2 of complex functions x(s) defined on a set S with additive positive

measure µ given to σ-algebra of S subsets that are measurable and have integrative squares
of the modules

∥x∥2
L2

=

ˆ
S
∣x(s)∣2 dµ(s) < +∞.

Analogue, scalar product is

⟨x∣y⟩ =

ˆ
S
x∗(s)y(s)dµ(s), (1.221)

so this space is also Hilbert’s.
Hilbert introduced spaces l2 and L2 into mathematics and studied in his basic paper [20]

on the theory of integral equations and infinite square forms. The definition of Hilbert’s
space was given by Neumann82 [21], Riesz83 [22] and Stone84 [23], when they systematically
laid the foundations of this theory.

4) Sobolev85 Wl(Ω) space, also denoted by H(l). This is the space of the function
f(x) = f(x1, . . . , xn) on (usually open) set Ω ⊂ Rn so that p-th potential (1 ≤ p ≤∞) of the
absolute values f and its generalized derivatives up to including the l order are integrabile.
The norm of the function f ∈W l

p(Ω) is given by

∥f∥W =∑
α

∥Dα
∥Lp , α =

n

∑
k=1

αk, (1.222)

where derivatives are

Dαf =
∂αf

∂xα1
1 . . . ∂xαnn

, D0f = f,

82John von Neumann (1903-1957), Hungarian-American mathematician.
83Frigyes Riesz (1880-1956), Hungarian mathematician.
84Marshall Harvey Stone (1903-1989), American mathematician.
85Sergei Sobolev (1908-1989), Russian mathematician.
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Quantum Mechanics

with norm

∥ψ∥Lp = (

ˆ
Ω
∣ψ(x)∣p dx)

1/p

, (1 ≤ p <∞).

In the case of p→∞, this norm becomes

∥ψ∥L∞ = inf
x∈Ω

∣ψ(x)∣, (p =∞),

i.e. the largest lower limit of the given set.
5) Hilbert space H1 function with values in the same Hilbert space. A Hilbert space

H is given with its ⟨x∣y⟩ scalar product where x, y are the vectors of that space. Then,
the arbitrary domain Ω ⊂ Rn function f(x) ∈H which are Bochner measurable [24], that is
integrable with values in the Hilbert space, belonging to the so-called family strong integrals.
Integral of the square of the norms of these functions convergesˆ

Ω
∥f(x)∥2dx <∞,

in the sense of Lebesgue (or similar) measure on Ω. When we define a new scalar product

⟨f(x)∣g(x)⟩1 =

ˆ
Ω
⟨f(x)∣g(x)⟩dx (1.223)

On the set of these functions, we get a new Hilbert space H1.
6) A set of continuous “Bohr almost-periodic” functions [25] form a pre-Hilbert space

with a scalar product on the real axis

⟨x(t)∣y(t)⟩ = lim
T→∞

1

2T

ˆ T

−T
x∗(t)y(t)dt. (1.224)

The existence of these limes is proved in the theory of almost periodic functions. This space
is completed in the class of B2 (Besikovič’s near-periodic functions).

Many of these and similar forms are used in quantum mechanics, because these are
just representations of the abstract vector space, as are individual quantum states. Each
quantum state with a given number of dimensions, the number of (linearly) independent
physical properties, is equivalent to isomorphism with each other representation of the vector
space, which also has the given number of dimensions. Studying quantum states using an
abstract vector space does not go beyond isomorphism. Everything beyond this boundary is
no longer a matter of the abstractions of mathematics itself, but rather becomes a concrete
material physics.

1.2.6 Unitary operators

We assume that V is a unitary vector space and that L is a vector space of linear operators
with domain V. We observe the operators of that space who, by word of mouth, but in
large part and really, are called unitary.

Definition 1.2.69 (Normal operator). If the operator N ∈ L commute with self-adjoint
operator N †, if N †N = NN †, then N is called normal operator.

The next lemma determines that vector images obtained by the normal and its dual
operator have the same “intensity”. Then we prove that the spectrum of a normal operator
is made up of orthogonal vectors, and vice versa, that every orthogonal base is a spectrum
of a normal operator.
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Lemma 1.2.70. If N ∶ V→ V is a normal operator, then ∣N †v∣ = ∣Nv∣ for all v ∈ V.

Proof. ∣N †v∣2 = ⟨N †v∣N †v⟩ = ⟨NN †v∣v⟩ = ⟨N †Nv∣v⟩ = ∣Nv∣2.

Lemma 1.2.71. Let N ∶ V → V is normal operator. If v ∈ V is eigenvector of the operator
N with the eigenvalue λ, then v is eigenvector of the operator N † too, with the eigenvalue
λ∗. In another words: Nv = λv⇒ N †v = λ∗v.

Proof. If N is normal operator, then such is the operator N−λI too. According the previous
lemma, we have ∣(N − λI)v∣ = ∣(N − λI)†v∣ = ∣N †v − λ∗v∣. As Nv = λv the left side is 0 so
the right is also 0, which means N †v = λ∗v.

Theorem 1.2.72. Eigenvectors of a normal operator that correspond to different eigenval-
ues are orthogonal.

Proof. Let N ∈ L is normal operator and let v1, v2 ∈ V are eigenvectors of the operator N
such that:

Nv1 = λ1v1, Nv2 = λ2v2, λ1 ≠ λ2.

Then:
λ2⟨v1∣v2⟩ = ⟨v1∣λ2v2⟩ = ⟨v1∣Nv2⟩ = ⟨N †v1∣v2⟩ = ⟨λ∗1v1∣v2⟩ = λ1⟨v1∣v2⟩,

(λ2 − λ1)⟨v1∣v2⟩ = 0,

⟨v1∣v2⟩ = 0,

according to the assumption λ2 ≠ λ1.

That the (almost) reverse statement of the given in theorems applies, for the final
dimensional spaces, says the following.

Lemma 1.2.73. Each final orthogonal base represents the own vectors of a normal operator.

Proof. For the orthogonal base v1, v2, . . . , vn ∈ V define the linear operator L ∈ L such that
Lvk = λkvk, where λk are scalars, successive for k = 1,2, . . . , n. Then:

L†Lvk = L
†
(λkvk) = λk(L

†vk) = λkλ
∗
kvk, LL†vk = L(λ

∗
kvk) = λ

∗
k(Lvk) = λ

∗
kλkvk,

for all k = 1,2, . . . , n, so from λkλ
∗
k = λ

∗
kλk follows commutativity of the operators L†L = LL†,

which means that L is normal operator.

Let us note that the linear operator L ∈ L is normal if is valid any of the equality L† = L,
L† = −L, L† = L−1. Hence the next division of the normal operators.

1. Self-adjoint or Hermitian operator is the one that is L† = L. These are normal
operators with real eigenvalues.

2. Skew-adjoint or skew-Hermitian operator is the one that is L† = −L. These are
normal operators with purely imaginary eigenvalues.

3. Unit or unitary operator is the one that is L† = L−1. These are normal operators
whose eigenvalues are complex numbers of the unit norm.

Unitary operators have several other important features.

Lemma 1.2.74. Let L ∈ L and n = dimV. The following assertions are equivalent:
(a) L is unitary.
(b) ⟨Lx∣Ly⟩ = ⟨x∣y⟩ for all vectors x, y ∈ V.
(c) ∣Lv∣ = ∣v∣ for all vectors v ∈ V.

Rastko Vuković 148
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Proof. If is true (a) then L† = L−1, so:

⟨Lx∣Ly⟩ = ⟨L†Lx∣y⟩ = ⟨L−1Lx∣y⟩ = ⟨Ix∣y⟩ = ⟨x∣y⟩,

which means that true is (b). If (b) is true, then ⟨Lv∣Lv⟩ = ⟨v∣v⟩,which is actually (c).
Finally, if it is true (c), then (∀v ∈ V) ⟨v∣v⟩ = ⟨Lv∣Lv⟩ = ⟨L†Lv∣v⟩, meaning L†L = I, and
that is (a).

Theorem 1.2.75. In a complex vector unitary space V for each normal operator A there
is an orthonormal base B which consists of the operator’s eigenvectors A. Matrix A of
operator A is a diagonal matrix.

Proof. Let a1 is eigenvector of the operator A. Mark with V1 ⊂ V the subspace that is
orthogonal to vector a1. If λ1 is eigenvalue that corresponds to vector a1, well Aa1 = λ1a1,
and if x ∈ V1, then:

⟨a1∣Ax⟩ = ⟨A†a1∣x⟩ = ⟨λ∗1a1∣x⟩ = λ1⟨a1∣x⟩ = 0.

Accordingly, from x ∈ V1 follows Ax ∈ V1, which means that V1 is invariant subspace of the
space V relatively to operator A. Hence, in space V1 there is at least one operator’s own
vector (eigenvector) A. Let’s mark it with a2. It is V2 = {a2}

⊥ space perpendicular to the
vector a2 and V′

2 = V1∩V2. Same as for V1 it can be proven also that V2 is invariant subspace
versus an operator A. That’s why it is V′

2 invariant subspace versus an operator A so it also
contains at least one own vector a3 of operator A. Let V3 = {a3}

⊥ and V′
3 = V1∩V2∩V3. By

proceeding with this process, we arrive at the invariant subspace V′
m−1 = V1∩V2∩⋅ ⋅ ⋅∩Vm−1

which contains its own vector (eigenvector) am. Putting it Vm = {am}⊥ finally we get it

V′
m = V1 ∩V2 ∩ ⋅ ⋅ ⋅ ∩Vm = ∅.

All our own vectors are exhausted a1, a2, . . . , am and they are, according to their design,
orthogonal. Let it is

ek =
ak

∥ak∥
, k = 1,2, . . . ,m,

and we will show that B = {e1, e2, . . . , em} is orthonormal base of unitary space V.
How are vectors ek orthonormal, they are linearly independent, so they are independent,

andB can be extended to the baseB1 of the space V, whereB1 = {e1, e2, . . . , em, b1, b2, . . . , bs}.
Then the arbitrary vector x ∈ V can be expressed uniquely as a linear combination of the
vectors of the base B1:

x = α1e1 + α2e2 + ⋅ ⋅ ⋅ + αmem + β1b1 + β2b2 + ⋅ ⋅ ⋅ + βsbs.

Let y = β1b1+β2b2+ ⋅ ⋅ ⋅+βsbs and prove that y = 0. As αk = ⟨x∣ek⟩ (k = 1,2, . . . ,m), we have:

x = ⟨x∣e1⟩e1 + ⟨x∣e2⟩e2 + ⋅ ⋅ ⋅ + ⟨x∣em⟩em + y,

y = x − ⟨x∣e1⟩e1 − ⟨x∣e2⟩e2 − ⋅ ⋅ ⋅ − ⟨x∣em⟩em,

⟨y∣ek⟩ − ⟨x∣ek⟩ = 0, k = 1,2, . . . ,m.

Well, y is orthogonal to ek for k = 1,2, . . . ,m, meaning that y ∈ Vk (k = 1,2, . . . ,m), so

y ∈
m

⋂
k=1

Vk = ∅,
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i.e. y = 0. This means that it arbitrary element x ∈ V can be expressed as linear combination
of elements from the set B; that B is base of the space V.

Let λk is own value (eigenvalue) corresponding to one’s own vector (eigenvector) ek.
Then Aek = λkek, and hence

A =

⎛
⎜
⎜
⎜
⎝

λ1

λ2

. . .
λm

⎞
⎟
⎟
⎟
⎠

.

This is the diagonal matrix of the operator A.

In accordance with the view that physical properties span the vector space (more pre-
cisely: representation) of the quantum state, and in particular that they can be considered
as orthonormal base vectors, these theorems claim that each quantum state has its normal
operators. As linear operators of evolution (spontaneous development of the quantum sys-
tem), or projections (measurements of observable), that means the most known quantum
state changes are always reversible.

First, this means that the closed quantum system changes so that it keeps the infor-
mation. And this is not a novelty, so now it only represents a slight confirmation of the
previous settings. Secondly, this means that whenever we have a quantum state of motion
in the future, in relation to us or in relation to the devices we are monitoring this develop-
ment, there is always a point of view with the reverse course of time. Physics hypothetically
already knows such a “reality”, with the reverse over time (say, positron in relation to an
electron), but there is something else here.

I recall, when we throw a coin in order to make a decision, or (in some case) accidentally
happens some outcome on which our future depends, choosing the future A instead of the
future B we enter into one of the possible parallel realities. It is clear that physical laws
are invariant to such choices and that all quantities, for which the physical maintenance
(conservation) laws apply, are doubled (multiplied) into the realities of A and the reality
of B. Because of the same maintenance laws, communication between reality A and B is
impossible. Even though they have a common past, it’s hard to talk about physical mutual
realities among A and B, although those for mathematics are not unreal.

The interesting consequences of these theorems come from the assertion that there
are inverse operators. What is for an observer in time the transformation (realization) of
uncertainty into information, that is, for the inverse transformation (backup) of information
into uncertainty. The operator who took “ours” passed state into the outcomes A and B,
an inverse operator, that treats these two states as uncertainties, will collapse them into one
of “ours” uncertainty by experiencing them as a certainty, i.e. information. Of course, this
is now only a confirmation of the thinking with which the commentary has already been
commented on qubit.

Associated matrix

Let B = {e1, e2, . . . , en} be an orthonormal basis of a unitary n-dimensional space V, and
let L ∈ L is linear operator over the vectors of that space and L† associated operator. On
the basis of the theorem 1.2.67, there will be a L† linear operator over V. For matrix
representations of these operators in the base B it is in the order:

L = (αµν)n×n, L†
= (βµν)n×n,
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⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Le1 = α11e1 + α12e2 + ⋅ ⋅ ⋅ + α1nen
Le2 = α21e1 + α22e2 + ⋅ ⋅ ⋅ + α2nen
. . . ,
Len = αn1e1 + αn2e2 + ⋅ ⋅ ⋅ + αnnen,

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

L†e1 = β11e1 + β12e2 + ⋅ ⋅ ⋅ + β1nen
L†e2 = β21e1 + β22e2 + ⋅ ⋅ ⋅ + β2nen
. . . ,

L†en = βn1e1 + βn2e2 + ⋅ ⋅ ⋅ + βnnen,

⟨Leν ∣eµ⟩ = ανµ, ⟨L†eµ∣eν⟩ = βµν ,

in order for indices µ, ν = 1,2, . . . , n. Hence, on:

⟨L†eµ∣eν⟩ = ⟨eν ∣L
†eµ⟩

∗
= ⟨Leν ∣eµ⟩

∗,

βµν = α
∗
νµ,

meaning
L†

= (L∗
)
τ . (1.225)

In other words, the representation of the linear and its associated operator, L and L†, are
respectively matrix and the adjoint matrix, which is conjugate transposed matrix L into
L†. The conjugate transpose is also known as Hermitian conjugate, Hermitian transpose,
or transjugate.

It is also possible to prove that the association L→ L† is continuous, that the convergence
of the sequence Ln to the operator L pulls the convergence of a series L†

n to the operator
L†, and of course, if λ is the characteristic (i.e. eigen) value of the operator L, then λ∗ is
the characteristic value of the operator L†.

Transformation of the base

Let B′ = {e′1, e
′
2, . . . , e

′
n} be the other base of the same space. The vector x ∈ V shown in

these two bases will have different components:

x(e) =
⎛
⎜
⎝

ξ1

⋮

ξn

⎞
⎟
⎠
, x(e′) =

⎛
⎜
⎝

ξ′1
⋮

ξ′n

⎞
⎟
⎠
,

so it is:

x =
n

∑
j=1

ξjej , x =
n

∑
k=1

ξ′ke
′
k. (1.226)

The two scalar systems (ξk) and ( xi′k) represent the same vector x. We ask the question
about the relationship between these coordinates?

Let L be a linear operator with the property that it is

e′k = Tek =
n

∑
j=1

tjkej (k = 1, . . . , n). (1.227)

As T translates a base into a base, this equation system has a unique solution, so we say
that T is a regular operator. With (1.226) we now have:

n

∑
j=1

ξjej =
n

∑
k=1

ξ′ke
′
k =

n

∑
k=1

ξ′k

n

∑
j=1

tjkej ,

n

∑
j=1

[ξj −
n

∑
k=1

tjkξ
′
k]ej = 0,
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and how the base B made linearly independent vectors, we have

ξj =
n

∑
k=1

tjkξ
′
k, (1.228)

that is x(e) = T(e)x(e′) or x(e′) = [T(e)]−1x(e). The next point was proved.

Theorem 1.2.76. Let (e) and (e′) be two bases in the V, and T operator that first translates
to another with (1.227). Then x(e′) = [T(e)]−1x(e), where T is the matrix of the operator
T in the base (e).

After the composition, the change of base by the operator T and then by the operators S,
the newest base is obtained from the start using the operator W = ST , and the coordinates
of the vector x in the newest base from the coordinates of that vector in the old base using
the matrix [S(e′)]−1[T(e)]−1. In addition, the T(e) is matrix of the operator T in the base
(e), and S(e′) is matrix of the operator S in the base (e′). For more details see [26], or in
a similar book.

Example 1.2.77. In the quadratic polynomial space of t, the old base is made of vectors
e1 = 1, e2 = t and e3 = t

2, and the new base of vectors e′1 = 1 + t, e′2 = t + t
2 and e′3 = 1 + t2.

Find operator T from (1.227) and by it the vector x = 3 − t − 2t2 in the new base.

Solution. We have orderly:
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

e′1 = Te1 = e1 + e2

e′2 = Te2 = e2 + e3

e′3 = Te3 = e1 + e3,

T(e) =
⎛
⎜
⎝

1 0 1
1 1 0
0 1 1

⎞
⎟
⎠
⇐⇒ T(e)−1

=
1

2

⎛
⎜
⎝

1 1 −1
−1 1 1
1 −1 1

⎞
⎟
⎠
.

Vector x = 3 − t − 2t2 has coordinates:

x(e) =
⎛
⎜
⎝

3
−1
−2

⎞
⎟
⎠
, x(e′) = [T(e)]−1x(e) =

⎛
⎜
⎝

2
−3
1

⎞
⎟
⎠
.

So, x = 2(1 + t) − 3(t + t2) + (1 + t2) is the display of the vector x in the new base.

Matrices in bases

Theorem 1.2.78. For the given bases (e) and (e′) of the space V with operator T from
(1.227) and with arbitrary operator A ∈ L(V) is

A(e′) = [T(e)]−1A(e)T(e), (1.229)

where A and T are matrices presented in the bases.

Proof. In the old base (e) for equation y = Ax we have:

Aej =
n

∑
k=1

αkjek,
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Quantum Mechanics

n

∑
k=1

ηkek =
n

∑
j=1

Aej =
n

∑
k=1

(
n

∑
j=1

αkjξj)ek,

ηk =
n

∑
j=1

αkjξj ,

or matrix y(e) = A(e)x(e).
In the new base (e′) the same equation y = Ax becomes matrix y(e′) = A(e′)x(e′). As

in the previous theorem z(e) = T(e)z(e′), for arbitrary vector z ∈ V, we get:

T(e)y(e′) = A(e)T(e)x(e′),

T(e)[A(e′)x(e′)] = A(e)T(e)x(e′),

T(e)A(e′) = A(e)T(e),

A(e′) = [T(e)]−1A(e)T(e),

and that is what has to be proved.

If we apply this theorem to the operator T , we obtain T(e′) = T(e), i.e. the matrix of
the T operator that binds the bases is the same in both bases. However, A(e′) = A(e) if
and only if operators A and T commutate, AT = TA. In other words, if the operator T
translates one base into another, the operator A in those two bases is not represented by
the same matrix iff the two operators do not commutate.

For example, consider the position operator and the momentum operator in the position
representation of quantum mechanics. By operating the position operator x̂ by changing
the abscise value, the momentum p̂x abscissa changes, which means that x̂p̂x ≠ p̂xx̂. Con-
versely, for example, the ordinate changes with the position operator ŷ does not change the
momentum p̂x along abscissa, which means that ŷp̂x = p̂xŷ. This is in line with Heisenberg’s
uncertainty relations. From the point of view of the extension of the scalar product (1.115)
to the commutator product of the vectors and the interpretation of the communication by
such product, there is no exchange of information between ŷ and p̂x. Non-commutative
operators represent mutually independent values.

Example 1.2.79. Let’s look at the space, base, and operator T from the previous example
1.2.77. as well as vector x. If D is a derivative operator, find the vector y =Dx.

Solution. From derivatives De1 = 0, De2 = 1 and De3 = 2e2, follows matrix

D(e) =
⎛
⎜
⎝

0 1 0
0 0 2
0 0 0

⎞
⎟
⎠
.

In the base (e′) to this operator belongs the matrix

D(e′) = [T(e)]−1D(e)T(e) =
1

2

⎛
⎜
⎝

1 1 −1
−1 1 1
1 −1 1

⎞
⎟
⎠

⎛
⎜
⎝

0 1 0
0 0 2
0 0 0

⎞
⎟
⎠

⎛
⎜
⎝

1 0 1
1 1 0
0 1 1

⎞
⎟
⎠
,

D(e′) =
1

2

⎛
⎜
⎝

1 3 2
−1 1 2
1 −1 −2

⎞
⎟
⎠
.

So, for x = 3 − t − 2t2 we have y = Dx = −1 − 4t, that is y(e) = (−1,−4,0)τ , and y(e′) =

D(e′)x(e′) = (−5
2 ,−

3
2 ,

3
2
) = −5

2(1 + t) −
3
2(t + t

2) + 3
2(1 + t

2).
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Matrix Diagonalization

Theorem 1.2.75 shows that every normal operator A in an orthonormal basis is represented
by a diagonal matrix. In other words, the matrix A type n × n can be diagonalized if and
only if it has n linearly independent vectors.

For example, the eigenvalues λ and its eigenvectors x of the matrix

A = (
2 6
0 −1

) (1.230)

we find from:

0 = det(A − λI) = ∣
2 − λ 6

0 −1 − λ
∣ = (2 − λ)(−1 − λ),

from where λ1 = 2 and λ2 = −1. Including them in the equation (A − λkI)xk = 0 exits:

x1 = (
1
0
) , x2 = (

−2
1
) ,

which is easily checked by (matrix) multiplication. Then we form, otherwise regular, trans-
formation matrix, T = (x1,x2), in more details:

T = (
1 −2
0 1

) , T−1
= (

1 2
0 1

) ,

for which it is valid:

A′
= T−1AT = (

1 2
0 1

)(
2 6
0 −1

)(
1 −2
0 1

) = (
2 0
0 −1

) .

Matrix A′ is diagonal and similar to the matrix A.

Eigenvectors of the diagonal matrix A′ are e′1 = (1,0) and e′2 = (0,1), since then A′e′1 =
2e′1 and A′e′2 = −e′2. They made another base (e′) in which the matrix of the operator A is
shown. These same vectors in the first base (e) are still their eigenvectors of the operator
A, but represented by the matrix A. Eigenvectors are the only ones whose “direction”
is not changed by the action of their operator, so Ax = λx for the square matrix A and
matrix-row x, both represented in the first base (e). According to theorem 1.2.76, then the
eigenvector xk is proportional to Te′k for k = 1,2. Hence, the transformation matrix of the
first to the second base is really T = (x1,x2).

Of course, the same follows from the theorem 1.2.78, from which we noticed that the
matrix of the operator T that transforms the first to the second base, is the same in both
bases. Also, as the inequality A′ ≠ A hold, so operators A and T do not commute.

Similarity and equivalence

Definition 1.2.80 (Similar matrices). For the two quadratic matrices A and B the same
order n we say that they are similar if there is a regular matrix T such that B = T−1AT.

Analogously, for two operators A and B we say that they are similar if there exists a
regular operator T such that B = T −1AT . It is assumed that the vector space is over the
same body of scalars Φ.
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These relations of similarity are the relation of equivalence (definition 1.1.31). A set
of all matrices A in all possible V bases forms a class K(A) among similar matrices n-th
order with elements from Φ. Conversely, for K among similar matrices of n-th order with
elements in Φ there are at least one operator A such that K is the set of all the matrices
of that operator in all possible bases. Also, similar operators belong to the same class of
similar matrices, i.e. if B is similar to A then K(B) = K(A) and vice versa. Operators
associated with the same class of matrices are similar to each other. The proofs of these
attitudes are described on the lessons on higher linear algebra.

Definition 1.2.81 (Equivalent operators). For the two operators A,B ∈ L(V) we say they
are equivalent and write A ∼ B, if exist such regular operators T,S ∈ L with property that
B = SAT .

On higher algebra lessons, we also know the following points. The operators A,B ∈ L are
equivalent then and only then if they have the same range, i.e. if their codomains or target
sets are the same dimensions, if dimR(A) = dimR(B). The number of linearly independent
rows of any finite matrix is equal to the number of independent columns of that matrix,
and this number is called the matrix range.

For example, look for the matrix range A in the series of equivalent transformations:

A =

⎛
⎜
⎜
⎜
⎝

0 2 1 1 −5
2 1 3 2 1
2 1 −1 6 5
2 −1 12 −5 −12

⎞
⎟
⎟
⎟
⎠

∼

⎛
⎜
⎜
⎜
⎝

1 −2 0 1 −5
3 1 1 2 1
−1 1 1 6 5
12 −1 1 −5 −12

⎞
⎟
⎟
⎟
⎠

∼

∼

⎛
⎜
⎜
⎜
⎝

1 0 0 0 0
3 7 1 −1 16
−1 −1 1 7 0
12 23 1 −17 48

⎞
⎟
⎟
⎟
⎠

∼

⎛
⎜
⎜
⎜
⎝

1 0 0 0 0
0 7 1 −1 1
0 −1 1 7 0
0 23 1 −17 3

⎞
⎟
⎟
⎟
⎠

∼

⎛
⎜
⎜
⎜
⎝

1 0 0 0 0
0 1 7 −1 1
0 1 −1 7 0
0 1 23 −17 3

⎞
⎟
⎟
⎟
⎠

∼

⎛
⎜
⎜
⎜
⎝

1 0 0 0 0
0 1 0 −1 1
0 0 −8 8 −1
0 0 16 −16 2

⎞
⎟
⎟
⎟
⎠

∼

⎛
⎜
⎜
⎜
⎝

1 0 0 0 0
0 1 0 0 0
0 0 −8 8 −1
0 0 16 −16 2

⎞
⎟
⎟
⎟
⎠

∼

⎛
⎜
⎜
⎜
⎝

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0

⎞
⎟
⎟
⎟
⎠

,

and the last matrix, obviously, has range three. Accordingly, range of the matrix A is 3.
Specially, the third order matrix

A0 =
⎛
⎜
⎝

0 −2 1
2 1 3
2 1 −1

⎞
⎟
⎠
, (1.231)

which is separated from the given matrix A, is regularly. Regular is a square matrix whose
order is equal to its rank.
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Quantum Mechanics

1.2.7 Polynomials of operators

When V is the vector space of the dimension n ∈ N, above the scalars Φ, then L ∶ V → V is
a vector space of all linear operators of dimension n2. Therefore, for each operator A ∈ L

there is a non-trivial polynomial of degree not greater than n2 for which A is zero of the
polynomial. Let’s look for such a minimal polynomial of the operator A.

Let (e) be a base of the given vector space and the A(e) matrix of the operator A in
that base. Then Pn(λ) = det(λI −A), which means

Pn(λ) =

RRRRRRRRRRRRRRRRRRR

λ − α11 −α12 . . . −α1n

−α21 λ − α22 . . . −α2n

. . .
−αn1 −αn2 . . . λ − αnn

RRRRRRRRRRRRRRRRRRR

, (1.232)

or

Pn(λ) = λ
n
− σ1λ

n−1
− σ2λ

n−2
− ⋅ ⋅ ⋅ − σn, (1.233)

is own, inherent or characteristic polynomial of the operator A. The expression Pn(λ) = 0
is called an inherent, characteristic or secular equation of the operator A. The numbers
σk do not depend on the base where the matrix A(e) is calculated, but only on the A
operator, because the similar matrix (definition 1.2.80) has the same determinant. Namely,
det(T−1AT) = detA follows from the theorem 1.2.27.

From (1.232) we find

(−1)n−1σn = (−1)nPn(0) = detA. (1.234)

By derivative is obtained

(−1)n−2σn−1 = (−1)n−1dPn
dλ

∣
λ=0

=

RRRRRRRRRRRRRR

α22 . . . α2n

. . .
αn2 . . . αnn

RRRRRRRRRRRRRR

+

RRRRRRRRRRRRRR

α11 α13 . . . α1n

. . .
αn1 αn3 . . . αnn

RRRRRRRRRRRRRR

+ . . . ,

based on (1.148), which is the sum of the main (diagonal) minors of the (n − 1)-th order
of the matrix A(e). By further derivatives and putting λ = 0 we find that, in general, to
calculate the number σk (k = 1,2, . . . , n) all major minors of the k-th order of the given
matrix should be calculated. This is also referred to by the following Cayley86 or Cayley-
Hamilton theorem. Especially

σ1 = α11 + α22 + ⋅ ⋅ ⋅ + αnn, (1.235)

which can be easily seen from (1.232). This number, which also does not depend on the
base, is called trace of operator A and denotes TrA.

Theorem 1.2.82 (Cayley-Hamilton). If V is n-dimensional vector space over Φ and A ∶

V→ V linear operator, then

An − σ1A
n−1

− σ2A
n−2

− ⋅ ⋅ ⋅ − σn−1A − σnI = 0, (1.236)

that is A is zero of its characteristic polynomial.

86Arthur Cayley (1821-1895), British mathematician.
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Proof. Let Bλ(e) be associated to matrix λI(e) − A(e), elements Bλ(e) are cofactors of
elements of the matrix. That is why

Bλ(e) = λ
n−1B0 + λ

n−2B1 + ⋅ ⋅ ⋅ + λBn−2 +Bn−1,

where B0, B1, ..., Bn−1 are some constants. Mark Bj linear operator for which

Bj(e) = Bj (j = 0,1, . . . , n − 1).

Because

Bλ(e)[λI(e) −A(e)] = det(λI −A)I(e)

is valid operator equation

(λn−1B0 + λ
n−2B1 + ⋅ ⋅ ⋅ + λBn−2 +Bn−1)(λI −A) =

= (λn − σ1λ
n−1

− ⋅ ⋅ ⋅ − σn−1λ − σn)I

for each λ ∈ Φ. By comparing coefficients near λk follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B0 = I
B0A −B1 = σ1I
B1A −B2 = σ2I
. . .
Bn−2A −Bn−1 = σn−1I
Bn−1A = σnI.

(1.237)

By multiplying the first equality with An, the second with An−1, third with An−2, ..., the
last with A0 = I and adding all results we get (1.236), which is to be proved.

In particular, from (1.237) we calculate:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B0 = I,
B1 = A − σ1I,
B2 = A2 − σ1A − σ2I,
. . .

Bk = Ak − σ1A
k−1 − ⋅ ⋅ ⋅ − σk−1A − σkI,

. . .
Bn = An − σ1A

n−1 − ⋅ ⋅ ⋅ − σn−1A − σnI = 0.

(1.238)

An operator whose matrix is

Bλ = λ
n−1I + λn−2B1 + ⋅ ⋅ ⋅ + λBn−2 +Bn−1 (1.239)

we call the adjoint operator of the operator λI − A. If the operator λI − A is regular
(invertible) then the operator

Rλ = (λI −A)
−1

=
Bλ

det(λI −A)
=

Bλ
Pn(λ)

(1.240)

is called resolvent of the operator A.
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Example 1.2.83. Check the previous quotes for the matrix

A = (
1 2
3 4

) .

Solution. Characteristic polynomial is

P2(λ) = det(λI −A) = det(
λ − 1 −2
−3 λ − 4

) = λ2
− 5λ − 2.

Check A2 − 5A − 2I = 0,

(
7 10
15 22

) − 5(
1 2
3 4

) − 2(
1 0
0 1

) = (
0 0
0 0

) ,

well, the matrix A is nulling its characteristic polynomial. According Cayley-Hamilton
theorem σ1 = 5 and σ2 = 2, so (1.238) gives:

B0 = (
1 0
0 1

) , B1 = (
−4 2
3 −1

) , B2 = 0.

The matrices:

Bλ = (
λ − 4 2

3 λ − 1
) , Rλ =

1

λ2 − 5λ − 2
(
λ − 4 2

3 λ − 1
)

are adjugate matrix λI −A and resolvent. We check:

Rλ(λI −A) =
1

λ2 − 5λ − 2
(
λ − 4 2

3 λ − 1
)(
λ − 1 −2
−3 λ − 4

) = I,

meaning that really Rλ = (λI −A)−1.

Task 1.2.84. Check the previous algorithm on the matrix

A =
⎛
⎜
⎝

1 2 3
5 7 11
13 17 19

⎞
⎟
⎠
.

Instruction. The characteristic polynomial is

P3(λ) = det
⎛
⎜
⎝

λ − 1 −2 −3
−5 λ − 7 −11
−13 −17 λ − 19

⎞
⎟
⎠
= λ3

− 27λ2
− 77λ − 24.

Also P3(A) = 0. Further check by for yourself.

We can use the Cayley-Hamilton theorem for searching for the reduced polynomial of
the matrix A, the polynomial of even less order than the characteristic, that the matrix
comply. I repeat, for the square matrix A of the order n, the characteristic polynomial
Pn(λ) = det(λI − A) is given by expression (1.233). The null of this polynomial are the
eigenvalues (λ1, λ2, . . . , λn) and besides, Pλ(A) = 0.
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Let’s say, for example, we have a polynomial S(λ) = Q(λ)Pn(λ) + T (λ), that is, a
polynomial for an unknown λ order not less than n, that divided by the polynomial Pn(λ)
gives the quotient Q(λ) and the rest T (λ). Then S(A) = Q(A)Pn(A) + T (A), so

S(A) = T (A), (1.241)

because Pn(A) = 0. Thus, the matrix A satisfies the polynomial T (λ) too, which is the
remainder of a division with a characteristic polynomial, and which order is not more than
n − 1.

Example 1.2.85. Reduce S(A) = A4 + 3A3 + 2A2 +A + I for matrix

A = (
3 1
1 2

) .

Solution. Characteristic polynomial of this matrix is

P2(λ) = det(λI −A) = λ2
− 5λ + 5.

It is already a reduction of the given polynomial, from degree 4 to degree 2. Then, by
dividing the polynomial we find:

(λ4
+ 3λ3

+ 2λ2
+ λ + 1) = (λ2

+ 8λ + 37)(λ2
− 5λ + 5) + (146λ − 184),

which is easily verified by multiplying. Thus

S(A) = 146A − 184

is reduced polynomial, now degree 1.

The characteristic polynomial and the Cayley-Hamilton theorem (shorter: C-H theorem)
are sometimes used to look for higher degrees of matrix. For example, the matrix

A = (
1 2
3 1

) , (1.242)

satisfies the characteristic equation A2 = 2A + 5I. Hence:

A4
= (2A + 5I)2

= 4A2
+ 20A + 25I = 4(2A + 5I) + 20A + 25I = 28A + 45I.

Moreover, we can use the recursion An+1 = 2An + 5An−1 to calculate any degree n ∈ N of
the matrix A. Similarly, we use them for an inverse matrix.

Example 1.2.86. Find the inverse matrix of the matrix

⎛
⎜
⎝

7 2 −2
−6 −1 2
6 2 −1

⎞
⎟
⎠
,

using C-H theorem87.

87Problems in Mathematics: https://yutsumura.com/
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Solution. Find characteristic polynomial P3(λ) = −λ
3 + 5λ2 − 7λ + 3 of the matrix. Substi-

tuting λ instead A and arranging the items of the polynomial, we get:

A3
− 5A2

+ 7A = 3I,

A(A2
− 5A + 7I) = 3I,

A−1
=

1

3
(A2

− 5A + 7I),

A1
=

1

3

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎛
⎜
⎝

25 8 −8
−24 −7 8
24 8 −7

⎞
⎟
⎠
− 5

⎛
⎜
⎝

7 2 −2
−6 −1 2
6 2 −1

⎞
⎟
⎠
+ 7

⎛
⎜
⎝

1 0 0
0 1 0
0 0 1

⎞
⎟
⎠

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

A−1
=

1

3

⎛
⎜
⎝

−3 −2 2
6 5 −2
−6 −2 5

⎞
⎟
⎠
.

This is the required inverse matrix.

Of course, when the matrix A is not regular, i.e. if its determinant is zero and there is
no inverse matrix, then equality and inequality can sometimes apply:

A3
= A2, A2

≠ A. (1.243)

Say, for a singular (irregular) matrix A of the second order, let’s the characteristic polyno-
mial is P2(λ) = λ

2 − aλ for some scalar a ≠ 1. Because of the C-H theorem, A2 = aA where
we obtain A3 = aA2 by multiplying, and the initial equation (A3 = A2) gives aA2 = A2,
from where A2 = 0, because a ≠ 1.

When square matrices of the same order A and B are regular and there is to resolvent
(1.240) similar form (I−AB)−1, then there is also the term (I−BA)−1, regardless of whether
the matrices are commutative. Namely, if we write:

{
(I −AB)−1 = I +AB +ABAB +ABABAB + . . .
(I −BA)−1 = I +BA +BABA +BABABA + . . .

we can present the below term with the help of the above:

(I −BA)
−1

= I +B(I +AB +ABAB + . . . )A = I +B(I +AB)
−1A,

so
(I −BA)

−1
= I +B(I +AB)

−1A. (1.244)

Therefore, if the possible inversion of the matrix I−AB then also can be the inverse of the
matrix I −BA, and the connection between these two inversions is (1.244).

Lemma 1.2.87. For a given operator A arbitrary scalars x and y determine the resolvent
Rx and Ry for which equality holds Rx −Ry = (y − x)RxRy.

Proof. From (1.240), where xI −A, we write simple x −A, and get:

(x −A)(y −A) = xy − (x + y)A +A2
= yx − (y + x)A +A2

= (y −A)(x −A),

for all x, y ∈ C. Hence:

RxRy = [(x −A)(y −A)]
−1

= [(y −A)(x −A)]
−1

= RyRx,
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so Rx = (x −A)−1 and Ry = (y −A)−1 also commute. Further we have:

Rx −Ry = (x −A)
−1
− (y −A)

−1
=

= (y −A)(y −A)
−1

(x −A)
−1
− (x −A)(x −A)

−1
(y −A)

−1

= [(y −A) − (x −A)](x −A)
−1

(y −A)
−1

= (y − x)RxRy,

and that’s what it was supposed to prove.

I recall that the function Pn(z) = det(zA) is a polynomial of unknown z to the degree
of n, the same as the order of the quadratic matrix A that represents the linear operator A
in a base, irrelevant which, given to the vector space V. A set σ(A) = {λ1, . . . , λµ} is made
of all µ = 1,2, . . . , n of different zeros of that polynomial. Some scalars λj are called the
eigenvalues (own values) of the given operator. If mj is a multiplicity (double occurrence
of the same) of its own value λj then the trace of the matrix or operator

TrA =

µ

∑
j=1

mjλj (1.245)

is sum of its eigenvalues A with calculated multiples. This follows from Viet’s formula for
polynomials and (1.233).

Now write the characteristic polynomial (1.233) in the manner

cA(z) = z
n
− cn−1z

n−1
+ ⋅ ⋅ ⋅ + (−1)n−1c1z + (−1)nc0, (1.246)

which is also common in literature. We easily see that c0 = detA. By developing the deter-
minant det(zA) on the first line, it is clear that the coefficient with zn−1 of this polynomial is
the same as the coefficient with zn−1 in the product (z−a11) . . . (z−ann), where a11, . . . , ann
are coefficients of the given matrix, from which it follows that

cn−1 =
n

∑
k=1

akk = TrA. (1.247)

It is the same trace of the same matrix as in the equation (1.245).
Suppose that A is regular operator. As detA−1 detA = det(A−1A) = 1, so for character-

istic polynomial of the inverse matrix we find:

cA−1(z) = det(z −A−1
) = det(−zA−1

)det(−z−1A)det(z −A−1
)

= (−z)nc−1
0 det(z−1

−A) = (−z)nc−1
0 cA(z

−1
)

= zn −
c1

c0
zn−1

+ ⋅ ⋅ ⋅ + (−1)n−1 cn−1

c0
+ (−1)n

1

c0
,

from where comes

TrA−1
=
c1

c0
=

µ

∑
j=1

mj

λj
. (1.248)

Finally, note that eigenvalues of z −A are z − λj with multiplicity mj , so that the trace of
the resolvent is given by the term

Tr(z −A)
−1

=

µ

∑
j=1

mj

z − λj
, (1.249)

where µ ≤ n is number of different eigenvalues of the operator A spectrum.
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Polynomial operator

So far, we have solved the problem of searching for the polynomial of the given operator.
We have seen that for an arbitrary operator A ∈ L there is an inherent (characteristic)
polynomial Pn(λ) = λI−A of degree not greater than n, by which the operator is invalidating.
Moreover, all the zeros of this polynomial are the inherent (characteristic) values of the given
operator. We now ask the reverse question, for the arbitrary polynomial pn(λ) of degree n,
find the operator A ∈ L to which this is an inherent polynomial.

Let e1, . . . , en is base in V and D ∈ L linear operator defined by:

De1 = e2, De2 = e3, . . . ,Den−1 = en, Den = δ1en + δ2en−1 + ⋅ ⋅ ⋅ + δne1. (1.250)

Since the base vectors are independent, the degree of the minimum polynomial of the
operator D is not less than n. On the other hand, from the previous sequence

(Dn
− δ1D

n−1
− ⋅ ⋅ ⋅ − δn−1D − δnI)e1 = 0,

so if we put
Q(λ) = λn − δ1λ

n−1
− ⋅ ⋅ ⋅ − δn−1 − δn, (1.251)

it is Q(D)e1 = 0. Hence Q(D)e2 = Q(D)De1 = DQ(D)e1 = 0 and generally Q(D)ek = 0,
for k = 1, . . . , n. Accordingly Q(D) = 0. As the oldest coefficient in Q is one, that is Q(λ)
minimal polynomial of the operator D.

Make it an arbitrary polynomial

p(λ) = λn − α1λ
n−1

− ⋅ ⋅ ⋅ − αn−1λ − αn. (1.252)

then (1.250) for δk = αk, with indexes orderly k = 1, . . . , n, is the operator D for which p(λ)
is at the same minimal and characteristic (inherent) polynomial. This operator is called the
operator companion of the polynomial p(λ). In the base (e) from (1.250) follows its matrix

D(e) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 . . . 0 αn
1 0 . . . 0 αn−1

0 1 . . . 0 αn−2

. . .
0 0 . . . 1 α1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (1.253)

Namely, we denote Dn =D the mentioned operator, and with Dn−1 the operator companion
of the polynomial

λn−1
− α1λ

n−2
= ⋅ ⋅ ⋅ − αn−2λ − αn−1.

It is an operator that operates in the n−1 dimensional base f2, . . . , fn in the following way:

Dn−1f2 = f3, . . . , dn−1fn−1 = fn, Dn−1 = α1fn + α2fn−2 + ⋅ ⋅ ⋅ + αn−1f2,

Dn−1
n−1 − α1D

n−2
n−1 − ⋅ ⋅ ⋅ − αn−2Dn−1 − αn−1In−1 = 0,

where In−1 is the unit operator in the n − 1 dimensional space. For the trace of these
operators is valid TrD2

n = TrD2
n−1 = α1 and in general TrDk

n = TrDk
n−1 for k ≤ n− 1. Hence:

TrDn−1
n−1 − α1 TrDn−2

n−1 − ⋅ ⋅ ⋅ − αn−2 TrDn−1 − (n − 1)αn−1 = 0,

and forward by recursion.
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Therefore, for the given polynomial p(λ) = λn−α1λ
n−1−⋅ ⋅ ⋅−αn there is a linear operator

D for which this polynomial is both minimal and characteristic at the same time. In
addition, the coefficients of this polynomial are related to the trace of the potentials of the
operator D by relations

kαk = TrDk
− α1 TrDk−1

− ⋅ ⋅ ⋅ − αk−1 TrD, α1 = TrD. (1.254)

The matrix of this operator in the base (e) is (1.253).
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1.2.8 The trace of matrix

Let A ∶ V→ V be a linear operator. Let’s assume that e1, e2, . . . , en is the base of the vector
space V in which the matrix of the given operator A(e) is diagonal, with diagonal elements
λ1, λ2, . . . , λn. I recall, the theorem 1.2.75 determines that there is always such a matrix for
a normal operator. Then Ak(e) for each k = 0,1,2, . . . is a diagonal matrix with diagonal
elements λk1, λ

k
2, . . . , λ

k
n and it’s always

TrAk = λk1 + λ
k
2 + ⋅ ⋅ ⋅ + λ

k
n. (1.255)

The same conclusions apply also when A(e) is triangular matrix, all of which elements on
the one side of the main diagonal are zeros, and the elements on the main diagonal are
λ1, λ2, . . . , λn.

For such a matrix characteristic polynomial is:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Pn(λ) = det(λI −A),
Pn(λ) = (λ − λ1)(λ − λ2) . . . (λ − λn),
Pn(λ) = λ

n − σ1λ
n−1 − ⋅ ⋅ ⋅ − σn−1λ − σn.

(1.256)

The diagonal elements of the matrix A(e) are the roots (null) of its characteristic polyno-
mial.

Let us denote by D the operator companion of the polynomial Pn(λ). Then Pn(λ) is
characteristic polynomial to the operator D too. How λk is null (root) of this polynomial,
so is

TrDk
= λk1 + λ

k
2 + ⋅ ⋅ ⋅ + λ

k
n = TrAk, (1.257)

that is TrDk = TrAk for every k = 0,1,2, . . . . However, the coefficients of the characteristic
polynomial of the operator D are related to the traces of this operator by relations (1.254).
These relations together with (1.238) allow the calculation of the associated (adjacent)
operator for A. They can be rewritten in the next scheme, which is practical for computing,
which, of course, applies to the same-name matrices (see [26]).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A1 = A TrA1 = σ1 B1 = A1 − σ1I

A2 = AB1
1
2 TrA2 = σ2 B2 = A2 − σ2I

A3 = AB2
1
3 TrA3 = σ3 B3 = A3 − σ3I

⋮ ⋮ ⋮

An−1 = ABn−2
1
n−1 TrAn−1 = σn−1 Bn−1 = An−1 − σn−1I

An = ABn−1
1
n TrAn = σn Bn = An − σnI.

(1.258)

The last Bn = 0 and this is the control of the calculation.
If λ0 is an eigenvalue (inherent) of the matrix A, then (λ0I − A)Bλ0 = 0 shows that

each column associated Bλ0 , which does not disappear, is an matrix eigenvector A, which
belongs to the λ0 eigenvalue. We have already used this, for example (1.230).

Example 1.2.88. Let’s find inherent (eigen) values of the matrix

A =
⎛
⎜
⎝

1 8 −7
2 7 −5
−4 4 −8

⎞
⎟
⎠

by table (1.258).
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Solution. We calculate according to the given table, in the order:

A1 = A, σ1 = TrA1 = 0, B1 = A1,

A2 = AA1 =
⎛
⎜
⎝

45 36 9
36 45 −9
36 −36 72

⎞
⎟
⎠
, σ2 =

1

2
TrA2 = 81, B2 = A2 − 81I =

⎛
⎜
⎝

−36 36 9
36 −36 −9
36 −36 −9

⎞
⎟
⎠
,

A3 = AB2 =
⎛
⎜
⎝

0 0 0
0 0 0
0 0 0

⎞
⎟
⎠
, σ3 = 0, B3 = A3 = 0.

Inherent (characteristic) polynomial is P3(λ) = λ
2 − 81λ. Associated matrix

Bλ = λ
2I + λB1 +B2 =

⎛
⎜
⎝

λ2 + λ − 36 8λ + 36 −7λ + 9
2λ + 36 λ2 + 7λ − 36 −5λ − 9
−4λ + 36 4λ − 36 λ2 − 8λ − 9

⎞
⎟
⎠
.

For σ3 = 0, the matrix A is singular. Matrix resolvent is

Rλ =
Bλ

P3(λ)
= Bλ/(λ

3
− 81λ).

The solutions of the equation P3(λ) = 0 have inherent values, that are eigenvalues λ1 = 0,
λ2 = 9 and λ3 = −9. For these values, the associated matrices are respectively:

Bλ1 =
⎛
⎜
⎝

−36 36 9
36 −36 −9
36 −36 −9

⎞
⎟
⎠
, Bλ2 =

⎛
⎜
⎝

54 108 −54
54 108 −54
0 0 0

⎞
⎟
⎠
, Bλ3 =

⎛
⎜
⎝

36 −36 72
18 −18 36
72 −72 144

⎞
⎟
⎠
.

The next three vectors:

x1 =
⎛
⎜
⎝

1
−1
−1

⎞
⎟
⎠
, x2 =

⎛
⎜
⎝

1
1
0

⎞
⎟
⎠
, x3 =

⎛
⎜
⎝

2
1
4

⎞
⎟
⎠
,

are inherent vectors, that are eigenvectors of the given matrix, k-th proportional to the
matrix-columns Bλk . Accordingly, x1 is inherent vector of the matrix A with inherent
value λ1 = 0, x2 is inherent vector of that matrix with the inherent value λ2 = 9, x3 is
inherent vector with inherent value λ3 = −9. Because x1, x2 and x3 belong to different
inherent values, they are independent, so it is a matrix

T(x1,x2,x3) =
⎛
⎜
⎝

1 1 2
−1 1 1
−1 0 4

⎞
⎟
⎠

regular (i.e., it has an inverse matrix). Then, we find:

T−1
=

1

9

⎛
⎜
⎝

4 −4 −1
3 6 −3
1 −1 2

⎞
⎟
⎠
, T−1AT =

⎛
⎜
⎝

0 0 0
0 9 0
0 0 −9

⎞
⎟
⎠
,

where T = T(x1,x2,x3). Accordingly, the matrix A is similar to the diagonal matrix on
which the diagonal elements are the inherent values of the matrix A.
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It was a demonstration of the use of traces in the calculation of inherent quantities (re-
solvent, characteristic polynomials, eigenvalues, and eigenvectors). For other applications,
it is useful to know some general trace properties of the matrix that we will now formu-
late and prove. We assume that there is a linear operator A that is in the base e1, . . . , en
represented by a square matrix

A =

⎛
⎜
⎜
⎜
⎝

α11 α12 . . . α1n

α21 α22 . . . α2n

. . .
αn1 αn2 . . . αnn

⎞
⎟
⎟
⎟
⎠

. (1.259)

By transposing, we get a matrix Aτ whose columns are the corresponding matrix-rows of
the A. The matrix trace is the sum of the elements on the main diagonal of the matrix

TrA = α11 + α22 + ⋅ ⋅ ⋅ + αnn. (1.260)

Trace is a linear operator.

Theorem 1.2.89 (Matrix trace). For all matrices A = (αij) and B = (βij) of the same
order, and for all scalars c are valid:

1○ TrAτ = TrA
2○ Tr(A +B) = TrA +TrB
3○ Tr(cA) = cTrA
4○ Tr(BA) = Tr(AB).

Proof.

TrAτ
= Tr

⎛
⎜
⎜
⎜
⎝

α11 α21 . . . αn1

α12 α22 . . . αn2

. . .
α1n α2n . . . αnn

⎞
⎟
⎟
⎟
⎠

= Tr

⎛
⎜
⎜
⎜
⎝

α11 α12 . . . α1n

α21 α22 . . . α2n

. . .
αn1 αn2 . . . αnn

⎞
⎟
⎟
⎟
⎠

= TrA.

Tr(A +B) = Tr

⎛
⎜
⎜
⎜
⎝

α11 + β11 α12 + β12 . . . α1n + β1n

α21 + β21 α22 + β22 . . . α2n + β2n

. . .
αn1 + βn1 αn2 + βn2 . . . αnn + βnn

⎞
⎟
⎟
⎟
⎠

= TrA +TrB.

Tr(cA) = Tr

⎛
⎜
⎜
⎜
⎝

cα11 cα12 . . . cα1n

cα21 cα22 . . . cα2n

. . .
cαn1 cαn2 . . . cαnn

⎞
⎟
⎟
⎟
⎠

= c(α11 + ⋅ ⋅ ⋅ + αnn) = cTrA.

Tr(BA) =
n

∑
i=j

n

∑
k=1

βjkαkj =
n

∑
k=1

n

∑
j=1

αkjβjk = Tr(AB).

These are the required items.

The direct consequence of this theorem (4○) is

Tr(T−1AT) = Tr[T(T−1A)] = Tr[(TT−1
)A] = TrA. (1.261)

In other words, similar matrices have the same trace. In particular, when the given matrix
is diagonal, αjk = λjδjk, all matrices similar to it have its trace.
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Example 1.2.90. Find expD for the diagonal matrix

D = (
2 0
0 −3

) .

Solution. Use expx = ex, Euler number e = 2,71828 . . . , then known development of the
functions in Taylor88 series

ex = 1 +
x

1!
+
x2

2!
+
x3

3!
+ ⋅ ⋅ ⋅ +

xn

n!
+ . . . (1.262)

Calculate:

D2
= (

4 0
0 9

) , D3
= (

8 0
0 −27

) , . . . , Dn
= (

2n 0
0 (−3)n

) , . . .

exp(D) = I +
D

1!
+

D2

2!
+

D3

3!
+ ⋅ ⋅ ⋅ +

Dn

n!
+ ⋅ ⋅ ⋅ =

= (
1 0
0 1

) +
1

1!
(

2 0
0 −3

) +
1

2!
(

22 0
0 (−3)2) + ⋅ ⋅ ⋅ +

1

n!
(

2n 0
0 (−3)n

) + . . .

=
⎛

⎝

1 + 2
1! +

22

2! + ⋅ ⋅ ⋅ +
2n

n! + . . . 0

0 1 + −3
1! +

(−3)2

2! + ⋅ ⋅ ⋅ +
(−3)n

n! + . . .

⎞

⎠
,

exp(
2 0
0 −3

) = (
e2 0
0 e−3) .

Using (1.262) it can be shown that for each square diagonal matrix the analog equality
holds

exp

⎛
⎜
⎜
⎜
⎝

λ1 0 . . . 0
0 λ2 . . . 0
. . .
0 0 . . . λn

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

expλ1 0 . . . 0
0 expλ2 . . . 0
. . .
0 0 . . . expλn

⎞
⎟
⎟
⎟
⎠

. (1.263)

Moreover, in this expression, the function exp(x) can be replaced by a cosine or sinus
function, cos(x) and sin(x), whose development in the Taylor series are:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

cos(x) = 1 − x2

2 + x4

24 − . . . = ∑
∞
k=0

(−1)k

(2k)! x
2k

sin(x) = x − x3

6 + x5

120 − . . . = ∑
∞
k=0

(−1)k

(2k+1)!x
2k+1.

(1.264)

By adding these lines we get the famous Euler formula

eix = cos(x) + i sin(x), (1.265)

and therefore again (1.262), respectively (1.263). Analogously, it can be proved that the
function exp(x) in the expression (1.263) can be replaced by any function f(x) that can be
developed into Taylor or Maclaurin89 series.

88Brook Taylor (1685-1731), English mathematician.
89Colin Maclaurin (1698-1746), Scottish mathematician.
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Entropy

In 1932, von Neumann published the book “Mathematical Foundations of Quantum Me-
chanics” (see [29]) summarizing the results of his previous works. It is considered that the
special significance of this book is in denying hidden variables in the field of thermody-
namics, but here we need it for a couple of other ideas. First, because of its definition of
entropy.

In quantum statistical mechanics, Neumann entropy is an extension of the classical
Gibbs90 concept of entropy in the field of quantum mechanics. For the classical system,
a collection of classical particles with a discrete microstate set, for Ei the energy of i-th
microstate and Pi the probability of events during system changes, the entropy is

S = −kB∑
i

Pi lnPi. (1.266)

This is the Gibbs entropy, where kB ≈ 1.38×10−23 J / K is Boltzmann’s constant, which has a
dimension of energy divided by temperature, as well as entropy. For a quantum-mechanical
system with the density matrix ρ, Neumann entropy is

S = −Tr(ρ lnρ), (1.267)

where the trace is taken along the natural logarithms of the matrix. If ρ is written using
its eigenvectors ∣1⟩, ∣2⟩, ∣3⟩, ..., as

ρ =∑
j

ηj ∣j⟩⟨j∣, (1.268)

then Neumann’s entropy is
S = −∑

j

ηj lnηj . (1.269)

In this way, it has the form of Shannon information that was discovered fifteen years later
in 1948.

The density matrix was introduced in physics by Neumann, Landau91 and Bloch92 in
various ways. They among the first noted the differences between the quantum concepts
of pure, mixed and the state of superposition. If the first are the states of the vector ∣ψk⟩,
the second is the state of a statistical collection of such, for example with a 50% chance
of choosing a pure state ∣ψ1⟩ and 50 % chance of choosing a pure state ∣ψ2⟩. The density
matrix is particularly useful for such mixed states.

Unlike statistical mixing, quantum superposition expresses subtler uncertainty. The
first deals with predominantly real options from which realistic outcomes are obtained in a
random way, the other is more concerned with the uncertainty that has yet to be realized
into the information. The superposition of pure states is ∣ψ⟩ = a1∣ψ1⟩+a2∣ψ⟩ where first it is
realized with the probability ∣a1∣

2, and the second with the probability ∣a2∣
2 , where the sum

of these probabilities is one, but they do not have to be equal. The superposition collapses
into one of these states, converting all the previous amount of uncertainty into the resulting
information. This is the second place for us to look at Neumann’s work.

So the things are with historical development. Next, I will assume that you are fa-
miliar or available with disagreements between thermodynamic and Neumann, or quantum
definitions of entropy (see [30]), so we can continue in a slightly different way.

90Josiah Willard Gibbs (1839-1903), American scientist.
91Lev Davidovich Landau (1908-1968), Soviet mathematician.
92Felix Bloch (1905-1983), Swiss physicist.
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Perchance

It is said that Hartley’s information is the logarithm of the number of equality outcomes
H = lnN , and is equal to the (negative) logarithm of the probability (P = 1/N) of a
particular outcome. In the case that we have a probability distribution (independent random
events each with Nj equally probable outcomes, with probabilities Pj = 1/Nj for j = 1, . . . , n
with unit sum P1 + ⋅ ⋅ ⋅ + Pn = 1), each of them has some Hartley information (Hj = − lnPj),
and their mean value, more precisely mathematical expectation, is the Shannon information
S = P1H1 + ⋅ ⋅ ⋅ + PnHn.

We further note that Shannon’s information can be considered as a scalar product of the
“vectors” of the probability (P1, . . . , Pn) and Hartley’s information (H1, . . . ,Hn), whereby
the “coordinates” are arranged to multiply smaller with greater and greater with smaller,
because the greater probability Pj corresponds to less information Hj = − lnPj and vice
versa. The fact that a more likely event is less informative, along with the principle of
probability (more likely is more often), leads to the principle of information (skimping with
information), and this to minimalism in Shannon’s expression.

In other words, if in the expression S the order of P remained the same, and the order
of H was changed, then there would be a greater or equal value of Shannon information.
Equality would be achieved only if all the probabilities of the distribution are mutually
equal, when the information of Shannon is maximal. This is the key to understanding my
access to information and consequences.

Consistent, let’s notice that Hartley’s value H = lnN is also the amount of uncertainty
that is transformed into information by the realization of one of the N events. In this case,
the previous uncertainty and the resulting information is the same in quantity, which is
why we formally regard the uncertainty as a kind of information. Shannon’s S is also the
uncertainty of the distribution of the mentioned n outcomes. In the case (Pj = const.) of a
equally probable distribution outcomes, Shannon’s uncertainty has the highest value. Than
it is equal to individual Hartley’s (S =Hj for j = 1, . . . , n).

In other words, the amorphous, uniform distribution of gas molecules in a room, has
packed maximum information (latently contained). This is the state of the greatest uncer-
tainty and the greatest entropy. In this way we see that nature strives for the conditions of a
greater “disorder” precisely because of the principle of information. Physical measurement
is the reducing of system information, which means diminution its uncertainty, and hence
the distortion of the consistency of the same-level distribution outcomes in the case of the
above-mentioned maximum.

This removes the paradox measurement of thermodynamics, whose Second Law prohibits
the acquisition of information by measurement, but also reveals that it is not a good idea
in quantum mechanics – that measurement increases entropy. Namely, measurement takes
away the uncertainty of the system precisely for the amount of information obtained by
measuring. This means deterioration of the amorphous state in the case of uniformly
distributed molecules in room, or the definition of the objective path of an electron by the
very act of measuring its position. Also, opening a box with Schrödinger’s cat and finding
that the cat is say “live”, it takes away the information of that system and strip of from
its total uncertainty. The current act of opening the box defines the past conditions of the
cat, making all previous events such that the cat could now appear “alive”.
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Polarization of light

A frequently cited example of distinguishing the pure and mixed state from the superposi-
tion is polarization of light. Light is electromagnetic radiation whose quanta are photons.
Magnetic field oscillations are orthogonal to oscillations of the electric field whose oscilla-
tion direction is determined by electric vector that can rotate around the direction of light
movement, as in the figure 1.44. The oscillation vector can change direction, to rotate by
circle or ellipse, when we have linear, circular or elliptical polarized light. The photon is
in a pure quantum state if we know exactly in what plane it oscillates. If such photons
are passed through a grid whose openings are parallel to the oscillation plane - all the light
passes through, and when they supervene on the grid perpendicular to the plane of oscilla-
tion - the grid stops all the light. Therefore, linearly polarized light is an example of a pure
quantum state.

Figure 1.44: Circular polarization of light.

Circular or elliptical polarized light are examples of superposition of quantum states.
Vertical and horizontal oscillations are represented by “pure” vectors ∣v⟩ and ∣h⟩, and the
photon can be in any polarization state given by the vector ∣ψ⟩ = a∣v⟩ + b∣h⟩, where a, b ∈ C
and ∣a∣2 + ∣b∣2 = 1. If we focus such polarized light through a grid (a polarizer) that only
passes ∣v⟩, the light will pass with the probability ∣a∣2 which does not have to be 1

2 . In
any case, there are no “splitting” of particular photons, but only partial absorption of two
states, ∣v⟩ and ∣h⟩.

However, the sunlight or the incandescent light bulb is not polarized. It’s mixed. Un-
polarized light differs from the given state ∣ψ⟩, as it passes through the polarizer (grid) with
50 percent of losses, whatever the orientation of the polarizer. Un-polarized light cannot be
represented by any state of the form a∣v⟩+b∣h⟩ in some causal sense, but it can be described
by the average values. Each photon is, for example, in the quantum state of ∣v⟩ or is in
the state ∣h⟩ with half-way chance. These conditions are completely unpredictable for the
experiment and therefore we consider them to be a mixed state.

Rastko Vuković 170
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Pure state

We say that the quantum system is in the pure state if we have full knowledge of the system
in terms of an accurate knowledge of its state. This is represented by the density probability
ρ with unit as one of the inherent values, and all the other inherent values of zero93. So,
when we know for sure that the system is in quantum state ∣ψ⟩, then ∣ψ⟩ must be its own
operator vector ρ with only one inherent state 1. In other words, must apply:

ρ∣ψ⟩ = ∣ψ⟩, ρ∣φ⟩ = 0, (1.270)

where ∣φ⟩ is any state perpendicular to ∣ψ⟩, which has a zero probability.
For example, when a probability density operator is being written

ρ = ∣ψ⟩⟨ψ∣, (1.271)

for states ∣ψ⟩ and ∣φ⟩ we compute:

ρ∣ψ⟩ = (∣ψ⟩⟨ψ∣)∣ψ⟩ = ∣ψ⟩(⟨ψ∣ψ⟩) = ∣ψ⟩(1) = ∣ψ⟩,

ρ∣φ⟩ = (∣ψ⟩⟨ψ∣)∣φ⟩ = ∣ψ⟩(⟨ψ∣φ⟩) = ∣ψ⟩(0) = 0,

and that’s precisely the results (1.270).
Another example, when calculating the average value of the Hermitian observable

of the system in a pure state, using the probability density. Because the trace of the
operator is invariant, we calculate it in any base of the quantum system, here in the base
∣k⟩ (k = 1, . . . , n) containing the state ∣ψ⟩:

⟨M⟩ = Tr(ρM) definition of average
= ∑

n
k=1⟨k∣ρM∣k⟩ definition of trace

= ∑
n
k=1⟨k∣(∣ψ⟩⟨ψ∣)M∣k⟩ because ρ = ∣ψ⟩⟨ψ∣

= ∑
n
k=1⟨k∣ψ⟩⟨ψ∣M∣k⟩

= ⟨ψ∣M∣ψ⟩,

and the last comes from

⟨k∣ψ⟩ = {
1 ∣k⟩ = ∣ψ⟩
0 ∣k⟩ ≠ ∣ψ⟩.

Therefore, for the system in the pure state we get the same mean value that we get without
using the probability density.

The third example is the calculation of entropy:

S = −Tr(ρ lnρ) = −⟨ψ∣ lnρ∣ψ⟩ = −⟨ψ∣ lnρψ ∣ψ⟩ =

= −⟨ψ∣ψ⟩ lnρψ = −1 ⋅ ln 1 = 0.

Therefore, there is no von Neumann entropy. There’s not even Shannon’s information. This
is logical because we said that the system is in a pure state, in which there is no wobbling,
and there is no chance of accident. The second question is whether there really is some
substance that can be in such a pure quantum state? That does not communicate at all?
The answer to this dilemma, I believe, is in disagreement and with Neumann’s expectations
too.

93Susskind Lectures: http://www.lecture-notes.co.uk/susskind/
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Mixed state

The system is said to be in mixed state if we know it only partially or not at all. Stated by
the probability density ρ, more than one of its eigenvalues must be different from zero.

For example, with two pure states we made the mixed state ∣ψ⟩ = (∣0⟩ ± ∣1⟩)/
√

2, with
the density matrix

ρ = (
1/2 ±1/2
±1/2 1/2

) , (1.272)

in the base of given “pure” vectors ∣0⟩ and ∣1⟩. That is not a base of eigenvectors!

Second example. We calculate the average values of the Hermitian variable M in
mixed state, taking the base {∣ek⟩ ∶ k = 1, . . . , n} of eigenvectors, so the matrix ρ is diagonal.
In that base, the matrix is unit

I =
n

∑
k=1

∣ek⟩⟨ek∣. (1.273)

We calculate:

⟨M⟩ = Tr(ρM) =
n

∑
k=1

⟨ek∣ρM∣ek⟩ =
n

∑
k=1

⟨ek∣ρIM∣ek⟩ =

=
n

∑
k=1

⟨ek∣ρ
⎛

⎝

n

∑
j=1

∣ej⟩⟨ej ∣
⎞

⎠
M∣ek⟩ =

n

∑
k=1

n

∑
j=1

⟨ek∣ρ∣ej⟩⟨ej ∣M∣ek⟩ =

=
n

∑
k=1

⟨ek∣ρ∣ek⟩⟨ek∣M∣ek⟩ =
n

∑
k=1

ρk⟨ek∣M∣ek⟩.

Therefore, average value of M is

⟨M⟩ =
n

∑
k=1

ρk⟨ek∣M∣ek⟩, (1.274)

which is a sum, by base vectors ek (k = 1, . . . , n), of the probabilities of the system being in
k-th state multiplied by average of M in that state.

Third example is von Neumann entropy of system in mixed state:

S = −Tr(ρ lnρ) = −
n

∑
k=1

ρk⟨ek∣ lnρ∣ek⟩ = −
n

∑
k=1

ρk lnρk.

Thus, the mixed state entropy is

S = −
n

∑
k=1

ρk lnρk, (1.275)

and this is formally the same as Shannon information of that system. In a special case,
when we do not have any knowledge of the system and we must assume that the probability
of each outcome is 1/N , entropy is

S = −∑k = 1N
1

N
ln

1

N
= lnN, (1.276)

which is exactly the same as Hartley’s information.
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1.2.9 Linear systems

Setting and solving the system of linear equations and inequalities is one of the more familiar
and frequently applied domains of algebra. Linear equations are important to us because
the study of these systems leads directly to vector spaces, but also because the current
development of quantum computers is tested at the speed of solving just the linear systems
of a very large number of equations (HHL algorithm, 2009). For the completeness of this
overview, let’s look at the first few classical models that are reduced to some linear system
equations.

Model Economy. It is assumed that some economy has n industries each of which
operates only one product, using only one production process. These industries produce
yearly exactly as many goods as needed. With ξi we mark the quantity of goods annually
produced by the industry i. During that year the industry used j for its production of goods
produced by the i industries. With ηij we denote the quantity of goods i required for the
industry j for annual production. With βi we mark the goods that external searchers need,
outside of the given industry. Hence the system

ξi = ηi1 + ηi2 + ⋅ ⋅ ⋅ + βi, (i = 1,2, . . . , n). (1.277)

When ηii ≠ 0, this means that the i-th industry uses its own production to product. It is
natural to assume that the demand for goods is proportional to production, so ηij = αijξj ,
where αij are proportionality coefficients that depend on the technology of the industry
i and they are known. The βj coefficients are known, as they indicate orders outside of
production. Thus, the system (1.227) becomes:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

(1 − α11)ξ1 − α12ξ2 − ⋅ ⋅ ⋅ − α1nξn = β1

−α21ξ1 + (1 − α22)ξ2 − ⋅ ⋅ ⋅ − α2nξn = β2

. . .
−αn1ξ1 − αn2ξ2 − ⋅ ⋅ ⋅ − (1 − αnn)ξn = βn.

(1.278)

This system of equations is the basis of the model of Leontief’‘s economy94 who has been
used in the USA since the 1930s and has had quite a number of generalizations to date.

Leontief’s model represents a simplified economy with the aim of predicting the level of
production for each of several types of goods. It means:

• that it has enough of each product in relation to demand;

• that there are no surplus, unused goods.

Let’s consider this in a very simplified economy with three entries95: raw materials, ser-
vices, production. Raw materials are goods of many industries, agriculture and mining, for
example. Services include retail, advertising, transportation, and so on.

For the production (input) of raw materials, two other industries are needed (outputs).
For example, it needs to transport its goods to the market, and it needs production machines
as well. The raw material industry needs some of its own products, such as iron ore to make
steel for the railroads that the ore goes from the mine. All these inputs and outputs are
summarized in the table:

94Wassily Wassilyevich Leontief (1905-1999), Russian-American economist.
95Terry McConnell: http://barnyard.syr.edu/
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Industry Raw Materials Services Manufacturing

Raw Materials 0,02 0,04 0,04
Services 0,05 0,03 0,01

Manufacturing 0,2 0,01 0,1

The numbers in the table show how many outputs of each industry need a given industry
to produce one Dinar (money units) of their own output. For example, to provide 1 Dinar
of services, the service sector will spend 0.05 Dinars for raw materials, then 0.03 Dinars for
services and 0.01 dinars for production.

The table data is written in the third-order matrix (type 3 × 3), which is called the
input-output matrix :

A =
⎛
⎜
⎝

0,02 0,04 0,04
0,05 0,03 0,01
0,2 0,01 0,1

⎞
⎟
⎠
. (1.279)

Another important matrix is the demand matrix, which contains data (say in millions of
Dinar) of each output requested by consumers and other out-of-given economies (exports).
It can be

Y =
⎛
⎜
⎝

400
200
600

⎞
⎟
⎠
. (1.280)

For example, in the second line, demand is worth 200 million Dinars of services by consumers
and exporters. The third is the production matrix X. This is another column of length three
that represents the quantities (in millions of Dinars of value) of the output of each of the
three industries. The values in these columns are unknown, but we know that the matrix
product AX is a part of the production for internal use, for the industries themselves to
produce their goods. The difference X −AX = (I −A)X represents the amount of output
required to meet the external demand. This demand is exactly the same (no reject) matrix
Y = (I −A)X. This matrix equation has a solution in the unknown X = (I −A)−1Y

⎛
⎜
⎝

449,24
237,27
769,13

⎞
⎟
⎠
=
⎛
⎜
⎝

0,98 −0,04 −0,04
−0,05 0,97 −0,01
−0,2 −0,01 0,9

⎞
⎟
⎠

⎛
⎜
⎝

400
200
600

⎞
⎟
⎠
. (1.281)

Thus, we find that the service sector needs to produce 237.27 million Dinars of service value
in order to keep the economy in balance.

Transport Problem. We have the same kind of goods at m of the warehouse: at the
first α1 units of goods, on another α2, ..., at m-th αm units of that commodity. This item
needs to be transported to n consumers: the first β1 units of goods, to another β2 units of
goods, ..., up to n-th βn units of goods. The smallest price of the γij transport of goods
from the warehouse i to the consumer j is known. It is required that the said carriage be
done in the cheapest way. First of all, it must be

m

∑
i=1

αi =
n

∑
j=1

βj . (1.282)

If we indicate ξij the amount of goods that we need to deliver to the consumer j from the
warehouse i, we have a system of equations:

n

∑
j=1

ξij = αi,
m

∑
i=1

ξij = βj . (1.283)

Rastko Vuković 174
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The transport cost is given by the function

ζ =
m

∑
i=1

n

∑
j=1

γijξij . (1.284)

The system solution (1.283) is searched, provided that the function ζ has a minimum value.
This is the problem of transport that was posed and solved by Hitchcock96 in 1941 (see
[31]).

How much of this problem can be complex, let us try to understand in the following
example of paradox of transport. Namely, in some cases, it is possible to reduce the total
cost of transporting ζ by increasing the number of warehouses or destinations.

For example, let the transport price matrix C = (γij), and the matrix column of the
destination are a = (αi) and b = (βj), respectively:

C = (
50 300
320 60

) , a = (
5
10

) , b = (
7
8
) . (1.285)

The optimal solution, X = (ξij), is given by matrix

X = (
5 0
2 8

) , (1.286)

with a minimum of ζ = 1370. Now let’s increase the coefficients a1 and b2 for one, that we
have:

a′ = (
6
10

) , b′ = (
7
9
) . (1.287)

The optimal solution is now

X′
= (

6 0
1 9

) , (1.288)

with minimum ζ ′ = 1160. It is paradoxical that one unit of transport makes the cost of
transport smaller, ζ ′ < ζ, by 210.

Problem of maximum profits in the industry. We assume that m of different ma-
chines M1,M2, . . . ,Mn in which n of different types of goods with chain production can be
produced in the factory, each product is first processed on the machine M1, then on the
machine M2, and so on to the machine Mn. We assume that the machines are working
continuously (at given intervals of time) and that time is needed to rewrite machines from
one type of goods to another negligible. In the market there is an unlimited need for all n
types of goods and prices are fixed. The task (program) for the work of the factory should
be set so that the annual profit is maximized.

Let’s say the machine Mi (i = 1, . . . ,m) is available βi hours during the year. To get
a j-th unit of goods, α1j hours must be worked on the machine M1, α2j hours should be
worked on the machine M2, ..., at Mm needs αmj hours. Profit per unit of product of goods
j is γj . We denote by ξj the number of goods units j produced during the year, which
means that this product on the machine Mi should work αijξj hours. How is Mi available
for βi hours, that is

n

∑
j=1

αijξj ≤ βi (i = 1, . . . ,m). (1.289)

96Frank Lauren Hitchcock (1875-1957), American mathematician.

Rastko Vuković 175
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Naturally, each ξk ≥ 0. The profit per commodity unit j is γj , and for ξj units that profit
is γjξj . Hence

ζ =
n

∑
j=1

γjξj (1.290)

is the total profit.

Example 1.2.91. The manufacturer has two types of ski, for exhibition and for slalom.
The first type requires 8 hours of design work and 4 hours of final work. The second type
requires 8 hours of design work and 12 hours in finishing. The total number of working
hours for the design is 160, and at the finish 180. Finally, the number of skis produced by
the first row should not be greater than 15. How many can ski first and second types be
produced under such conditions?

An additional question, if the profit on each ski of the first row is 5 Euro, and on a ski
of the another type 10 Euro, how many of each type of ski manufacturer needs to produce
to make the biggest profit?

Figure 1.45: System of inequalities.

Solution. Let’s mark the number of skis produced first and second row in series with x and
y. Under the conditions of the task, we form the system:

x ≥ 0, y ≥ 0, x ≤ 15, 8x + 8y ≤ 160, 4x + 12y ≤ 180.

On the figure 1.45 this is presented to the hatched area within the broken line formed by
the abscissa, the ordinate, and the three lines: x = 15 (l1), x + y = 20 (l2), x + 3y = 45 (l3).
The intersection points are l1 ∩ l2 = A(15; 15) and l2 ∩ l3 = B(7,5; 12,5).

Profit amounts p = 5x+ 10y. For the different values of p we have parallel lines (the full
and two dashed in the figure), of which only one (full line) passes the point B for the value
p(B) = p(7,5; 12,5) = 5 ⋅ 7,5 + 10 ⋅ 12,5 = 162,5. Therefore, under the given conditions, the
maximum profit is p(B) = 162,5 Euros.

Nutrition Problem. A food program for a man, a group of people, or animals and
the like, is sought so that this diet is as cheap as possible. The nutrition choice is made
between n food items, containing m nutrients. Let αij be the amount of i-th type nutrients
in the j-th food item, and let βi be the minimum required amount of i food item and let
γj is the unit price of the food item j. These are known sizes. If we denote with ξj the
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required amount of the food item j then αijξj is the quantity of i-th nutrient in ξj . That
is why

n

∑
j=1

αijξj ≥ βi (i = 1, . . . ,m). (1.291)

The price of the diet is

ζ =
n

∑
i=1

γjξj . (1.292)

The mathematical problem of nutrition consists in determining the non-negative value of the
variables ξ1, . . . , ξn so that the function ζ has the lowest value with the conditions (1.291).

* * *

The above and similar examples lead to the algebraic problem of linear programming.
The vector space V dimension n is given, the subsetsX,Y ⊂ V, the linear operator A ∶X → Y
(which can be homomorphism) and series of scalars γ1, . . . , γn. It have to be estimated the
values of the components of the vector x = (ξ1, . . . , ξn) ∈ X mapped by the given operator
into the vector y = (β1, . . . , βm) ∈ Y , so that the

ζ = γ1ξ1 + ⋅ ⋅ ⋅ + γnξn (1.293)

has the highest (or lowest) value in the given conditions.

In cases of a very large number n, when we are not interested in all the values of the x
vector, but only some of its general properties and certain details, under given linear pro-
gramming conditions, recently have been developing the method of solving linear problems
using quantum computers (see attachment [32]).

For example, in 2009, Harrow, Hassidim, and Lloyd found an algorithm (HHL algorithm)
that helps us to prepare the quantum state ∣x⟩ = A−1∣y⟩ , where A−1 is the inverse matrix
(operator) of the matrix A. It’s convenient and fast for (rough) processing billions of inputs,
when we can store 230 data in just 30 qubits, instead of billions of separate memories. Then
we calculate a billion of values at once, a superposition of ∣y⟩ which results in ∣x⟩. It is
a quantum algorithm that will not give us all the values of the variables, but will tell us
something about the original distribution of data. We can find, let’s say, that the 1234th
component of the vector x has the largest amplitude, or find the distance of that vector to
something else.

Convex sets

Let us recall that the line equation trough two points T0 and T1 presented by the vectors x⃗0

and x⃗1 in the three-dimensional space has the form x⃗ = x⃗0+λ(x⃗1− x⃗0). When the parameter
λ = 0 we get the point T0, when the parameter λ = 1 we get the point T1, and for 0 < λ < 1
we get point between T0 and T1. Analogously applies to the vectors x0 and x1 of some n
dimensional real or complex space. Then the set of all vectors x of form

x = x0 + λ(x1 − x0) = (1 − λ)x0 + λx1 (1.294)

for which 0 ≤ λ ≤ 1 is called segment or along between x0 and x1. The expression x =

λ0x0 + λ1x1, where λ0, λ1 ≥ 0 and λ0 + λ1 = 1, is convex combination (compound) of the
vectors x0 and x1.
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In general, a convex combination of the vectors x1, x2, . . . , xm ∈ V is a vector x form

x =
m

∑
k=1

λkxk,
m

∑
k=1

λk = 1, λ1, . . . , λm ≥ 0. (1.295)

The set K ⊆ V is called convex set, if K together with any of its two points contains a
segment defined by these points. In other words, if from x1, x2 ∈ K for each λ ∈ (0.1) follows
λx1 + (1 − λ)x2 ∈ K, then and only then K is a convex set.

Lemma 1.2.92. A convex set contains every convex combination of its finite points.

Proof. For two points, the claim coincides with the definition. Let’s say that the claim is
true for m points and then prove that it is true for m + 1 points.

There are points x1, . . . , xm, xm+1 ∈ K and:

x =
m+1

∑
k=1

λkxk,
m+1

∑
k=1

λk = 1, λ1, . . . , λm+1 ≥ 0.

If ∑k=1mλk = 0, then x = xm+1 ∈ K, and if λ = ∑mk=1 λk ≠ 0, then

x = λ(
λ1

λ
x1 + ⋅ ⋅ ⋅ +

λm
λ
xm) + λm+1xm+1.

The bracketed vector is a convex combination of m of vectors from K, so it is also in K.
If we denote this vector with y, then x = λy + λm+1xm+1 is a convex combination of two
vectors from K. With this, the proof by mathematical induction is completed.

If we take the finally many points x1, . . . , xm ∈ V and make all their convex combinations,
we get a completely specified smallest convex set that contains these points, called a convex
closure or convex hull or convex envelope of vectors x1, . . . , xm. The convex hull of the two
points is segment (length), the convex hull of three non-linear points is a triangle. A convex
hull may or may not be a convex set.

The tops of the triangle, its vertices, are its distinguished points in the sense that a point
on the triangle side (edge) can, with a triangle point (edge or interior), form a segment that
does not contain the triangle’s point, but the triangle’s vertex cannot. If for x and two
arbitrary points x′, x′′ of the triangle, from x = λx′+(1−λ)x′′ (0 < λ < 1) follows x = x′ = x′′,
then x are the triangle vertex. In general, for the point x of the convex set and the two
arbitrary points x′, x′′ of that set, when from x = λx′+(1−λ)x′′ (0 < λ < 1) follows x = x′ = x′′,
then we call the point x the extreme point of the given set. Therefore, the triangle has three
extreme points, a square four, and for example a circle has it infinite.

Theorem 1.2.93. In a finite dimensional vector space, each closed and bounded convex set
K with ultimate extreme points x1, . . . , xm is a convex hull of these points. Then:

x =
m

∑
k=1

λkxk,
m

∑
k=1

λk = 1, λ1, . . . , λm ≥ 0.

It is said that S ⊆ V is closed set if ak ∈ S and ak → a0 pulls a0 ∈ S and that S
is constrained set if there exists a base e1, . . . , en ∈ V such that supx∈S ∣x(e)∣ < ∞ where
∣x(e) = ∣ξ1∣+⋅ ⋅ ⋅+ ∣ξn∣. We discuss the details of closeness and constraints in the next chapter,
and for now we only note that the concept of constraints does not depend on the base, but
rather on the set S. In short, it was Krein-Milman’s theorem (see [33], page 217, and, in
general, the VI head), which we will not prove here.
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Example 1.2.94. Check the collinearity using the commutator points and the lemma 1.2.18.

Solution. The point T (x, y) is on the segment (1.294) between the points T1(x1, y1) and
T2(x2, y2) if and only if for all p, q ≥ 0 such that p + q = 1 is valid T = pT1 + qT2, that is:

(x, y) = p(x1, y1) + q(x2, y2),

x = px1 + qx2, y = py1 + qy2,

Multiply the first equation with y1, the second with −x1, and add them. Then, multiply
the first with y2, the second with −x2, and add them. We get:

xy1 − yx1 = q(x2y1 − y2x1), xy2 − yx2 = p(x1y2 − y1x2),

Hence, using commutator points, find:

[T,T1] = q[T2, T1], [T,T2] = p[T1, T2],

[T1, T ] = q[T1, T2], [T,T2] = p[T1, T2],

[T1, T ] + [T,T2] = [T1, T2],

for p + q = 1. According lemma 1.2.18, the points T1, T, T2 are collinear if

[T1, T ] + [T,T2] + [T2, T1] = 0,

that is if the area of the triangle T1TT2 is zero.

Cramer’s rule

When given a linear system with n equations and the same number of unknowns, we can
write it with the matrix A = (αij) of containing system coefficients and column matrices
X = (ξk) containing unknown

AX = B, (1.296)

where B = (βk) is matrix-column of free coefficients of a given equation system. We know
that the solution of this system, among other things, can be obtained by using the Cramer’s
rule (1.134), which we will now prove.

In the literature, this rule is most often derived from the relation A−1 = adjA/detA
and comparing development cofactors (see [34]). However, it is more effective to write the
given system matrix using its columns, and to separate the variables by the base vectors:

Xk = (e1, . . . ,ek−1,xk,ek+1, . . . ,en),

where ej is a matrix-column that has all zeros except the unit in the j-th row, and xk is a
matrix-column that has all the nulls except ξk in k-th. Hence:

ξk = detXk = det(AAXk) = det(AXk)/detA,

(detA)ξk = det(a1, . . . ,ak−1,b,ak+1, . . . ,an),

which is Cramer’s rule.
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1.2.10 Linear programming

The system is set
n

∑
k=1

αjkξjk = βj , (j = 1, . . . ,m), (1.297)

of m linear equations with n unknown and real coefficients. We need to find all the positive
solutions of this system. In the matrix form of this problem we require all vectors of the
form x = (ξ1, . . . , ξn) = ∑

n
j=1 ξjej such that

Ax = b, x ≥ 0, (1.298)

where A is a matrix of type m × n, and x ≥ 0 means ξk ≥ 0 for all matrix-column elements
x . The assumption b ≥ 0 does not disturb the generality. Each solution of the specified
system is called possible solution, and this system consistent if it has at least one solution,
otherwise it is inconsistent or impossible.

As for any possible solution, the equality (1.298) holds, the matrix A and the extended
matrix (A,b) have the same rank r. If r < m then r −m the equations of this system
are superfluous and they can be omitted. So, without disturbing the generality, we assume
that r = m. If r = m = n we have a quadratic regular matrix and the system has a unique
solution x = A−1b, so stay only the check is it x ≥ 0. Therefore, the problem is excessive
and less interesting than the case of r = m < n, when again similar procedures give system
solutions.

Denote the k-th matrix column A with ak, and (1.298) write in the form

b = ξ1a1 + ⋅ ⋅ ⋅ + ξnan (ξ1, . . . , ξn ≥ 0). (1.299)

The given problem is reduced to finding all possible dismantling of the b vectors along the
matrix columns A with non-negative coefficients. A possible solution x = (ξk) is called a
primary or basic solution if the vectors are ak for which ξk > 0 is independent. The basic
solution for which m coordinates are different from zero is the non-degenerate solution, and
if not, it is called the degenerate solution.

From columns A we can make (
n
m
) sets of m vectors. If the columns are independent,

they can form a regular matrix B, so that the vector x = B−1b is completely determined. If
x ≥ 0 then this is the basic solution, and such a matrix B is called basic matrix. Therefore,
the basic solutions have at most (

n
m
) and there are so many basic matrices, which should

be checked by solving this problem.

Example 1.2.95. Find the basic solution of the system:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ξ1 + 2ξ2 − ξ5 = 8
−2ξ1 + ξ3 + ξ4 + ξ5 = 4
ξ1 + 2ξ2 − ξ3 + 2ξ4 + ξ5 = 8,

where it is implied ξ1, . . . , ξ5 ≥ 0.

Solution. The first three columns are the matrix:

(a1,a2,a3) =
⎛
⎜
⎝

1 2 3
−2 0 1
1 2 −1

⎞
⎟
⎠
,
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for which it is

(a1,a2,a3)
−1

=
1

16

⎛
⎜
⎝

2 −8 −2
1 4 7
4 0 −4

⎞
⎟
⎠
, b =

⎛
⎜
⎝

8
4
8

⎞
⎟
⎠
.

Calculate (a1,a2,a3)
−1b = −2e1 + 5e2, and this is possible but not the basic solution.

Another combination is:

(a1,a3,a5) =
⎛
⎜
⎝

1 3 −1
−2 1 1
1 −1 1

⎞
⎟
⎠
⇒ (a1,a3,a5)

−1
=

1

10

⎛
⎜
⎝

2 −2 4
3 2 1
1 4 7

⎞
⎟
⎠
,

and then x = (a1,a3,a5)
−1b = 4e1 + 4e3 + 8e5 is basic solution and (a1,a3,a5) is the basic

matrix.

The matrix

(a1,a4,a5) =
⎛
⎜
⎝

2 0 −1
0 1 1
2 2 1

⎞
⎟
⎠

is singular, its determinant is zero, and vectors a1, a4 and a5 do not form a base.

The equation system of this example has (
5
3
) = 10 of possible sets of 3 vectors, of which

we have listed only one that gives the basic solution. Let us now examine some geometric
properties of all possible solutions of such systems.

Basic solution

Theorem 1.2.96. 1○ The set K = {x∣Ax = b, x ≥ 0} is closed and convex.

2○ If K is not empty set, then it contains at least one basic solution.

3○ If exists the basic matrix B = (ai1 , . . . ,aim) and column ap of the matrix A such that
B−1ap ≤ 0, then K is an unlimited set.

Proof. That K is closed and convex set is obvious, so let’s prove the others. Let x =

(ξ1, . . . , ξn) ∈ K. It should be proved that in K exists vector y = (η1, . . . , ηn) such that the
columns ak of the matrix A, for which is ηk > 0, are independent. To do this, we renumber
the columns of this matrix and the coordinates of the vector x so ξk > 0 for k ≤ p and ξk = 0
for k > p, and we have

b =
n

∑
k=1

ξkak =
p

∑
k=1

ξkak.

If the vectors a1, . . . ,ap are independent, then is p ≤ m and x is a basic solution, so the
condition 2○ is fulfilled.

But, if the vectors a1, . . . ,ap are dependent, then ∑k λkak = 0, and at least for one
k ∈ {1, . . . , p} is valid λk ≠ 0, and for such is

ak = −∑
j≠k

λj

λk
aj , b =∑

j≠k

(ξj −
λj

λk
ξk)aj .

So, vector b is a connection of p − 1 matrix columns A. If they are still there ξj −
λj
λk
ξk > 0,

then these columns are elements from K, which have no more than p−1 coordinates different
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from zero. The mentioned inequality is fulfilled if λj < 0, and for λj > 0 it pulls
ξj
λj

≥
ξk
λk

.

From there
ξk
λk

≤ min
j≠k

{
ξj

λj
∣λj > 0}.

So, if we take k such that the minimum is reached, then ξj −
λj
λk
ξk > 0 is for all j and elim-

ination of the corresponding vector ak from the sequence a1, . . . ,ap meaning the existence
of element in K for which at most p−1 coordinates are not zero. If we prolong this process,
after the final step we arrive at the assertion 2○.

To prove the claim 3○ suppose it is

B = (a1, . . . ,am), x = B−1b = (ξ1, . . . , ξm,0, . . . ,0)

the appropriate basic solution. If it is B−1ap = (λ1, . . . , λm) ≤ 0 for some p, then it’s in order
λ1 ≤ 0, ..., λm ≤ 0, i.e.

ap = λ1a1 + ⋅ ⋅ ⋅ + λmam.

But then is

b =
m

∑
j=1

(ξj − λλj)aj + λap

and for λ > 0 we have the new possible solution

xλ =
m

∑
j=1

(ξj − λλj)ej + λep,

which has at most m + 1 coordinates different from zero. How it is xλ ∈ K for each λ > 0,
that is K an unlimited set.

Extreme solution

Theorem 1.2.96 determines that the existence of a possible pulls the existence of the basic
solution and gives the procedure for its construction. We further prove that the basic
solutions of the extreme point of the convex set K are all possible solutions, and vice versa.

Theorem 1.2.97. If x ∈ K is a basic solution of the system Ax = b, x ≥ 0, then x is
extreme point of the set K. Reversed, if it is x extreme point of the set K, then K is the
basic solution. The set K has ultimate extreme points.

Proof. When x is the basic solution, then b is connection of m independent column of the
matrix A, and the coefficients of this compound are vector coordinates x. With the new
numbering we achieve

b =
m

∑
j=1

ξjaj , x = (ξ1, . . . , ξm,0, . . . ,0).

Let y = (ηk) and z = (ζk) are vectors from K such that

x = λy + (1 − λ)z, (0 < λ < 1).

Then ξk = ληk + (1 − λ)ζk for k = 1, . . . , n. For k > m we have ληk + (1 − λ)ζk = 0, which
together with ηk ≥ 0, ζk ≥ 0, 0 < λ < 1 generating ηk = ζk = 0. Accordingly

b =
m

∑
k=1

ηkak =
m

∑
j=1

ξjaj , b =
m

∑
k=1

ζkak.
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Independence of the vectors a1, . . . ,am and three vector displays b by these vectors generates
ξk = ηk = ζk for k = 1, . . . ,m. But then is x = y = z, which means it is x extreme point of
the set K.

Let us prove now the other way around. It is x = (ξ1, . . . , ξn) ∈ Kextreme point of the
set K. It is necessary to prove that the columns ak of the matrix A for which is ξk > 0 are
independent. By new numerating we can achieve ξk > 0 for k ≤ p and ξk = 0 for k > p. Let
us suppose that a1, . . . ,ap are dependent, i.e. ∑

p
k=1 λkak = 0 and at least one λk ≠ 0. As

b = ∑
p
k=1 ξkak so

b =

p

∑
k=1

(ξp ± µλk)ak

for each real number µ. If we take µ > 0 enough small, such to be ξk±µλk > 0, for k = 1, . . . , p
we can conclude that the vectors:

y =

p

∑
k=1

(ξk + µλk)ek, z =
p

∑
k=1

(ξk − µλk)ek

are elements of the set K and

x =
1

2
y +

1

2
z (y ≠ z).

As the last equality is in contradiction with the assumption that it is x extreme point, the
assumption of vector dependence a1, . . . ,ap is incorrect, i.e. these vectors are independent.

When K is a restricted set, the last two theorems show that each element of that set
is a convex union of its extreme points, that every possible solution is actually a convex
union of the basic solutions. For this reason, it is enough to know only the basic solutions.
Knowing one, the other basic solutions are obtained in the following way.

Suppose that B = (a1, . . . ,am) is the base matrix and that

x = B−1b = (ξ1, . . . , ξm,0, . . . ,0)

is the basic solution. If

B−1ap =
m

∑
k=1

λkek ≤ 0

for some p, then K is unlimited set, and if it is not, then λk > 0 for some k and then:

ak =
1

λk
ap −∑

j≠k

λj

λk
ai,

b =∑
j≠k

(ξj − ξk
λj

λk
)aj +

ξk
λk

ap.

If we take k so that is
ξk
λk

= min
j

{
ξj

λj
∣λj > 0}

then ξj − ξk
λj
λk

≥ 0, ξk
λk

≥ 0, so

x1 =∑
j≠k

(ξj − ξk
λj

λk
)ej +

ξk
λk

ep (1.300)
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is basic solution. The resulting base matrix is obtained from B when the column ak is
changed by the column ap. The basic solution x1 is different from x, if ξk ≠ 0, and that
is always when x is non-degenerated basic solution. Accordingly, starting with the basic
non-degenerate solution x, we come to the new basic solution x1 regarding we find that K
is unlimited set.

Optimal solution

The system is set
n

∑
k=1

αjkξk = βj (j = 1, . . . ,m) (1.301)

of the m linear equations with n unknowns and the linear form is given

f(x) =
n

∑
k=1

γkξk. (1.302)

In so doing, all the constants αjk, βj and γk are real numbers. We need to find non-negative
solutions ξ1, . . . , ξn ≥ 0 which make the form f the maximal.

In the matrix formulation, this is the problem of looking for the vector x = (ξ1, . . . , ξn) ≥ 0
which makes the linear form f(x) the maximal satisfactory in the equation Ax = b. A vector
that fulfills the given conditions is the optimal solution of linear programming. Therefore,
the optimal solution x0 is an element of the set K = {x∣Ax, x ≥ 0}. Especially it is

f(x0) = sup f(x) (x ∈ K), (1.303)

where supS denotes supremum, the smallest upper limit of the set S.

More precisely, the supremum (abbreviated sup; plural suprema) of a subset S of a
partially ordered set T is the least element in T that is greater than or equal to all elements
of S, if such an element exists. Consequently, the supremum is also referred to as the least
upper bound (or LUB).

Theorem 1.2.98. If K = {x∣Ax = b, x ≥ 0} is limited set and

f(x) =
n

∑
k=1

γkξk

is the default linear functional, then

sup
x∈K

f(x) = f(x0),

where x0 is some extreme point of the set K. The set of all points x ∈ K for which is
f(x) = f(x0) convex set.

Proof. Let x1, . . . ,xp are all extreme points of the set K, and x0 the extreme point for which
is f(xk) ≤ f(x0) (k = 1, . . . , p). For arbitrary point x ∈ K, according the theorem 1.2.93,
exist the numbers λ1, . . . , λp ≥ 0 such that

x =

p

∑
k=1

λkxk,
p

∑
k=1

λk = 1.
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But then

f(x) =
p

∑
k=1

λkf(xk) ≤
p

∑
k=1

λkf(x0) = f(x0),

which means that f reaches its maximum in the point x0. If f(x′) = f(x′′) = f(x0) then is
also

f[λx′ + (1 − λ)x′′] = λf(x′) + (1 − λ)f(x′′) = f(x0),

for any 0 < λ < 1.

Hence, finding the optimal point in K in order to reach the highest value of f goes
from an infinite set to the final set of extreme points of that set, that is, to a set of basic
solutions. If K is a restricted set, then we search for its most (

n
m
) extrems and we check the

value of the function (1.291), so we choose the ones in which f has the highest value. The
search significantly shortens the simplex method developed by Dantzig97, finding it optimal
without all basic solutions.

Simplex method

In the standard program,, we have a system (1.301) and a condition (1.302). If min f is
required, we translate it into max(−f). If instead of the j equation there is an inequality
αj1ξ1 + ⋅ ⋅ ⋅ +αjnξn ≤ βj , add the nonnegative number cj so that we have the equality αj1ξ1 +

⋅ ⋅ ⋅ + αjnξn + cj = βj . Conversely, alphaj1ξ1 + ⋅ ⋅ ⋅ + αjnξn ≥ βj , we translate to equality by
subtracting such a non-negative variable and we get αj1ξ1 + ⋅ ⋅ ⋅ + αjnξn − cj = βj . If the
variable xj has an invalid sign, replace it everywhere with x′j −x

′′
j , where x′j ≥ 0 and x′′j ≥ 0.

Example 1.2.99. The next program convert into the standard

{
ξ1 − 3ξ2 + 2ξ3 ≤ 3
−ξ1 + 2ξ2 ≥ 2,

f(x0) = min(−2ξ1 + 3ξ2), ξ1 = ±∣ξ1∣, ξ2, ξ3 ≥ 0.

Solution. We introduce non-negative variables c1, c2 and ξ′1 − ξ
′′
2 = ξ1 so we get:

{
ξ′1 − ξ

′′
1 − 3ξ2 + 2ξ3 + c1 = 3

−ξ′1 + ξ
′′
1 + 2ξ2 − c2 = 2,

f(x0) = max(2ξ′1 − 2ξ′′1 − 3ξ2), ξ′1, ξ
′′
1 , ξ2, ξ3 ≥ 0.

Instead of the linear problem of the example given, we apply the simplex method to the
next task98. Solve the system:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

2x + y + z ≤ 180
x + 3y + 2z ≤ 300
2x + y + 2z ≤ 240,

(1.304)

so f = 6x + 5y + 4z is maximal, while x, y, z ≥ 0.

97George Dantzig (1914-2005), American mathematician.
98Simplex Method: https://www.youtube.com/watch?v=XK26I9eoSl8
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We add non-negative variables u, v,w ≥ 0 that the system of equations (1.304) becomes
the system of equations:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

2x + y + z + u = 180
x + 3y + 2z + v = 300
2x + y + 2z +w = 240,

and the target maximum of the function is −6x − 5y − 4z + f = 0. Hence the simplex table:

x y z u v w f c

2 1 1 1 0 0 0 180
1 3 2 0 1 0 0 300
2 1 2 0 0 1 0 240

−6 -5 -4 0 0 0 1 0

We found the most negative number (-6) in the lower row (maximum function) and rounded
it. In the column of this number, we calculate the quotient of numbers c and x of the same
row:

180

2
= 90,

300

1
= 300,

240

2
= 120

and we select the smallest (90), which belongs to the row whose number is then rounded.
Then, the selected line is divided by the leading (rounded) number, so that the leading

position is the unit. The first row of the table changes, the other two do not.

x y z u v w f c

1 1
2

1
2

1
2 0 0 0 90

1 3 2 0 1 0 0 300
2 1 2 0 0 1 0 240

-6 -5 -4 0 0 0 1 0

Below the leading unit, by subtracting the lines, we reach zero. The first row is multiplied
by -1 and the corresponding results are added to the second, then the first line is multiplied
by -2 and we are correspondingly added it to the third one, next we multiply the first with
+6 and add the lowest one.

x y z u v w f c

1 1
2

1
2

1
2 0 0 0 90

0 5
2

3
2 −1

2 1 0 0 210
0 0 1 -1 0 1 0 60

0 −2 -1 3 0 0 1 540

We are looking for the most negative in the lower row, that is the number -2, round it up,
and then repeating the procedure with this column. In each line of this column we delete
c with y, we get:

90
1
2

= 180,
210

5
2

= 84.

Of these two, there is 84 smaller, and its line is leading. We divide it with 5
2 so that the

leading number is the unit.

x y z u v w f c

1 1
2

1
2

1
2 0 0 0 90

0 1 3
5 −1

5
2
5 0 0 84

0 0 1 -1 0 1 0 60

0 −2 -1 3 0 0 1 540
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Above and below the leading unit, by subtracting the lines we made zeros.

x y z u v w f c

1 0 1
5

3
5 −1

5 0 0 48

0 1 3
5 −1

5
2
5 0 0 84

0 0 1 -1 0 1 0 60

0 0 1
5

13
5

4
5 0 1 708

The bottom line no longer has negative numbers, so we run the result of the task. Basic
columns are those that have zero at the bottom line, and they provide basic solutions for
the variables, which we take by matching the given column and column c of the given row.
We assign zeros to variables from other (non-basic) columns:

x = 48, y = 84, z = 0, u = 0, v = 0, w = 60, (1.305)

and the maximum value of the function is 708, which is also taken from the last column.
As we can see, this method is reminiscent of the Gaussian elimination method in seeking

the solution of a linear equation system. However, we will not generate it into complex
numbers. It is currently not interesting to quantum mechanics, but it will be, say, with the
increasing importance of the principle of least action99.

99The Principle of Least Action: http://www.feynmanlectures.caltech.edu/II_19.html
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1.3 Continuum

Looking from the point of view of the logic itself, without popularity, functional analysis also
makes key contributions to the understanding of vector spaces. This is surprising, in almost
the way of the Pythagoreans from the Ancient Greece, who were very uncomfortably caught
up in the discovery of real numbers, because we reluctantly accept the reality of infinity.
It is undoubtedly here as a mathematical abstraction and as one of the equally difficult
mathematical truths, and therefore as well as the fact that 2 + 2 = 4, but there is nowhere
to be “concertized” in the world of physical substance. Unlike abstract laws of nature (I do
not intend to say math), the material world governs both the principle of coincidence and
the principle of finality.

Under the coincidence principle, here I mean what I call in the book “Space-time” (see
[1]) the principle of probability (most likely the most likely things happen) including the
(hypo) thesis of objective coincidence. As something then can happen and not happen, then
analogous to the mathematical logic (especially implication) follows the conclusion that the
starting assumption is incorrect, so we ask an important question: which one? When
asked “which is the precondition that leads to the occurrence of different consequences”,
we now answer: “matter”. Material worlds can also be in parallel reality that cannot
communicate one with another. Absolute mathematical truth does not apply to material
worlds. Everything in direct relation to the “concrete” physical substance is finite.

This is why the importance of the continuum is difficult to see. The infinitesimal calculus
is a small part of our everyday life, which is actually a small part of the absolute truth.
We who exist mainly as material beings, we are imaging of perceiving the reality. We look
around the world through a very small window of frequency of electromagnetic radiation,
which we call visible light, we hear a relatively small range of sounds, we can barely smell
the scent, and the touch sense is so much deceiving us that we have only recently learned
with science that material things are not “hard” or “soft”, and that what we call the
physical obstacle is actually largely unfulfilled by what we have been expecting there and
that abstract laws dominate that emptiness. We are so eager to believe that we can easily
believe in the lie of perception, that matter is more objective than the law of nature. We
live in an illusion that infinity is anomaly.

In addition, we (physical substance) communicate with the perceptions of reality. In all
this illusion, however, the strong logic that hides in infinity is like screaming at us from afar
and shouts to us: “Here I am, and I exist!”

How could infinity ever become part of mathematics, if it was illogical? How would it be
logical if it is impossible? This are the questions that imposed always and again, and today,
to those “frustrated” quantists (atomists) who see the finality in all things, in the furthest
case the discretion (countable infinity), or such as Mach100 sometimes, they do not want to
believe that atoms exist simply because they are visible, hearable, feelable. Here we follow
the principle of objective coincidence and especially its consequence that the mentioned
Mach’s understanding of physical reality is very naive.

To the “reality” of infinity after sets came algebra too. The number of elements of the
set S, denoted ∣S∣, is proved by counting and called cardinality. Counting is established by
bijection among the elements of the given set and orderly the elements of the set of natural
numbers N = {1,2,3, . . .}. Similar as we conclude, say, that the set S = {a, b, c, d} has four

100Ernst Mach (1838-1916), Austrian physicist and philosopher.
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elements, because we have the following mapping:

a→ 1, b→ 2, c→ 3, d→ 4, (1.306)

we generalize the counting to the infinite sets whose numbers are then called “cardinals”.
The subjects we counting by pulling them out of the box one by one saying: one, two, three,
and finally four, to find out that there are exactly four of them. If counting never reaches
the end, then in the box there is exactly the same number of items as there are the natural
numbers. All the essential things are finite, but it is not all the reality in the substance, so
we count further. The number of natural numbers is denoted by aleph-zero, ℵ0 = ∣N∣, and
we continue to count more abstract items.

The number of integers Z is equal to the number of natural numbers N, because
there is a bijection between them. To prove this, it is enough to note that the sequence
0,1,−1,2,−2, . . . represents counting. In the figure 1.46 we count the set Q.

Figure 1.46: Counting fractions.

In order to “count” them, first write positive rational numbers in rows as a matrix;
in n-th row (n = 1,2,3, . . . ) write an infinite series of fractions n

1 ,
n
2 ,

n
3 , . . . , and count the

resulting matrix by following the arrows in the figure 1.46, skipping each number that
is previously appeared. Thus we encounter constantly new rational numbers reaching to
any preset positive rational number. This establishes a bijection between positive rational
numbers and the set of natural numbers. Then we establish a bijection between the set of
positive and the all rational numbers in the way the bijection between N and Z is established.
Therefore, there are aleph-zero, ℵ0, rational numbers. Sets with aleph-zero elements are
called countable sets.

To prove that real numbers R are uncountable many, notice a significant difference
between them and rational numbers in decimal writing. Each rational number after the
decimal point has a period of digits that is constantly repeated. Therefore, we can consider
the number x = 0.123123 . . . as the equation, multiply it by 1000 and get the equation
1000x = 123.123123 . . . , and hence 1000x = 123+x, so 999x = 123, which means that x = 123

999
is a rational number. It is quickly understood that this method, converting a periodic
decimal number into a fraction with an integer numerator and denominator, is universal;
that each periodic decimal number is rational and vice versa, that each rational number
can be represented by a periodic decimal. Therefore, other real numbers are those that are
written in non-periodic decimal.
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To prove that real numbers cannot be sorted, aling, let’s just take numbers from 0 to
1 and suppose that there is one such sequence in the figure 1.47. These numbers do not
have to be alined in size, but all of them from the interval (0,1) must be in, including the
rational ones. We will construct a number from the same interval that is not in a given
sequence and thus prove by the method of contradiction that the required sequence does
not exist.

Figure 1.47: Counting the irrational.

Note that in the first number in the series the first decimal digit is number 5, so instead
of it choose any new digit d1 ≠ 5. In the second real number the second decimal is numeral
9 and we choose d2 ≠ 9, the third is the third decimal 5, and we choose d3 ≠ 5, and in the
sequel, if n-th decimal of n-th real number is a we choose a new digit dn ≠ a. Then, create
a decimal number of the new digits d = 0.d1d2d3 . . . , which is surely from the same interval
d ∈ (0,1), but it is not in the given series. Namely, the number d cannot be equal to some
number from the string, because with the first it is not equal in the first decimal, with the
second it is no equal in second decimal, with the third in third, and so on, with n-th it is
not equal in n-th decimal.

Therefore, the sorting of real numbers from the interval (0,1) in the array is not possible.
Assuming that we have such a series is contradictory, so it is not possible to run all real
numbers in particular. It means that the set of real numbers is uncountable, and a set with
as many elements as real numbers is called continuum, the mark c.

It can be further assumed that there is no set of numbers whose cardinality (the number
of elements) is strictly between ℵ0 and c. This is the continuum hypothesis, which we will not
justify here. I only mention that Cantor appointed it in 1878, that it was the 23th problem
of Hilbert in 1900 and that in Zermelo’s101 theory of sets was taken in 1908 as the axiom
of choice. His correctness was proved by Cohen102 in 1963 completing Gödel’s103 previous
work. Therefore, an infinitely large number between the aleph-zero and the continuum
exists, or does not exist, you choose.

We will see the necessity of the continuum in quantum mechanics here, for example,
through the knowledge that the physical properties of representation of the spectrum of a
linear operator and that the spectrum is discrete (quantized) if and only if their operator
is continuous. Also, only by the action of such uninterrupted operators, the quantum state
evolves into limited (final) values. In addition to the aforementioned, we will also see the
theorems of functional analysis discovered prior to quantum mechanics, which seemed to
be waiting for modern physics.

101Ernst Zermelo (1871-1953), German logician and mathematician.
102Paul Cohen (1934-2007), American mathematician.
103Kurt Gödel (1906-1978), an Austro-American mathematician
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1.3.1 Metric space

The vector space cannot be reached via the algebraic definition 1.1.9 only, but we can start
from an arbitrary set X whose elements do not have to have other properties except that
we can call them “points” and that we can introduce the term “distances” in a way that
reminds us enough about the usual distance.

Definition 1.3.1 (Metrics). Let X is amorphous set with elements x, y, z, . . . . If each
ordered pair (x, y) from X is coordinated the real number d(x, y) which has the following
characteristics, axioms:

I. d(x, y) = 0 ⇐⇒ x = y, identity,
II. 0 ≤ d(x, y) < +∞ positivity,

III. d(x, y) = d(y, x) symmetry,
IV. d(x, y) ≤ d(x, z) + d(z, y) inequality of triangle,

we say that set X is supplied by d metric. The set X supplied by the metric d is called
metric space, its elements called points, and d(x, y) distance between the points x and y.

Quantum system (group of particles) can also be understood as an “amorphous” set.
Its states are physical properties that can take different values. A group of these values
defines an abstract point here. At the same points (identical groups of physical properties),
we associate the zero distance (axiom I), which is always a non-negative number (axiom
II). The third and fourth axioms define the measurements of “distances” between changed
states in both directions of change.

From the metric definition we get:

d(x, z) ≤ d(x, y) + d(y, z), d(z, y) ≤ d(z, x) + d(x, y),

d(x, z) − d(z, y) ≤ d(x, y), d(z, y) − d(x, z) ≤ d(x, y),

hence
∣d(x, z) − d(z, y)∣ ≤ d(x, y). (1.307)

Therefore, for the inequality of the triangle (IV) we can say: each side of the triangle is
smaller than the sum of the other two and greater than their difference.

Therefore, the metric space is a pair (X,d) that is made by a set X and introduced
metric d. Simple such spaces are a set of real numbers with metric d(x, y) = ∣x − y∣ and a
set of complex numbers with metric d(z1, z2) = ∣z1 − z2∣ =

√
(x1 − x2)

2 + (y1 − y2)
2, where

z1 = x1 + iy1, z2 = x2 + iy2, all x and y are real numbers, and i2 = −1. The problem
of confirming metric spaces for other sets of points is the relation of the triangle, the IV
definition, for which we need to prove the Young104, Hölder105 and Minkowski106 inequality.

Lemma 1.3.2 (Young inequality). Let p, q, and a, b are positive real numbers. Than it is:

1

p
+

1

q
= 1 ⇒ ab ≤

ap

p
+
bq

q
. (1.308)

On right, in Young’s inequality, the equality is valid if and only if ap = bq.
104William Henry Young (1863-1942), English mathematician.
105Otto Hölder (1859-1937), German mathematician born in Stuttgart.
106Hermann Minkowski (1864-1909), Russian mathematician professor in Königsberg, Zürich and Göttin-

gen.
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Proof. Logarithm function f(x) = ln(x) is conkave (dented above), and, as you can se in
the figure 1.48, for all positive x, y and λ ∈ (0,1) is valid:

ln[λx + (1 − λ)y] ≥ λ ln(x) + (1 − λ) ln(y),

with the equality if and only if x = y. Here put x = ap, y = bq and λ = 1
p , then is 1 − λ = 1

q ,
co change into the exponents of both sides.

Figure 1.48: Concave function.

Theorem 1.3.3 (Hölder). Given are arbitrary numbers αν , βν ∈ C, orderly for ν = 1,2, . . . , n,
and real number p > 1 that define number q with 1/p + 1/q = 1. For any n = 1,2, . . .

n

∑
ν=1

∣ανβν ∣ ≤ (
n

∑
ν=1

∣αν ∣
p
)

1/p

(
n

∑
ν=1

∣βν ∣
q
)

1/q

. (1.309)

That is Hölder inequality.

Proof. By numbers αν and βν we define numbers:

α′ν = αν/ (
n

∑
ν=1

∣αν ∣
p
)

1/p

, β′ν = βν/ (
n

∑
ν=1

∣βν ∣
q
)

1/q

,

and Hölder inequality becomes
n

∑
ν=1

∣α′νβ
′
ν ∣ ≤ 1,

with conditions:
n

∑
ν=1

∣α′ν ∣
p
= 1,

n

∑
ν=1

∣β′ν ∣
q
= 1.

Next, use Young inequality (1.174), put a = ∣α′ν ∣ and b = ∣β′ν ∣ orderly for indexes ν = 1,2, . . . , n
and adding given inequality. We find:

n

∑
ν=1

∣α′νβ
′
ν ∣ ≤

1

p

n

∑
ν=1

∣α′ν ∣
p
+

1

q

n

∑
ν=1

∣β′ν ∣
q
=

1

p
+

1

q
= 1,

which has to be proved.
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When p = q = 2 the Young inequality becomes known inequality “AG”, between the
arithmetic and the geometric mean

ab ≤
a2 + b2

2
, (1.310)

and then Hölder’s inequality becomes the Cauchy–Schwarz.
Cauchy or Schwarz107 the inequality, besides the lemma 1.2.49, can also be obtained

from the scalar product of the generalized n-dimensional vector space of “oriented segments”
where (1.116) becomes

a⃗ = a1e⃗1 + a2e⃗2 + ⋅ ⋅ ⋅ + ane⃗n, b⃗ = b1e⃗1 + b2e⃗2 + ⋅ ⋅ ⋅ + bne⃗n, (1.311)

with orths108 e⃗k (k = 1,2, . . . , n). Because ∣ cosγ∣ ≤ 1, the scalar product (1.119) gives

a1b1 + a2b2 + ⋅ ⋅ ⋅ + anbn ≤
√

a2
1 + a

2
2 + ⋅ ⋅ ⋅ + a

2
n

√

b21 + b
2
2 + ⋅ ⋅ ⋅ + b

2
n, (1.312)

and that is Hölder inequality for p = q = 2.

Theorem 1.3.4 (Minkowski). Let αν , βν ∈ C for ν = 1,2, . . . , n and let is the real number
p ≥ 1. Then for any n ∈ N is valid inequality:

(
n

∑
ν=1

∣αν + βν ∣
p
)

1/p

≤ (
n

∑
ν=1

∣αν ∣
p
)

1/p

+ (
n

∑
ν=1

∣βν ∣
p
)

1/p

, (1.313)

which is called Minkowski inequality.

Proof. The proof is non-trivial for p > 1. We apply Hölder’s inequality twice:

n

∑
ν=1

∣αν + βν ∣
p
≤

n

∑
ν=1

∣αν ∣∣αν + βν ∣
p−1

+
n

∑
ν=1

∣βν ∣∣αν + βν ∣
p−1

≤

≤ (
n

∑
ν=1

∣αν ∣
p
)

1/p

(
n

∑
ν=1

∣αν + βν ∣
qp−q

)

1/q

+ (
n

∑
ν=1

∣βν ∣
p
)

1/p

(
n

∑
ν=1

∣αν + βν ∣
qp−q

)

1/q

≤ (
n

∑
ν=1

∣αν + βν ∣
p
)

1/q ⎡
⎢
⎢
⎢
⎢
⎣

(
n

∑
ν=1

∣αν ∣
p
)

1/p

+ (
n

∑
ν=1

∣βν ∣
p
)

1/p⎤
⎥
⎥
⎥
⎥
⎦

,

from where because 1/p + 1/q = 1 is followed the claim.

Finally, with Minkowski’s inequality, for different sets we can prove that they are metric
spaces. In the space of arranged n-tuple numbers, denoted Cn, the metric is introduced in
various ways.

For example, if x = (ξ1, ξ2, . . . , ξn), y = (η1, η2, . . . , ηn) and z = (ζ1, ζ2, . . . , ζn) are such
n-tuple (n ∈ N), than with

d(x, y)p = (
n

∑
ν=1

∣ξν − ην ∣
p
)

1/p

, 1 ≤ p < +∞, (1.314)

107Hermann Schwarz (1843-1921), German mathematician.
108orth – vector of orthonormal basis
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is defined metric in the space, which we denote with Cnp or Rnp when we want to emphasize
that members of the set are complex or real numbers. When n → ∞ we designate this
space with `p, with the condition of convergence of series. In the event that the exponent
increases unlimitedly, p→∞, but not n, the metric becomes

d(x, y)∞ = max
1≤ν≤n

∣ξν − ην ∣. (1.315)

It is a metric space that is sometimes marked with Cn∞ or Rn∞, and which for n→∞ becomes
space m.

It is clear that expression (1.314) has all the distance properties of the definition 1.3.1.
The (IV) inequality of the triangle is a little bit unclear. We get it by changing αν = ξν −ην
and βν = ζν − ην into an inequality of Minkowski. So from:

(
n

∑
ν=1

∣ξν − ην ∣
p
)

1/p

≤ (
n

∑
ν=1

∣ξν − ζν ∣
p
)

1/p

+ (
n

∑
ν=1

∣ζν − ην ∣
p
)

1/p

,

d(x, y) ≤ d(x, z) + d(z, y),

is coming out and IV.
Interesting cases of the space of continuous functions of a real or complex variable from

the interval [a, b] for ba < +∞, which can take complex or real values, which we mark
Cp[a, b] or Lp[a, b]. It’s easy to check that expression

d(x, y) = (

ˆ b

a
∣x(t) − y(t)∣pdt)

1/p

, 1 ≤ p < +∞, (1.316)

it has all the properties from the definition of distance. For example, property I is obviously
true when x and y coincide, but vice versa, if d(x, y) = 0, then x is identically equal to y in
[a, b]. Namely, if for some t = t0 there were x(t0) ≠ y(t0), i.e. ∣x(t0)−y(t0)∣ = δ > 0, then the
continuous function ∣x(t) − y(t)∣ would be greater than δ/2 over a single positive interval
length, and the given integral would not be zero. It follows from this contradiction that the
integral (1.316) follows the well-defined distance. In particular, when p → ∞, this integral
is reduced to

d(x, y) = max
a≤t≤b

∣x(t) − y(t)∣ (1.317)

and then the metric space is indicated by C[a, b].
If we have two metric spaces (X ′, d′) and (X,d) so that X ′ ⊂X and d′ = d for each pair

of points in X ′, we say that X ′ is metric subspace of X. Every part of Y ⊆ X of metric
space X can be understood as a metric subspace of X with induced (prescribed) metric
from X to Y .

Definition 1.3.5 (Isometry). The two metric spaces X and Y are isometirc if among them
exists the bijection f ∶X → Y such that

dY (f(x1), f(x2)) = dX(x1, x2), (1.318)

for each pair of points x1, x2 ∈X.

Two isometric spaces can be distinguished only by their particularities, by the nature of
their elements. The theorems that we further prove do not concern such special properties,
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but apply equally to all metric spaces. For example, if a metric space X ′ is isometric to a
subspace of X, we will say that the space X ′ is a subspace of X.

For the set we say that is ordered if there is a relation of the order (definition 1.1.31)
which applies to all pairs of elements of that set. Within the ordered set S it makes sense
to seek a minimum or maximum, successive minS or maxS, the smallest or largest element
of the set, if any. With inf S and supS, we denote by infimum and supremum S. Infimum
is the highest upper limit, and supremum is the smallest lower limit of a given set within a
wider set X. For example, within real numbers:

inf{0,−1,−2, . . .} = −∞, inf{3,4,5} = 3, inf ∅ = +∞,
sup∅ = −∞, sup{3,4,5} = 5, sup{1,2,3 . . .} = +∞.

More precisely, for the framework set X = R of set S = {x∣a < x < b} and a, b ∈X, we write:

inf
x∈X

S = a, sup
x∈X

S = b. (1.319)

The Infimum subset S (at least partially) of the ordered set X is the largest element in X
which is less than or equal to each of the element in S. The supremum of the subset S is
the smallest element of X that is greater than or equal to all the elements of S.

Distance between sets A,B ⊂X and diameter S ⊂X are respectively:

d(A,B) = inf
x∈A,y∈B

d(x, y), d(S) = sup
x,y∈S

d(x, y). (1.320)

The set S ⊂X is restricted if it has a finite diameter.

Example 1.3.6. Show that in the set X the expression

d(x1, x2) =
∣x1 − x2∣

1 + ∣x1 − x2∣

is well defined metric and find a diameter of the set S ⊂X, if:
1. X = R and S = {x∣0 < ∣x∣ < 1}; 2. X = C and S = {z∣0 < ∣z∣ < 1}.

Solution. Positivity and symmetry of metrics, definitions 1.3.1, They are obvious in both.
1. The inequality of the triangle is proved by assumptions x1 ≥ x2 ≥ x3 and M =

∣x1 − x2∣ ≥ ∣x2 − x3∣, which do not diminish the generality:

d(x1, x2) + d(x2, x3) =
∣x1 − x2∣

1 + ∣x1 − x2∣
+

∣x2 − x3∣

1 + ∣x2 − x3∣
≥

≥
∣x1 − x2∣

1 +M
+

∣x2 − x3∣

1 +M
≥

∣x1 − x3∣

1 +M
≥

∣x1 − x3∣

1 + ∣x1 − x3∣
,

d(x1, x2) + d(x2, x3) ≥ d(x1, x3).

From

d(S) =
∣1 − (−1)∣

1 + ∣1 − (−1)∣
=

2

3
,

It follows that it’s a diameter d(S) = 2
3 .

2. Note that a real function f(x) = x
1+x has derivation f ′(x) = 1

(1+x) > 0, which means

it’s growing. We put it x = d(z,0) and with the previous assumptions, the evidence follows
in the same way. We take two endpoints, z1 = 1 and z2 = −1 ball S, we find the same
d(S) = 2

3 again.
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This example shows that in metric spaces it is not necessary to have a complete ar-
rangement, a relation of order, to determine, for example, the distance, the diameter, the
limitations, and in that sense, nor to search for extrema. Let us now introduce some more
important concepts of functional analysis.

When c ∈ X is a fixed point and r is a positive real number, the set of points x ∈ X for
which the inequality d(c, x) < r and d(c, x) ≤ r is true is called respectively open and closed
ball with center in c and radius r. The sphere with the center c and the radius r are called
the set of points x ∈X for which d(c, x) = r holds. An open ball we denotes K]c, r[, closed
K[c, r], and if you don’t care K(c, r). The set S ⊂X is open if for each x ∈ S there is some
r > 0 so that K]x, r[⊂ S. The set is closed if the complement is open.

It is easy to prove that every open set is infinite. The Union of however much and
intersection of finally many open sets is an open set. Also, dual attitudes apply. Each final
set is closed. The intersection of as much you like as the union of finally many closed sets is
a closed set. However, an empty set and the entire space are open and closed sets. If there
is no other set in the space, besides the empty set and the whole space, which is both open
and closed, we say that space is connected.

These concepts are introduced into mathematical analysis before the discovery of quan-
tum mechanics, and we will see why, but they are not “arbitrary” from the point of view
of modern physics. In particular, starting with the principle of finiteness mentioned here,
which said to be valid for any property of physical substance, we note that anything that is
infinite is not the substance. Relying on concepts “finally” and “infinite” from mathemat-
ical analysis and on its consistency, we note further that the substance is made up of only
closed sets, and that an empty set, as well as all the space simultaneously is and finite and
infinite. Hence the following consequence separated as a special (hypo) thesis.

Each part of the vacuum as well as the all universe is both material and immaterial.

Environment or neighbourhood of the set A ⊂ X is every set containing an open set in
which is the set A. For ε > 0 ball K]x, ε[ we call epsilon neighbourhood (ε-neighbourhood)
of the point x. The point x is the interior point of the set A if A is its surroundings. A set
of all internal points of a set A, we denotes Ȧ.

For example, the interior of the interval (a, b) is the open interval ]a, b[. The interior
of a rational number set is an empty set. The set A is open then and only then if there
is a neighbourhood of each of its points. Ȧ is the largest open set contained in A, so the
equality Ȧ = A is the characteristic of open sets. The interior of Ȧ is Ȧ. If A ⊂ B then is
Ȧ ⊂ Ḃ. The interior of A ∩B is Ȧ ∩ Ḃ.

The point x is the adherent point of the set A if there is at least one point of A in each of
its neighbourhood. The set of all adherent points of the set A is called adherence of that set
and is denoted Ã. More precisely, an adherent point of a subset A of a topological space109

X is a point x ∈ X such that every open set containing x contains at least one point of A.
The adherent point differs from limit point, or bound point, because for a limit point it is
required that every open set containing x contains at least one point of A different from x.
Thus every limit point is an adherent point, but the converse is not true.

Obviously it is A ⊂ Ã. The adherence of the space (a, b) ⊂ R is a closed space [a, b]. The
adherence of the set Q is a set of R. If x is not an internal (adherent) point of the set A, it
is an adherent (inner) point of the complement set Ac. Therefore, Ã is the smallest closed
set containing A, and closed sets are characterized by the equality Ã = A. The adherence

109Topological space may be defined as a set of points, along with a set of neighbourhoods for each point.
The precise definition is below.
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Quantum Mechanics

of Ã is Ã. If A ⊂ B then Ã ⊂ B̃. Adherence A ∪B is Ã ∪ B̃.

The point x is a bound point, some point of edge of the set A, if at the same time it is
the adherent point of both sets A and Ac. So, the boundary of A is at the same time the
boundary of the complement Ac. The bounds of the interval (a, b) are the points a and b.
In R, the boundary of the set Q is the set R. Boundary of each set is a closed set.

Summarizing these basic concepts of functional analysis we can say that all points of
space can be divided into three categories in relation to the given set: the internal points of
the set A, the internal points of the complement Ac, and the boundary points (in both of
these sets). Also, from the point of view of the principle of finality, we can say that every
physical reality can be divided into three categories, and that the matter (substance) at
each point borders with something abstract, infinite.

The point x is isolated point of set A if there is an environment of the point x in which,
except x, there are no other points from A. The point x is the accumulation point of the
set A if there is at least one point of A different from x in each of its neighbourhood.
More precisely, the accumulation point is a point x in a topological space X such that in
any neighbourhood of x there is a point of A distinct from x. A collection of points of
accumulation of a set A is called the derived set of A that is denoted by A′.

Note that the accumulation point may or may not belong to the set. In the set R, the
set A = { 1

n} for n = 1,2,3, . . . does not have its only point of accumulation (zero). In the
same set, we see that (A′)′ is not equal to A′, because A′ = {0}, while (A′)′ = ∅. However,
for an arbitrary set, Ã = A ∪A′ is valid. The derived set of rational numbers is the set of
real numbers. The set is closed then and only if all the points of accumulation belong to it,
that is, A′ ⊂ A. Hence, each closed set is a disjunctive union of its isolated points and its
accumulation points.

The set A is perfect if all the points of accumulation belong to it, and if each point is
one point of accumulation, i.e. A′ = A. Simply, a subset of a topological space is perfect if
it is closed and has no isolated points. The set A is everywhere dense in the set B, if any
point in B is an adherent point of A, i.e. B ⊂ Ã.

In other words, the set A is everywhere dense in B if at any neighbourhood of any point
in B there is at least one point from A, so the set of rational numbers is everywhere dense
in a set of real numbers. In addition, the closed interval in R is a perfect set, and such is
and the set of all real numbers.

We can now define the topological space in another way. Say, when a metric is taken
from the metric space, we get the topological space. More precisely, a topological space, also
called an abstract topological space, is a set X together with a collection of open subsets T
that satisfies the four conditions:

1. The empty set ∅ is in T .

2. X is in T .

3. The intersection of a finite number of sets in T is also in T .

4. The union of an arbitrary number of sets in T is also in T .
Alternatively, T may be defined to be the closed sets rather than the open sets110, in which
case conditions 3 and 4 become: (3) the intersection of an arbitrary number of sets in T is
also in T , and (4) the union of a finite number of sets in T is also in T .

Let’s go back to the main topic, to continue the story of metric spaces. The set A ⊂X is
nowhere dense in X, if its adherence Ã does not contain any one ball, or what is the same
if Ã has no internal points. Also, a set X is said to be nowhere dense if the interior of the

110see Wolfram Mathworld: http://mathworld.wolfram.com/
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set closure111 of X is the empty set. The set Z is nowhere dense in R. A set A ⊂ X is the
first category in X, if the union is the highest countable many of the dense sets in X. Any
set that is not the first by definition is second category in X.

It is clear that the union of finally many nowhere dense sets is itself such, but it does not
have to be in the case of a union of countable infinite sets. For example, a set of rational
numbers is a countable union of nowhere dense sets (one point at a time), but itself it is
not nowhere dense.

These are all well-known concepts of metric space, useful tools of all who deal with
mathematical analysis. Understanding the above examples here is left to the intuition of
the reader, but it should be known that it is not the case in the basic textbooks. However,
in order to appear “obvious”, each of these attitudes is multiple proven in the course of the
development of this field of mathematics, first of all, to discover some inconsistency in this
“unnatural” abstractions of infinity. Finally, we have obtained a theory in which it would
be more difficult to discover some inconsistency than perhaps in the multiplication table
for the principals. That’s why physicists, engineers, and many others who use this branch
of mathematics do not think to question its accuracy.

Here are some more or less obvious views, some of which I will also give evidence. Each
non-empty open set in R is the union of the at most countable (infinite) many disjunctive
open intervals. Each non-empty closed set in R is obtained by removing the most countable
open intervals of the real axis. In the case of simple sets, this looks simple, but otherwise
it is not.

For example, let F0 be the closed interval [0,1]. Remove from F0 an open interval ]1
3 ,

2
3[

and (closed) set that remains marked with F1. Remove than an open middle third from
each of the separate intervals F1, and what remains to be marked with F2. Continuing this
procedure, when n → ∞, we obtain a set of sets Fn each of which has 2n of disjunctive
closed interval lengths of 3−n, where Fn ⊂ Fn−1. The Cantor set F is defined with

F =
∞

⋂
n=1

Fn. (1.321)

The set F is closed. Points 0, 1, 1
3 , 2

3 , 1
9 , 7

9 , 8
9 , ..., as the ends of removed open intervals,

obviously belong to F , but they are not the only points of that set. They are called points
of the first type, and there are countable (infinite) many of them. However, the cardinal
number (number of elements) of the set F is a continuum, so it has a continuum of points
that are not points of the first type, which are called points of the second type. Since F is
a closed set and there are no isolated points, it is a perfect set.

Theorem 1.3.7 (Bolzano-Weierstrass). Every limited infinite set in R has at least one
point of accumulation.

Proof. Let the points of the set lie in the interval [a, b], b − a < ∞. Let’s split it into two
parts and take an interval [a1, b1] in which there are infinitely many points. Let’s split this
interval into two parts and take an interval [a2, b2] in which there are infinitely many points.
After n = 1,2,3, . . . splitings, we get all shorter and shorter intervals [an, bn], bn − an → 0
that continuously contain infinitely many elements. It is clear from the division method
that the inequalities am < bn are valid for the ends of these intervals, and that bn − am → 0
when max{m,n}→∞, and hence, exists the number that belongs to all these intervals.

111The closure of a set A is the smallest closed set containing A.
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The last conclusion is the result of the previously mentioned axiom of choices, that each
set has a selection function. In a less general form, it is the attitude that every subset of real
numbers X ⊂ R that has a finite majority (minority) has a supremum (infimum). Or, more
specifically, the set of inserted intervals [an, bn] ⊂ R, such that an < bn, [an+1, bn+1] ⊂ [an, bn],
bn − an → 0 , n→∞, has a common point.

The Bolzano-Weierstrass theorem is a peculiarity of real analysis, that every infinite
series of closed intervals in Rn has a convergent subset. The first was proved by Bolzano112

in 1817 as a proof of the mean value theorem (if the continuous function changes the sign,
it has zero at that interval). Fifty years later, the result was checked by Weierstrass and
since then it has been one of the most important theorems of the analyze.

As far as I know, in the more serious texts of functional analysis and physics (until
beginning 2018), there is no association of the concepts of adherence, the opening of sets or
the points of accumulation with a physical substance. If so, I’m promoting this relationship
now, so I need to clarify it. Because they are not infinite, all sizes which we consider to
represent some material values are finite, conditionally said, are quantized, and consistently,
each material structure can be understood as the final set of particles and this is the answer
to that (still open) familiar question: what can be at all the quantum state in quantum
mechanics.

The matter always borders, we can say bond with infinity, and on both sides of that
border there is the universe. On both sides of the border are objective physical phenom-
ena. Physical representations of infinite sets of metric space of analysis are also objective,
although not material. We regard this connection as unquestionable and the question is
where they are the limits of that infinity, from the point of view of matter?

112Bernard Bolzano (1781-1848), Czech mathematician.
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1.3.2 Completion of space

The metric space X is separable if there is a countable (everywhere) dense set of points;
that is, there exists a sequence {xn}

∞
n−1 of elements of the space such that every nonempty

open set of the space contains at least one element of the sequence.

Example 1.3.8. The space Rn is separable.

Explanation. It is necessary to use the metric (1.314) of this space to show that in each ε-
neighbourhood of the point x = (ξν) ∈ Rn there is a point r = (ρν) with rational coordinates.
And that this is true, shows the choice of rational numbers ρν so that it is

∣ξν − ρν ∣ <
ε

√
n
, (ν = 1,2, . . . , n),

which is possible, and it results with

d(x, r) = (
n

∑
ν=1

∣ξν − ρν ∣
p
)

1/p

< ε.

The set of points with rational coordinates is countable, so according to this, it is everywhere
dense Rnp , for any p ∈ N, and so for p = 2.

Similarly, it can be proved that the space Cn, which from the previous one is obtained
by replacing real numbers in coordinates by complex, is separable one. However, it is not
the separable space m of bounded sequences (ξν), with the metric

d(x, y) = sup
ν

∣ξν − ην ∣, (1.322)

for arbitrary x = (ξν) and y = (ην) series of numbers. Indeed, we notice a set of binary
sequences, numbers 0 or 1, which is obviously a subset of m. The cardinal number (number
of elements) of this set is a continuum, since every decimal number can be written in a
unique way by a binary string. For each point of the binary sequence, we describe the
ball of the 1

3 radius, which will all be disjunctive, since the distance of any two points is
represented by the series 1. Each everywhere dense set in m would have at least one point
in each of these balls, and it would be more than countable.

Example 1.3.9. The space C[a, b], defined by the metric (1.317), is separable.

Explanation. This can be shown by a similar choice as in the example 1.3.8, because in an
arbitrarily small area of an irrational number you can always find a rational number, and a
set of rational numbers is countable.

This example is a very important for those who deal with the mathematical analysis of
the well-known Stone113-Weierstrass theorem, whose strict proof because of prolixity here
is omitted.

Theorem 1.3.10 (Stone–Weierstrass). Let x(t) is one on the interval [a, b] continuous
function and let it be ε > 0 arbitrary number. Then exists the polynomial pε(t) such that

∣x(t) − pε(t)∣ < ε, (1.323)

for any t ∈ (a, b).

113Marshall Harvey Stone (1903-1989), American mathematician.
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The dictionary of the metric space of the theorem reads: “The set of polynomials is
everywhere dense in the space C[a, b]”. This follows the example 1.3.9, since it can be shown
that the set of polynomials with rational coefficients (which is countable) is everywhere dense
in C[a, b]. In mathematical analysis, this theorem is also called Weierstrass approximation
polynomial. It claims that any continuous function defined at a closed interval [a, b] can
be approximated uniformly, as close as needed, by polynomials. Because polynomials are
simple functions and which computers calculate directly, this theorem has both practical
and theoretical value. The original version was set by Weierstrass in 1885, and Stone was
commissioned it in 1937.

The second version of this theorem, the second Weierstrass theorem, says that every
periodic continuous function of the period 2π can be uniformly approximated, as close as
necessary, by the trigonometric polynomials

1

2
α0 +

∞

∑
k=1

(αk coskt + βk sinkt). (1.324)

From this it follows that the separable is space C̃[0,2π], of the continuous and periodic
functions x(t) with period 2π, and the metric the same as in C[0,2π].

Definition 1.3.11 (Base set). The collection of open sets in the space X is a base of the
space if every non-empty open set from X can be represented as a union of sets from that
base set.

The collection of all open sets of X is a trivial base. A base is also a collection of all
open balls in X, and an even less costly is collection of all open balls of rational radius.
For X we say that is the countable base if there is a base of the (at most) countable many
elements in it. It can be proved that the space is the countable base if and only if it is
separable.

A collection of sets is called covering of the set A if each point x ∈ A lies in at least one
set of this collection. In particular, when it comes to open sets, we talk about open cover.
From each open covering of the separable space X, one can isolate a counting coverage of
that space. The last statement is Lindelöf114 theorem.

Definition 1.3.12 (Convergence). We say, the sequence (xn) from the space X converge
to the point x of the space, if

d(xn, x)→ 0, n→∞. (1.325)

In other words, x ∈X is the limit of the given sequence.

When the string (xn) converges x, we write xn → x (n→∞), or

lim
n→∞

xn = x. (1.326)

Also, (xn) converges to point x if every neighbourhood of the point Vx corresponds to a
natural number n0 such that from n ≥ n0 follows xn ∈ Vx.

Theorem 1.3.13. Each converged string is limited.

114Ernst Leonard Lindelöf (1870-1946), Finnish mathematician.
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Proof. From d(x,xn) < ε for n ≥ n0 follows that all the points of the set {xn}, except maybe
finally lot of them, are in the ball K]x, ε[. For sufficiently large r all points of the set {xn}
shall be in the ball K]x, r[.

For each strictly increasing series of natural numbers n1 < n2 < n2 < . . . , the string (xnk)
is partial string of (xn). The point x is the adherent value of the set (xn) if there is a
partial string (xnk) converging x.

Theorem 1.3.14. The necessary and sufficient condition that x is the adherent value of
(xn) is that each neighbourhood Vx of the point x and every natural number m corresponds
to a natural number r >m such that xr ∈ Vx.

Proof. A condition is required, since for the adherent value x of the sequence (xn) there is
a partial series (xnk) converging to x. In every neighbourhood Vx lies all the members of
the series (xnk), except the finally many of them. Therefore, for any great natural number
m there will be enough big nk so that nk >m and xnk ∈ Vx.

The condition is sufficient, since then we can extract (by total induction) a partial
series (xnk) from the series (xn) taking: n1 = 1, and when we have chosen nk−1 we choose
for nk the first natural number greater than nk−1 for which d(x,xnk) < 1/k. Because
limk→∞ d(x,xnk) = 0, x is the adherent value of (xn).

With {xn} we denote the set of values of the set (xn). The set and the string are
different terms, so the adherent point of the set is not the same as the adherent value of the
string. For example, the real string (1/n) has zero as an adherent value, while zero and all
the elements of {1/n} are its adherent points. However, vice versa, each adherent value of
(xn) is an adherent point of the set {xn}. It is similar to the terms of the adherent value of
the series (xn) and the points of accumulation of the set {xn}. Each point of accumulation
of the set is the adherent value of the string, but vice versa is not true, as can be seen from
the example of the series 1,1,1, . . . in R. This string has 1 as an adherent value, and the
corresponding set of values has only one single element, so there is no point of accumulation.
In general, if we mark with A(xn) collection of adherent values of (xn), then:

(xn)
′
⊆ A(xn) ⊆ {xn}, (1.327)

where both the inclusions can be strict.
Between the adherent points, the accumulation points of the set, and the boundary

values of the array, there is a close connection, as discussed in the following paragraphs. A
set of adherent string values is a closed set. The necessary and sufficient condition that the
x is adherent point of S is that there is a string of points (xn) from S converging to x. A
necessary and sufficient condition that x is the accumulation point of S is that there are a
string of mutually different points (xn) from S converging to x.

Definition 1.3.15 (Cauchy sequence). The sequence (xn) is Cauchy’s if for any ε > 0
exists a natural number n0 such that from m > n ≥ n0 follows d(xm, xn) < ε.

From the definition, it follows that all members of the Cauchy sequence, except at most
finite many, are in the ball K]xn0 , ε[, and hence all in a little bigger ball. This proved the
first position of the next theorem.

Theorem 1.3.16. Each Cauchy sequence is limited. Each convergent sequence is the
Cauchy sequence.
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Proof. If the sequence (xn) is convergent, then xn → x, which means that for each ε > 0
there is n0 so that n ≥ n0 gives d(x,xn) < ε. Therefore, for m > n ≥ n0 is d(xm, xn) ≤

d(xm, x) + d(x,xn) ≤ 2ε, which means that (xn) is Cauchy sequence.

However, the reverse statement of the last is incorrect. For example, in the metric
space of rational numbers with the usual metric, we notice a sequence of (qn) where the qn
decimal fraction is obtained when in the decimal development of the (irrational) number√

2 has only the first n decimals. Then (qn) is the Cauchy sequence in Q, since for m > n
is d(qm, qn) < 1/10n → 0 (n→∞), but (qn) does not converge to a single rational number.

Definition 1.3.17 (Complete space). Metric space is complete if in it every Cauchy se-
quence converges.

It can be shown that the (mentioned) Dedekind axiom in the set of real numbers R is
equivalent to the completeness of a real axis, in particular, that the space of real numbers is
complete. This is immediately transferred to complex numbers, since the real and imaginary
axes of the complex C plane are the two real axes. Roughly speaking, these are the views
of the analysis that are usually expressed a little more precisely.

The metric space X is complete if and only if the intersection of each monotony de-
creasing series of closed balls Kn in X, whose radii tend to zero when n→∞, contains one
single point of space. If X is a complete metric space and A one of its subspaces, if A is a
closed set in X, then A too, observed for itself as a metric space, made one complete space.
Every complete metric space X is the second category in itself.

Proves of these statements can be found in better (rigorous) textbooks of analysis and
I leave them out here. The Baire category theorem was proved in 1899 by Baire115 in his
doctoral thesis. For use in quantum mechanics, I hope, there will be enough knowledge of
these claims without proof.

Example 1.3.18. The space lp (1 ≤ p <∞), with metric (1.314), is complete.

Explanation. Let (xn) is a Cauchy sequence in lp. Than for each ε > 0 exists n0 ∈ N such
that for any m > n ≥ n0 is

d(xm, xn) = (
∞

∑
k=1

∣ξmk − ηnk ∣
p
)

1/p

< ε. (1.328)

Because ∣ξmk −ηnk ∣ ≤ d(xm, xn) sequence (ξnk )n=1,2,... for any fixed index k = 1,2, . . . is Cauchy
sequence in R. As R is complete space, exists the number ξk such that ξnk → ξk when n→∞

(k = 1,2, . . . ). As each Cauchy sequence is limited, that is

d(xn,0) = (
∞

∑
k=1

∣ξnk ∣
p
)

1/p

≤ r, 0 = (0,0, . . . ),

from where it is for every n and every j

j

∑
k=1

∣ξnk ∣
p
≤ rp.

115René-Louis Baire (1874-1932), French mathematician.
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Let n→∞, we get
j

∑
k=1

∣ξk∣
p
≤ rp,

for any j. That means that partial sum of the series ∑∞
k=1 ∣ξk∣

p with positive items is limited,
which means that the series is convergent. It remains to be shown xn → x in terms of metrics
in lp. From (1.328) follows

j

∑
k=1

∣ξmk − ξnk ∣
p
< εp,

for m > n ≥ n0 and for any j. If we let m→∞, we get

j

∑
k=1

∣ξk − ξ
n
k ∣
p
≤ εp,

for n ≥ n0. Hence, d(xn, x) ≤ ε for n ≥ n0, which means xn → x in the sense of the metric in
lp.

We have seen earlier that the space m, of bounded sequence with metric (1.322), is not
separable. However, it is complete, as can be seen in the following example.

Example 1.3.19. The space m is complete.

Explanation. Let (xn) is a Cauchy sequence in m. Then d(xm, xn) < ε for m > n ≥ n0, so
the inequalities are valid:

∣ξmk − ξnk ∣ < ε, (k = 1,2, . . . ) (1.329)

Sequence of k coordinates (ξnk )n=1,2,... is Cauchy sequence in R, so exists the number ξk
such that ξnk → ξk when n →∞ for all k = 1,2, . . . . As (xn) as Cauchy sequence is limited,
d(xn,0) ≤ r, there will be even before ∣ξnk ∣ ≤ r for any n and any k. Let n→∞, then follows
∣ξk∣ ≤ r for any k, i.e. sequence (ξk) is limited, so the point x = (ξk) belongs to the space
m. Finally, if in (1.329) we let to be m → ∞ we get ∣ξk − ξ

n
k ∣ ≤ ε for n ≥ n0 and for any

k = 1,2, . . . , which means that

sup
k

∣ξk − ξ
n
k ∣ ≤ ε, n ≥ n0.

It is convergence, xn → x, in the meaning of the metrics m.

Example 1.3.20. The space C[a, b] is complete.

Explanation. Points of the space C[a, b] are the continuous function x(t) domain in the
interval [a, b] with metrics (1.318). Let (xn) is a Cauchy series in C[a, b]. Then

∣xm(t) − xn(t)∣ < ε, m > n ≥ n0, ∀t ∈ [a, b]. (1.330)

For a fixed t of a given domain, a series of numbers xn(t) is, therefore, a Cauchy series in
R. This means that there is a number x(t), t ∈ [a, b], such that xn(t) → x(t) when n →∞.
When t passes the space [a, b], this defines the function x(t) on [a, b]. If in (1.330) we let
m→∞ be obtained

∣x(t) − xn(t)∣ ≤ ε, n ≥ n0, ∀t ∈ [a, b],

which by definition means that the series xn(t) converges to x(t) uniformly on [a, b]. There-
fore, the function x(t) is the boundary value of a uniformly convergent set of continuous
functions, which means that it itself is continuous. Therefore, x(t) lies in C[a, b] and xn → x
in terms of the metric in C[a, b].

Rastko Vuković 204
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A special case of space marked Cp[a, b], or Lp[a, b], with metric (1.316) is the space
C1[a, b] of the following example. The points x of the metric space C1[a, b] are continuous
functions x(t) (a ≤ t ≤ b), and the distance is defined by

d(x, y) =

ˆ b

a
∣x(t) − y(t)∣dt. (1.331)

When we leave p→∞ in the space Cp[a, b], we get the previous C[a, b].

Example 1.3.21. The space C1[a, b] is not complete.

Explanation. Let

x(t) = {
n, 0 ≤ t ≤ 1/n2,

t−1/2, 1/n2 ≤ t ≤ 1,

is a series of continuous functions domain in interval [0,1]. For m > n it is

d(xm, xn) =

ˆ 1

0
∣xm(t) − xn(t)∣dt ≤

ˆ 1/n2

0
t−1/2dt =

2

n
→ 0,

so (xn) is Cauchy series in C1[a, b]. However, (xn) does not converge to any continuous
function on [0,1]. Namely, if x(t) is an arbitrary continuous function on [0,1], it is then
bounded on that interval, so there is a natural number M such that ∣x(t)∣ ≤M for 0 ≤ t ≤ 1.
But then for n ≥ 2M and 0 ≤ t ≤ 1/(2M)2 we have xn(t) ≥ 2M , and for these values n it is
valid

d(xn, x) ≥

ˆ 1/(2M)2

0
∣xn(t) − x(t)∣dt ≥

ˆ 1/(2M)2

0
∣∣xn(t)∣ − ∣x(t)∣∣dt ≥

≥

ˆ 1/(2M)2

0
(2M −M)dt =

1

4M
,

which excludes the possibility of xn → x in terms of metric in C1[a, b].

Due to the great importance of complete spaces among metric spaces, it is of particular
interest to consider the possibility of incomplete space “completing”. Let’s say as a com-
pletion of ∶ Q → R, complete the set of rational numbers into a set of real numbers. It is
even simpler in metric spaces, because it does not have to take into account the algebraic
structure or the structure of the order, as in the case of rational numbers. That this is
always possible is the following statement, whose proof for the sake of extensiveness I do
not copy (see [35], pp. 54-56.)

Theorem 1.3.22 (Completing space). Let X be an incomplete metric space. Then there
is a complete metric space X, so that one in it is an everywhere dense subspace X∗ which
is isometric with X.

We know that quantum mechanics lies on these foundations, because its basis is Hilbert
space, which is above all complete and then vector (plane Euclidean) over the body of
complex numbers, supplied with a scalar product. The coordinate axes of these vectors
are represented by complex numbers, and they are real axes. That’s why we need a real
analysis in complex analysis of theoretical quantum physics.

Let (xn) be a set of points in R. If every (whatever large) real number M corresponds
to the natural number n0 such that

n ≥ n0 ⇒ xn >M, (1.332)
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we say that the given sequence (specifically) diverge to +∞ (positive infinity) and write
xn → +∞. Symmetrically we have xn → −∞. Given sequence is monotonic increasing if
xn ≤ xn+1, and if it writes xn < xn+1 then it means that is strictly monotonic increasing.
Symmetrically we define monotonic and strictly decreasing sequence. We said that the point
x is an adherent value of (xn) if there is a partial series (xnk) that converges to x. We now
add points ±∞ (specifically) to divergent sequence.

Theorem 1.3.23 (Monotony principle). A monotonous increasing sequence (xn) or con-
verges to sup{xn} or diverges to +∞, whether it is limited on the right or not. A symmetrical
statement is valid for monotonous decreasing sequence.

Proof. Assume that the series (xn) is monotonically increasing and that xn <M . Since the
set {xn} is limited to the right, there exists sup{xn} = x. Based on the definition of the
supremum, for each ε > 0 there is an element xN of {xn} such that x − ε < xN ≤ x. Because
of the string monotony then x ≥ xn > x − ε for every n = N,N + 1, . . . , which means that
xn → x.

If the given sequence is not limited, then for any large number M there exists an element
xN in set {xn} such that xN > M , and because of the monotony of the series xn > M for
every n ≥ N , which means that the (xn) (given) diverges to +∞.

Theorem 1.3.24 (Bolzano-Weierstrass). Each limited set of real numbers (xn) has at least
one adherent value.

Proof. We have two cases. The set of values {xn} of the sequence (xn) is finite, or infinite.
In the first case, at least one member repeats infinite number of times, and it is the adherent
value. In the second case, an infinite bounded set of values has at least one accumulation
point (according to the preceding) and this is the adherent value.

It is assumed that the reader has some basic knowledge about infinitesimal calculus.
This implies knowledge of the basics of working with limes, derivatives and integrals, at
the level of a student who has passed mathematics I, or at least a better student of a high
school. This is an upgrade of these skills.

Definition 1.3.25 (Limit). Let (xn) is a sequence of real numbers and let A is a set of
adherent values of that sequence. Limit inferior and limit superior of the sequence are:

lim inf
n→∞

xn = inf A, lim sup
n→∞

xn = supA.

For limes inferior or limes superior, the lim xn and lim xn tags are also used. It follows
from the definition itself that:

lim inf
n→∞

xn = −∞, lim sup
n→∞

xn = +∞,

then and only then if the given string is not limited from the left or right side. When these
limeses are finite, the following theorem holds for them.

Theorem 1.3.26. If the limes superior of the real sequence (xn) is a finite number, then
the following statements (and symmetric for limes inferior) apply.

1○ For all ε > 0 exists infinitely natural numbers nk (k = 1,2, . . . ) such that

xnk > lim
n→∞

xn − ε.
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Quantum Mechanics

2○ for all ε > 0 exists a natural number n0 such that

xn < lim
n→∞

x0 + ε, ∀n > n0.

3○ Limes superior of xn is the only real number with the proprieties 1○ and 2○.

Proof. Mark with b = lim supxn = lim xn, when n→∞.
1○ The set A(xn) is closed, so its supremum belongs to it, and hence b is the adherent

value of a given string.
2○ Suppose, on the contrary, that there is one ε > 0 so that for infinitely many natural

numbers nk is xnk ≥ b + ε. Since b < +∞ is a sequence (xn), and therefore the sequence
(xnk) limited to the right, xnk <M , there would be an interval [b + ε,M] with at least one
adherent value of (xnk) and therefore (xn), which contradicts the fact that b is the highest
adherent value of (xn).

3○ Suppose there are two different real numbers b < b′ that satisfy 1○ and 2○. Let’s have
an arbitrary number from the space x ∈ [b, b′]. Because 2○ we have xn < x, for n > n0, but
then b′ does not satisfy 1○, because in a sufficiently small neighbourhood of b′ it can lie only
finite many members of (xn). So it cannot both b and b′ at the same time satisfy 1○ and
2○.

If the supremum or infimum of the set {xk, xk+1, . . .} is marked with, respectively:

sup
n≥k

xn, inf
n≥k

xn, (1.333)

then for limes superior and limes inferior (lim xn and lim xn when n→∞) the next known
preposition is valid, which we will not prove:

lim
n→∞

xn = inf
k≥1

sup
n≥k

xn, lim
n→∞

xn = sup
k≥1

inf
n≥k

xn, (1.334)

for the series of real numbers (xn).
Let’s summarize. The space is vector’s if it meets the definition conditions 1.1.9. When a

scalar multiplication of the vector is added, the space becomes unitary, and if it is complete,
it is called the Hilbert space. Hilbert spaces (definition 1.2.60) are the basis of quantum
mechanics, and therefore so much effort to explain the concept of completeness. On the
other hand, we can get to the same ones directly from metric, through Banach116 space.
They are the topic of the next title.

We further assumed (as a new hypothesis) that the points are representation of physical
systems. The properties of the points (metric spaces) are physical properties. Only finite
sets of points can represent those properties which in physics are usually called matter or
something substantial, so infinite sets are abstract but also objective. Closed sets are at
most countless infinite and only such can be representatives of material properties. All
open sets are immaterial, and all their intersections are immaterial, i.e. not-substantial.
Emptiness and all space are both material and immaterial, because they (only) are both
open and closed sets at the same time.

116Stefan Banach (1892-1945), Polish mathematician.
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1.3.3 Banach space

Note that the “vector” of the vector space is now treated as “points” of metric space, but
it does not bother us because we will always know exactly what we are doing in the text
below. In the vector space we associate points with vectors that are the linear combinations
of the base vectors. In the quantum representation of vector space vectors become quantum
states and the base vectors observable. Similarly we work with a metric space where the
points also represent a group of observables.

The novelty is that the metric space X now associates the body of the scalar F . A
non-empty set X whose elements x, y, z, . . . are referred to as points or vectors, join a set F
whose elements α,β, λ, µ, . . . are called scalars, for which are valid the axioms of the vector
space, and we obtain a (linear) vector space which is denoted as the pair (X,F ). In our
first labels, this is the vector space (V,Φ).

In the vector space provided by scalar multiplication, called a unit space, the vector
norm is defined by 1.2.48, which is proved by the theorem 1.2.50. We continue with this
theorem as a definition of the common norm of spaces, vectors and metric. This is done
with the aim of defining the already mentioned metric 1.3.1 using the norm, in order to
formally connect these two spaces.

Definition 1.3.27 (Vector norm). The vector space X over F is normed if there is a non-
negative function defined for every x ∈ X we call the norm of the vector x and denote ∥x∥,
with the following properties:

i. ∥0∥ = 0 and ∥x∥ > 0 for x ≠ 0 reliability,
ii. ∥λx∥ = ∣λ∣∥x∥ for all λ ∈ C homogeneity,

iii. ∥x + y∥ ≤ ∥x∥ + ∥y∥ subaditivity.

Instead of ∥x∥, the norm of vector x is denoted by ∣x∣ too. If the nonnegative function
satisfies only the properties (ii) and (iii), it is called a seminorm.

From the previous text we use the term “complete space” for one in which each Cauchy
sequence converges. The term “vector” in both algebra and analysis means that the def-
inition 1.1.9 applies to the space, and the term “norm” is the replacement for the length
of the vector, analogous to the length of the “oriented distance”. So we arrive at, in the
analysis of the very important, Banach space.

Definition 1.3.28 (Banach space). A normed space X over F that is complete in relation
to the metric induced by the norm in it, is called the Banach space.

The Banach spaces X and Y , over the same set of scalars, are congruent if they are
algebraically isomorphic and isometric, i.e. if there is a mutually unambiguous mapping
(bijection) f ∶X → Y such that

{
isomorphism ∶ f(λ1x1 + λ2x2) = λ1f(x1) + λ2f(x2),

isometry ∶ ∥f(x)∥Y = ∥x∥X ,
(1.335)

for all vectors x,x1, x2 and all scalars λ1, λ2. The mapping f is called congruence.

Check that metric and normed spaces are connected by the two relationships:

∥x∥ = d(0, x), d(x, y) = ∥x − y∥. (1.336)
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It is also easy to check that for the previous examples of space are valid:

lnp ∶ ∥x∥p = (∑
n
ν=1 ∣ξν ∣

p)
1/p ,

ln∞ ∶ ∥x∥∞ = max1≤ν≤n ∣ξν ∣,

Lp[a, b] ∶ ∥f∥p = (
´ b
a ∣f(t)∣pdt)

1/p
,

C[a, b] ∶ ∥f∥ = maxa≤t≤b ∣f(t)∣.

(1.337)

Other marks are used too, for example ln2 is Kn, where K can be R or C.
If X is Banach space and Y ⊂X, and for itself it is Banach space with an algebraic and

metric structure induced from X, for Y we say it is Banach subspace of X. However, if Y is
a vector subspace of Banach space X, then Y does not have to be a Banach subspace of X.
This is because the “vector space” is a purely algebraic term, while “Banach’s subspace” is
an algebraic-metric concept. This difference demonstrates the following example.

Example 1.3.29 (Uncompleted space). In C∞
p exists set V of vectors, with arbitrarily but

finally many coordinates different from zero and one vector subspace of C∞
p , but which is

not Banach’s subspace of C∞
p , i.e. it is not complete.

Solution. Such is the sequence of points in V

xn = (ξnν ), ξnν = {
2−ν , ν = 1,2, . . . , n − 1
0, ν = n,n + 1, . . .

(1.338)

that converges to the point x = (2−ν), with ν = 1,2, . . . orderly in coordinates, because

∥xn − x∥ = (
∞

∑
ν=1

2−νp)

1/p

,

but, Cauchy sequence (xn) from V do not converge in V , because x ∉ V .

In the example 1.3.20 we saw that the space of continuous functions with the metric
C[0,1] is complete, and then, in the next, that the space of the same functions with the
metric C1[0,1] is incomplete. The function in the following example 1.3.21 converges to
a function similar to hyperbola (y = 1/

√
x) whose asymptote is y-axis, and ordinates near

the left limit of the interval [0,1] are growing unlimitedly, and such behavior does not
go with that metric. Both of these spaces are metric, but only the first one is Banach’s.
Equivalently, both of these spaces are vector’s, but only the first is Hilbert’s.

I note, in general, the difference between Banach’s and Hilbert’s space is that the first
does not require a scalar product. The difference between the quantum representations of
Banach and Hilbert space is in the fineness of the structure.

Theorem 1.3.30. Let V be the vector subspace of the Banach space X. Its adherence V̄
is a Banach subspace of X.

Proof. That both, V and V̄ , are vector subspaces of X can be checked by two sequences
of points (xn) and (yn) from V that converge in succession to x and y from V̄ , by placing
n→∞:

αxn + βyn ∈ V (∀n) (∀α,β ∈ F ),

αx + βy ∈ V̄ (∀α,β ∈ F ),

which was to be proved.
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Since some of the links between these abstract spaces and quantum systems have been
exhibited here for the first time, I have to be boring and repeat the main points, possibly
in a slightly different way. From the previous book (see [1]) it is understandable why we
mean the laws of the information conservation. In particular, in inertial systems of physics
we maintain that the law of conservation (preserving) of the information itself applies, but
wider, in closed systems, this is the law of conservation “uncertainty + information”. We
added the principle of finiteness here.

By treating infinite sets of points of metric space as an unsubstantial but objective
physical phenomenon (for example, as laws of nature), only material emergence are left for
material phenomena. Regardless of whether we will or will not to countable infinite sets we
apply the material representations, they will be discrete. To say it simply, the material part
of physics, in the end, is always quantized. This is one aspect of the principle of finality.
The inability of a closed quantum system to lose information and quantization, in the long
term, requires it to be repeated. This means that in quantum physics is also recognizable
the mathematical theory of (deterministic) chaos and form, such as Lorenz’s117 attractor
presented in the figure1.49.

Figure 1.49: Lorenz’s attractor.

How does the chaos theory, which takes small differences in initial conditions can lead
to large differences in the final results, understand repetition, attractors? The principle of
finality itself, for us, means discretion that leads to quantization, and it further leads to the
partial nature of material phenomena. Among these we also notice wave packets. Changing
the disposition of the final number of particles, sooner or later, leads to repetition of similar

117Edward Norton Lorenz (1917-2008), an American mathematician.
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states, and then to similar behavior. The causes that significantly affect the outcomes are
less visible to us, so the results are seemingly unpredictable, but the equations generated
by attractors, such as those in the figure 1.49, are completely deterministic.

On the other hand, here we also hold assumptions about objective coincidence. The
postulation of an objective coincidence does not change the essence (otherwise deterministic)
of the chaos theory, as it does not change the essence (unclear in its questions) of the theory
of probability. This may sound strange to the reader, but the postulation of the objectivity
of uncertainty, in addition to determinism that would not be available to us, does not change
the essence of quantum theory either! In both cases (really the unpredictable or not to us)
the quantum state, which the uncertainty of several possible outcomes collapse into one of
them, while the entire amount of the uncertainty becomes exactly equal to the information,
all the previous into the realized one of the outcomes. What happened then with the other
possibilities?

By assuming an objective coincidence we mean the realization of other possibilities too.
They are then realized in parallel realities, with which we obviously cannot communicate,
because it do not allow the conservation laws. The other “parallel realities”, different from
the realized ours, are physically inaccessible to us (at least directly), end we consider them
so to speak non-existent.

For example, if some qubit was a superposition of uncertainties A and B which in our
reality collapsed into the A information, it in some for us “parallel reality” collapsed into
the B information. Due to the law of conservation, there is no communication between
our and that reality, because by observing “parallel information” we would observe, say, a
doubled mass, which would be contrary to the law of mass conservation. However, there is
an observer (one or more particles), whose time current is reversed to ours, and for which
the two mentioned information is uncertainty of inverse qubit. This inverse qubit returns
them (realized information) into our two uncertainties that one become for this observer
the information of its “parallel realities”.

A more precise analysis of the described, we have said, starts from the idea that the
evolution of quantum states is represented by normal operators that are reversible. By
explaining this connection, I hope, we understand why the quantum state operators are just
normal. However, these are operators who can return the outputs to initial uncertainty.

Let’s proceed now with the theorem 1.3.30 on the adherence in the Banach space. In
this context, this theorem states that every material quantum system can be supplemented
by immaterial (abstract laws) to be complete, to become Banach and, furthermore, Hilbert
space. Note that material and abstract parts relate both to rational and irrational elements
(parts) of the real axis. The probability of the randomly selected one point from the interval
(0,1) ⊂ R to be a rational number is zero. If we could choose, the chance to find ourselves
in exactly the material part of the complete physics space is null, and yet we are right there.
This is a paradox of completion, unlike the following.

Formally, let A be a part of the vector space X. Lineal over A is the smallest vector space
of X containing A. It can be shown the linear of A ⊂ X of all (final) linear combinations
has form

λ1x1 + λ2x2 + ⋅ ⋅ ⋅ + λnxn, (1.339)

where (x1, x2, . . . , xn) is any finite aggregate of the vectors from A, and λk are arbitrary
scalars in F .

Namely, the set of all linear combinations (1.339) contains A, and it is also a vector
subspace of X. That it is also the smallest vector subspace in X containing A comes from
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that each X vectors subspace containing A must also contain all linear combinations (1.339).

The physical interpretation of this paragraph is the following. We associate a quantum
state with a vector like (1.339). It is a vector, at best, some lineal of orthonormal base
vectors xk, associated to a point of the vector space, which we can also consider as a point
of metric space. The point of the metric space is, therefore, the collection of observables.
By evolving the quantum state, the mentioned vector moves, but only on the unit sphere
(if it is normalized by probability), representing an “inner universe” of given observables.
In doing so, it also defines the positions of the metric space. Adding new observables to
the quantum state we add some new dimensions to the corresponding vectors space and the
new dimension to the associated metric space.

By choosing other observables, with other base vectors of the lineal (1.339), we obtain
different unit spheres. They are again the points of some (different) metric space. Each
such sphere-point represents some of our material reality. But our material realities have
at the highest countable infinite many, and the question arises: “With what are we going
to accomplish all such things”? I take it, for example, by slowing down the time by relative
movement, it is possible to obtain in more and more detail the “images” of the vacuum,
that is, the increasing and larger energy of the given object, until infinity, but that this
energy increase is quantized.

And in the first and second case of representation, Banach’s space, we have a seemingly
paradoxical problem with the principle of finality. Changes in the values of the individual
observable are discrete, so the linear (1.339) is not everywhere dense, but we know again
that the space it defines can be completed. The question is how? With what? Before I try
to answer such questions, let’s say this again, now formally.

For two disjunctive vector subspaces Y and Z of X we say that they are complementary
if the lineal of their union are equal to X. If Y and Z are complementary vector subspaces of
X, then each x ∈X corresponds to y ∈ Y and z ∈ Z so that x = y + z and this representation
is unambiguous.

Indeed, because X is lineal of Y ∪ Z, each vector x ∈ X has a representation of the
given form. If there was another such representation, say x = u + v (u ∈ Y and v ∈ Z), from
y + z = y + v it follows that the vector w = y − u = v − z lies in both, in Y and in Z, i.e.
w ∈ Y ∩Z, but the spaces Y and Z are disjoint, so y − u = 0 and v − z = 0.

So, the story about the vector spaces from the beginning of the book is repeated, with
additions that we could equally add there. There we entered the vector spaces from the
position of the algebra, here from the functional analysis position, and the universality of
the results speaks, above all of the consistency of mathematics in general, and then about
the power of quantum mechanics that is as abstract as any branch of physics before.

Vectors x1, x2, . . . , xn ∈ X are linearly dependent if there are scalars λ1, λ2, . . . , λn ∈ F
of which at least one is different from zero, but the expression (1.339) is equal to zero.
Otherwise, if from the equality of a given expression with zero follows λ1 = λ2 = ⋅ ⋅ ⋅ = λn = 0,
for said vectors we say that they are linearly independent. For infinitely many vectors we
say that they are linearly independent if the vectors belonging to any finite collection of
these vectors are linearly independent. From this definition, linearly independent vectors,
zero-vector must be excluded.

Note that linear independence by transition to quantum representation becomes a new
law of conservation in physics. That is the independence observables of other observables,
or the independence of the process from another process. It speaks of the conservation
of concepts of physics, such as energy, or the impossibility of originating something from
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nothing and the disappearance of any physical properties. The ease of presenting these
concepts using algebra vectors and their attachment to a true statement inspired us further
to consider the matter as the abstract statements.

Formally, in the vector space lp (p ≥ 1) are linearly independent vectors:

e1 = (1,0,0, . . . ), e2 = (0,1,0, . . . ), e3 = (0,0,1, . . . ), . . . (1.340)

This vector space is sometimes also denoted by R∞
p or C∞

p , depending on whether scalars
are real or complex numbers. In the vector space C[a, b] vectors:

x0 = 1, x1 = t, x2 = t
2, . . . (1.341)

are linearly independent. Namely, each of their linear combinations is a polynomial of t,
and it is identically equal to zero if all the coefficients are equal to zero.

The vector space is n-dimensional if there are n linearly independent vectors, and each
system of n+1 vector is linearly dependent. If the vector space has more than finitely many
linearly independent vectors, then we say that it is infinitely dimensional.

A set of B linearly independent vectors in space X forms Hamel’s118, or the algebraic
base of that space if the lineal in B is equal in X. More precisely, the statement “each
vector space has a base” is equivalent to “axioms of choice”, and hence each vector space
can have unlimited many Hamel bases, all of which have the same (cardinal) number of
elements. In particular, if the space is n-dimensional then (each) its base has exactly n
elements, vectors.

We know that linearly independent physical properties, with different measures of units
(such as kilograms, meters, seconds), span the vector quantum space, that is the “space”
of the quantum mechanics. We continually repeat here, for each particular quantum state
that we observe during the given task, we place a special vector space that remains the
same as we treat the same state (in development). However, the number of bases that span
given vector space is not limited, and this leads to “strange” discovery in quantum physics,
of which, following the theorem 1.2.62, the APR-paradox is explained.

The realization of random events creates information that we perceive as space, time,
and matter. In the Banach space, we can represent all this matter, that is information,
with points with rational coordinates. As the Banach space is completed in the continuum,
which means we are its null part (the probability of random choice of a rational number
in a set of real numbers is zero). Therefore, in relation to the entire universe, its material
part, which belongs to us, is null and scampish. Thus, we again come up to the previously
asked question: “What are the other, immaterial parts of the space”?

From the viewpoint of an observer (from our point of view), immaterial parts of the
universe cannot be information, otherwise they would also belong to its material part.
Therefore, they cannot be a product of physical randomness, which can be observed or
measured, and such cannot be placed in our physical space and time. Therefore, the APR
paradox is so “weird” because it concerns the physical phenomena with which we have
sensory experiences, and we must think of them abstracted from space, time, and matter.

With the announced understanding, matter is like a bulb plant composed of the state-
ments of a logic, which we understand as laws of nature or perceived as forces and other
effects with experiences (wet, hard, colored) in which these statements become barely notice-
able. In this way we can understand phenomenon that is not matter, as abstract statements
that cannot be perceived by our senses or physical detectors.

118Georg Hamel (1877-1954), German mathematician.
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So, physical concreteness as well as abstractions – are laws, necessities. On the other
hand, postulating an objective coincidence, we accept all realizations of a qubit (and in
general all “parallel realities”). Since such realizations are created permanently, and the
options has countably many, (ℵ0 – aleph zero), then it has continuum many (2ℵ0 = c)
“parallel realities”. This continuum of “reality” is sufficient to close the space.

Example 1.3.31. Show that it is 2ℵ0 = c.

Solution. It is known that all real numbers from the interval (0,1) ⊂ R can be written in
the binary form 0, b1b2 . . . bn . . . , where the digits have one of the two values, bn ∈ {0,1}. In
the first position, there may be any of the two digits, on the other again two, ..., at n-th
two, ..., a total of 2ℵ0 . With the figure 1.47 it is shown that this is a continuum c.

In the axiomatic theory of sets even more general attitudes are proved (see [36]). For
example, if ℵk is cardinal number of the set Sk successive for k = 0,1,2, . . . , then ℵk+1 = 2ℵk

is cardinal number of its all partition sets, the set of all subsets Sk+1 = P(Sk), but such are
not necessary here.

If X and Y are two n-dimensional vector spaces over the same set of scalars, they are
algebraic isomorphic. Since algebraic isomorphism is a relation of equivalence, it suffices to
show that X is algebraically isomorphic to the vector space Rn (above the corresponding
set of scalars) in order to prove any other isomorphism. Otherwise, we already have this in
the theorems 1.1.56.

For the set of vectors A ⊂X we say that it is fundamental or closed in X if it the lineal
(1.339) above A is everywhere dense in X. If the set A is countable, this set of vectors is
fundamental in X.

Example 1.3.32. The sequence of the vectors (1.340) is fundamental in lp (p ≥ 1).

Explanation. If x = (ξν) is arbitrary point in lp, for all ε > 0 a point

x =
n

∑
ν=1

ξνeν ,

from lineal over (en) lay in ε-neighbourhood of the point x, if we chose n such big that

∞

∑
ν=n+1

∣ξν ∣
p
< εp,

which is due to the convergence of series ∑∞
ν=1 ∣ξν ∣

p can always be achieved. Indeed, it was
then

∥x − xn∥ = (
∞

∑
ν=n+1

∣ξν ∣
p
)

1/p

< ε,

so the lineal over (en) is everywhere dense in lp.

If (xn) is a fundamental sequence in the Banach space X then the points formed lineal
form (1.339) is everywhere dense in X. But then there is also a set of points where λk
are rational numbers and everywhere dense in X, and such a set is obviously countable.
Therefore, if there is a fundamental sequence in the X, the space is separable. Valid is
and vice versa, in every separable Banach space there is a fundamental sequence of vectors.
As a fundamental one, we can take whatever countable set that is everywhere dense in X.
So, the Banach space is separable then and only then if there is a fundamental sequence of
vectors in it.
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1.3.4 Linear operator

We will now repeat some of the already familiar characteristics of linear operators, referring
to their special features in the continuum. Hereinafter, we denote X and Y two Banach
spaces with points x and y. We consider them also the vector spaces over the same body
of the scalar F . We write the zero-vector and zero-norm as 0 in both spaces. Mapping
A ∶X → Y write y = A(x), or simply y = Ax when possible, and instead of the mapping we
say operator.

The operator A ∶ X → Y is additive if A(x1 + x2) = Ax1 +Ax2 for each pair of vectors
x1, x2 ∈ X. From Ax = A(x + 0) = Ax + A0 follows A(0) = 0, that A(0) is zero-vector in
Y . Similarly, from 0 = A(0) = A(x − x) = A(x) + A(−x) follows A(−x) = −A(x), that the
negative element from X is mapped to negative in Y .

In the interpretation, the vector is a quantum state represented by a linear connection
of the observables, and the linear operator performs the evolution (change) of the quan-
tum state. The additivity itself means that two states evolve into two states, with their
particularities being maintained. Note that this emphasizes the particle nature of quantum
states119. The vacuum is a zero-vector, which accordingly can evolve only in vacuum. Quan-
tum states that can mutually cancel (annihilate) must evolve into quantum states that can
be mutually canceled. The next lemma refers to the symmetry of the additive operator’s
change, that gradualism in one case means gradual in all.

Lemma 1.3.33. If the additive operator is continuous at one point of the space, then it is
continuous throughout the space.

Proof. If the additive operator A is continuous at the point x0, x is an arbitrary point, and
the (xn) sequence that converges to x, all in the same space, then we have:

Ax0 = lim
n→∞

A(xn − x + x0) = lim
n→∞

(Axn −Ax +Ax0) = ( lim
n→∞

Axn −Ax) +Ax0,

and hence
lim
n→∞

Axn = Ax,

which was to be proved.

And for operator A that is additive and homogeneous, A(λx) = λA(x), we say it is linear
and write A(αx + βy) = αAx + βAy, without unnecessary brackets. Because of the normed
(probability) vectors of quantum states, homogeneity might seem superfluous, but it is not
because of a wider context. Now we will see that it is exactly homogeneity that prevents
the divergence of the quantum state, the explosion of something finite into infinity.

Unlike algebra, the analysis requires infimum, i.e. the highest value that is less than or
equal to each of the given set of values, and analogously, supremum, the smallest value that
is greater than or equal to each given value. With inf S and supS, we denote successive
infimum and the supremum of S, or more detailed in expression (1.319).

Definition 1.3.34 (Operator norm). Linear operator A ∶ X → Y is bounded if exists the
negative number M such that

∥Ax∥ ≤M∥x∥, (∀x ∈X). (1.342)

The infimum of M for which is valid (1.342), is norm of the operator A denoted by ∥A∥.

119In quantum physics it is still unclear what can all be a “quantum state”, although additivity imposes
the answer that it is a “set of particles”.
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Therefore, the operator A is bounded if it has the final norm ∥A∥, when is valid

∥Ax∥ ≤ ∥A∥∥x∥, (∀x ∈X). (1.343)

We use only two types of norm tags, ∥ . . . ∥ or ∣ . . . ∣, but let’s note that they have more than
two meanings. In the last inequality, ∥Ax∥ is the vector of the space of the copies Y , but ∥A∥

is the operator norm, and ∥x∥ is the vector norm from X, of the original of the mapping.
The meaning of the norm is always visible from the given text and hence the freedom to
use labels.

Lemma 1.3.35. For the homogeneous operator A is valid:

∥A∥ = sup
x∈X/{0}

∥Ax∥

∥x∥
= sup

∥x∥≤1
∥Ax∥ = sup

∥x∥=1
∥Ax∥. (1.344)

Proof. Note that (1.342) for x ≠ 0 is

∥Ax∥

∥x∥
≤M,

and that the infimum of numbers M is the same as the supremum of the numbers on the
left side of this inequality. Due to the operator’s homogeneity we have further:

∥A∥ = sup
x∈X/{0}

∥Ax∥

∥x∥
= sup
x∈X/{0}

∥
1

∥x∥
Ax∥ = sup

x∈X/{0}
∥A(

x

∥x∥
) ∥.

But, for all x ∈X/{0} the norm of the vector x/∥x∥ equals one, so

∥A∥ = sup
∥x∥=1

∥Ax∥,

thus proving the third expression of the required equality. The second is proved by taking
only those points x ∈X for which ∥x∥ ≤ 1, then from (1.343) we have

sup
∥x∥≤1

∥Ax∥ ≤ ∥A∥ = sup
∥x∥=1

∥Ax∥,

and obviously there is a reverse inequality. Hence all three equations (1.344).

Theorem 1.3.36. The linear operator A ∶X → Y is continuous if and only if it is bounded.

Proof. If the operator A is bounded, it is:

∥Axn −Ax0∥ = ∥A(xn − x0)∥ ≤ ∥A∥∥xn − x0∥,

and hence, due to xn → x0, the continuity at an arbitrary point x0.
Conversely, if the operator A is not bounded over the entire X, due to (1.344) it is not

limited to the unit sphere ∥x∥ = 1. Therefore, there exists a set of points (xn) with ∥x∥ = 1
such that ∥Axn∥ ≥ δn →∞. But then sequence

yn =
xn
δn
→ 0,

while ∥Ayn∥ ≥ 1 for every n. On the basis of lemma 1.3.33 then it cannot be continuous at
any other point.
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Theorem 1.3.37. Linear operator A ∶ X → Y is limited only if each restricted set in X
map to a limited set in Y .

Proof. If th operator is bounded and S is bounded set, i.e. ∥A∥ < ∞ and ∥x∥ ≤ M for all
x ∈ S, then ∥Ax∥ ≤ ∥A∥∥x∥ <M∥A∥ for all x ∈ S.

Converse, if K ⊂X is unit closed ball, then its picture AK ⊂ Y is bounded set, i.e. exists
number M > 0 such that ∥Ax∥ ≤M (∀x ∈K). For all x ≠ 0 is x/∥x∥ ∈K, so

∥A
x

∥x∥
∥ ≤M,

that is ∥Ax∥ ≤M∥x∥. The last inequality is valid and for x = 0, hence the premise.

Example 1.3.38. The infinite matrix is an operator that maps the space lp to the space lq,
whereby 1/p + 1/q = 1.

Explanation. Let A = (αµν) is infinite matrix of numbers, such that for some q > 1

∞

∑
µ=1

∞

∑
ν=1

∣αµν ∣
q
< +∞.

It defines a linear operator y = Ax with

ηµ =
∞

∑
ν=1

αµνξν , µ = 1,2, . . . ,

where x = (ξµ) and y = (ηµ) are infinite matrix columns.
That this operator is bounded follows from (1/p + 1/q = 1):

∣ηµ∣ ≤ (
∞

∑
ν=1

∣αµν ∣
q
)

1/q

(
∞

∑
ν=1

∣ξν ∣
p
)

1/p

,

∞

∑
µ=1

∣ηµ∣
q
≤

∞

∑
µ=1

∞

∑
ν=1

∣αµν ∣
q
⋅ (

∞

∑
ν=1

∣ξν ∣
p
)

q/p

,

∥y∥lq ≤
⎛

⎝

∞

∑
µ=1

∞

∑
ν=1

∣αµν ∣
q⎞

⎠

1/q

∥x∥lp ,

∥A∥ ≤
⎛

⎝

∞

∑
µ=1

∞

∑
ν=1

∣αµν ∣
q⎞

⎠

1/q

,

which means that this matrix is bounded by the operator mapping lp to lq.

That the finite matrices are (limited) linear operators, it must be known. It’s trivial.
More interesting is the case with integrals, for example, with the space Lp of some measur-
able functions x at interval [a, b], or similarly on some other measurable set S, so ∣x∣p is
integrative function. Then if almost everywhere x(t) = y(t) on a given set S, we say that
the functions x and y are equivalent and we write x ∼ y, Their integrals are the same.

The space Lp[S] is a metric space when the distance is defined with

d(x, y) = (

ˆ
S
∣x(t) − y(t)∣pds)

1/p

. (1.345)
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The inequality of the triangle follows from Minkowski’s inequality for integrals, which is
derived from Hölder’s integral inequality in a manner analogous to that we derive the
corresponding Minkowski’s inequality from the Hölder’s inequality for the sums (theorem
1.3.3). In the most general form of these two inequalities, they say:

Hölder ∶
´
S ∣fg∣ds ≤ ∥f∥p∥g∥q,

Minkowski ∶ ∥f + g∥p ≤ ∥f∥p + ∥g∥p,
(1.346)

where 1/p + 1/q = 1, 1 ≤ p < q, also f and g are measurable functions.
For example, if S = [a, b] is the interval of real numbers, from the real analysis we know

that the space Lp[a, b] is separable, then that the set of continuous functions is everywhere
dense in the same, than there is a set of polynomials everywhere dense, and this space
(Lp[a, b]) is complete. In particular, if the sequence (xn) converges to x in terms of the
metric Lp[a, b], then on the interval (a, b) is a partial sequence (xn) that converges almost
everywhere to x.

Another example, ifK(s, t) is a measurable function on the squareQ = {(s, t)∣0 ≤ s, t ≤ 1}

and integral
´ 1

0 ∣Ks, t)∣dt ≤D for every s ∈ [0,1], then with

y(s) =

ˆ 1

0
K(s, t)x(t)dt (1.347)

is defined bounded linear operator y =Kx, which maps the space of bounded functions into
itself, and is called Fredholm120 operator. The function K(s, t) is its core.

Definition 1.3.39 (Inverse operator). When for the linear operator A ∶ X → Y exists the
operator A−1 ∶ Y →X such that

A−1
(Ax) = x, ∀x ∈X, (1.348)

we say A−1 is inverse operator of the operator A.

From the discussion of set’s functions we know that the basic operator must be a bijection
for the existence of an inverse operator. From the theorem 1.1.3, point 2, it follows that
A(A−1y) = y, that is, the operators A and A−1 are commutative.

Theorem 1.3.40. If the linear operator A ∶X → Y has the inverse A−1 ∶ Y →X, then A−1

is also a linear operator.

Proof. If A has the inverse operator A−1, then not only A−1(Ax) = (A−1A)x = x for all
x ∈ X, but also A(A−1y) = (AA−1)y = y for all y ∈ Y . For two arbitrary vectors y1, y2 ∈ Y
and arbitrary scalars λ1, λ2, because of liearity of A,we have:

A−1
(λ1y1 + λ2y2) = A

−1
(λ1AA

−1y1 + λ2AA
−1y2) =

= A−1A(λ1A
−1y1 + λ2A

−1y2) = λ1A
−1y1 + λ2A

−1y2.

Accordingly, if exists A−1 that operator is also linear.

With this we see that operators and inverse operators in quantum systems are formally
equal. Add to this and an attitude known from elementary mathematics that the inverse
function of inverse functions is a starting function, here (A−1)−1 = A. As far as physical
interpretation is concerned, this means that there are no formal reasons for contest inverse
evolution, whereby the inverse of the inverse is our current of events.

120Erik Ivar Fredholm (1866-1927), Swedish mathematician.
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Theorem 1.3.41. For the linear operator A ∶X → Y to have the inverse operator A−1, the
necessary and sufficient condition is that there is a number m > 0 such that

∥Ax∥ ≥m∥x∥, (∀x ∈X). (1.349)

Then ∥A−1∥ ≤ 1/m.

Proof. The given condition is sufficient, since for Ax = 0 form the condition follows m∥x∥ < 0,
hence ∥x∥ = 0, which means x = 0. In other words, from A(x1 − x2) = 0 follows x1 − x2 = 0,
that is, from x1 ≠ x2 follows Ax1 ≠ Ax2, which is the definition of the bijection, which means
that A has an inverse operator. Then the condition (1.349) can be written in the form

∥y∥ ≥m∥A−1y∥, (∀y ∈ Y ),

which means that the operator A−1 is bounded on Y and that A−1 ≤ 1/m.
The specified condition is required because if A has a bound inverse operator A−1 then

there is a constant M < +∞ such that for every x ∈X it is valid:

∥A−1
(Ax)∥ ≤M∥Ax∥,

∥Ax∥ ≥
1

M
∥x∥,

which is reduced to a given condition with m = 1/M .

Theorem 1.3.42 (Isomorphism). The spaces X and Y are (algebraic and topological) iso-
morphic then and only if there is a linear operator A ∶ X → Y and if there are positive
constants m and M so

m∥x∥ ≤ ∥Ax∥ ≤M∥x∥,

for all x ∈X.

Proof. The linear operator A is a bijection and therefore has an inverse operator A−1,
and hence is isomorphism. In addition, the operators A and A−1 are continuous, hence
homomorphism and limitation.

Therefore, if ∥.∥1 and ∥.∥2 are two norms on the vector space X, then the normed vector
spaces X1 = (X, ∥.∥1) and X2 = (X, ∥.∥2) are (algebraic and topological) isomorphic if and
only if there are positive constants m and M such that

m∥x∥1 ≤ ∥x∥2 ≤M∥x∥, ∀x ∈X. (1.350)

When these inequalities are met, we say that we have the equivalent norms. The proof of
these inequalities follows from the previous theorem, with the substitution of X = X1 and
Y =X2, and for A by choosing an identical operator I, when Ix = x for every x.

We note that the theorem 1.3.36, which says that the linear operator is continuous only
when it is bounded, speaks about the smoothness of the evolution of quantum states. The
following theorem 1.3.37 says that an uninterrupted operator will not map a bounded set
into infinite and vice versa, telling us that in the physical world there are no spontaneous
reactions that would eventually escalate into infinity. I recall that infinity is something
natural and objective for mathematics, and this theorem talks about conditions for the pro-
hibition of the development of finite quantities into infinite (in physics). It is the expression
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of the principle of the finiteness of matter, such as the evolution of physical states is the
story of linear operators.

Inverse operators are a special phenomenon. From the theorem 1.3.41 it follows that
the operator A that does not cancel the quantum state x has an inverse operator. In other
words, if the law of conservation of some physical size is valid then for each of its evolution
there is also a inverse evolution. That this is also some evolution of the quantum state (it
is also a linear operator), is confirmed by the theorem 1.3.40.

The micro-world of physics is dominated by random events. There, abstract uncertainty
is realized in information, such as the state during the throwing of coins that become one
outcome: “tail” or “head”. This creates information that, among other things, is also seen
as space, time, and matter. If I noticed that after throwing the coin a “tail” fell, then in a
“parallel reality” a “head” occurred. The development of the quantum state from our point
of view is generated by the operator A, while the inverse operator A−1 generates reverse
flow, it turns our certainty into our uncertainty. There is no formal impediment to the
assumption that there is an inverse observer to whom our possible outcomes are causes,
and our causes are certain consequences.

Linear functional

The special linear operators, which in functional analysis are called linear functionals, are
mapping vectors into scalars. It is clear that all the conclusions about linear operators are
valid for linear functional, but that they also have their own peculiarities. We recall the
unitary vector space, the definition 1.2.46, so let’s look at the next, so-called Riesz-Fréchet121

theorem.

Theorem 1.3.43 (Riesz-Fréchet). Let X be a vector space of a finite dimension with a
scalar product and a linear functional f ∶ X → F . There is a unique vector v ∈ X such that
f(u) = ⟨u∣v⟩ for each vector u ∈X.

Proof. Since X is a finite dimensional vector space with a scalar product, there exists an
orthonormal basis e1, e2, . . . , en ∈ X, so that for an arbitrary vector u ∈ X u = ⟨e1∣u⟩e1 +

⟨e2∣u⟩e2 + ⋅ ⋅ ⋅ + ⟨en∣u⟩en. As f is linear functional, and so linear mapping, we find:

f(u) = f(⟨e1∣u⟩e1 + ⟨e2∣u⟩e2 + ⋅ ⋅ ⋅ + ⟨en∣u⟩en) =

= ⟨e1∣u⟩f(e1) + ⟨e2∣u⟩f(e2) + ⋅ ⋅ ⋅ + ⟨en∣u⟩f(en)

= ⟨e1∣f(e1)u⟩ + ⟨e2∣f(e2)u⟩ + ⋅ ⋅ ⋅ + ⟨en∣f(en)u⟩,

because f(ek) are scalars from F . Let v = f(e1)e1 + f(e2)e2 + ⋅ ⋅ ⋅ + f(en)en, and previous
expression becomes f(u) = ⟨u∣v⟩.

Uniqueness is proved by assuming that there are two vectors v, v′ ∈X such that for every
u ∈ X the equality holds f(u) = ⟨u∣v⟩ = ⟨u∣v′⟩. Then 0 = ⟨u∣v⟩ = −⟨u∣v⟩, i.e. 0 = ⟨u∣v − v′⟩, so
v − v′ = 0, that is v = v′.

Since we have priority on unitary spaces X (above the complex body of the scalars F ),
the most important are f ∶X → R functionals. Hence in quantum mechanics interest in the
next Hahn–Banach proposition, otherwise useful in functional analysis in general. In the
basic version, which we will not prove (see [35], p. 222, paragraph 1), the subspace Y is not
required.

121Maurice René Fréchet (1878-1973), French mathematician
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Proposition 1.3.44 (Hahn–Banach). When X is a real Banach space, and on its subspace
Y ⊂ X is defined a real bounded linear functional g of the norm M = ∥g∥y, that is ∣g(y)∣ ≤
M∥y∥ for every y ∈ Y , then exists a real bounded functional f on X such that f(y) = g(y)
when y ∈ Y and ∥f∥x = ∥g∥y.

The algebraic dual space X† (also denoted with X∗ or X ′) of the vector space X over
the body F is the vector space of the linear functions in the given space. Since linear vector
space mappings are homeomorphisms (injection), the dual space is sometimes denoted by
Hom(X,F ). Although both spaces are over the same body, dual-space vectors are sometimes
referred to as covectors.

For finite dimensional spaces, the dimensions of the dual and given space are the same
(dimX† = dimX). When e1, . . . , en ∈ X and e1, . . . , en ∈ X† in the base of the given and
dual space, marked with the upper and lower indexes, then we mean the relations:

⟨ej ∣α1e
1
+ ⋅ ⋅ ⋅ + αne

n
⟩ = αj , j = 1, . . . , n (1.351)

for any choice of coefficients αj ∈ F . In addition,

eje
k
= δkj = {

1 j = k
0 j ≠ k,

(1.352)

where δkj is Kronecker122 delta symbol. For example, for base vectors e1 = (
1
0
) and e2 = (

0
1
)

space R2, the dual base is e1 = (1,0), e2 = (0,1), so: e1e
1 = 1, e1e

2 = 0, e2e
1 = 0 and

e2e
2 = 1. In general, if the vectors X are written as matrix columns, then the dual space

vectors X† are written as conjugated matrix-rows.

Unlike the usual method of writing in mathematics, in the usual way in quantum me-
chanics, the basic matrix representation of the vector here is the matrix-column, and the
dual is matrix-row vector (with conjugate coefficients). The dual matrix A is obtained by
conjugating and transposing the given matrix A† = (A∗)τ . This should be distinguished
from the adjunct matrix (adjA) obtained by calculating the cofactors and then by trans-
posing, so that the product of these two be the unit matrix multiplied by the determinant
AadjA = IdetA. However, the particularity of the Hermitian operator, which is abundant
in quantum mechanics, is that the matrix coefficients divided by the determinant are ex-
actly equal to the conjugate elements, in short, the dual operator is equal to the adjacent.
It often makes a mess in such texts, instead of simplifying things.

Since all vector spaces of the same dimension over the same field are (anti) isomorphic,
(anti) isomorphic are and the dual space of the given space. In the case of real scalars,
this is isomorphism, and when F is a field of complex numbers, to be precise, it is anti-
isomorphism. The dual space of the dual space is then the starting space (X†† =X). In the
case of infinitely dimensional space, dual spaces need not be isomorphic (bijective), but are
only homomorphic (injective).

Here are a few other dual spaces: lnq = (lnp )
†, ln1 = (ln∞)† and Lq = (Lp)†, where 1

p +
1
q = 1,

and p ∈ [1,∞[. Many of the similar spaces have not yet been discovered in quantum physics,
so there is little sense here to list them. It is enough to know that they exist, that they fit
well into our attitudes and that some of them are already in quantum mechanics.

From the definition 1.1.31 we know that the order relation is reflexive, antisymmetric,
and transitive. For any two real numbers x, y ∈ R we can write either x ≤ y or y ≤ x, so we say

122Leopold Kronecker (1823-1891), German mathematician.
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that R is complete ordered set. However, the set of arrays x = (ξ1, . . . , ξn), y = (η1, . . . , ηn),
... is partially ordered because for some members of that strings holds the relation ξj ≤ ηj ,
while for others it may be ηk ≤ ξk. The next is the so-called Zorn’s123 lemma, here taken as
an axiom.

Definition 1.3.45 (Zorn). Suppose a partially arranged set S has the property that each
chain in S has the upper limit in S. Then the set S contains at least one maximal element.

It is assumed here that to an arbitrary element s0 ∈ S of the partially ordered set S we
can join the chain ⋅ ⋅ ⋅ ≤ s−2 ≤ s−1 ≤ s0 ≤ s1 ≤ s2 ≤ . . . in which are all the elements from S that
are in relation with s0. This is a direct consequence of the axiome of choice, which we have
already mentioned as acceptable, but it also follows from Hausdorff’s maximal principle124

which says that in any partially ordered set, every totally ordered subset is contained in a
maximal totally ordered subset.

These “pedantry” of the functional analysis are gaining in importance with the defi-
nitions of physical reality. I recall, the first of these definitions is that mutually realistic
substances are those that can interact, for example, to exchange energy, or to change one
another’s position. Improved definition is that real objects are mutually realistic ones if can
communicate, exchange information.

If we speak even more precisely, we are talking about one direction of information flow,
about only one half of the communication, when A receives information aboutB, so ”reality”
can be abstracted also on mathematical theorems. We generalize this to all the truths that
are available to us, and then even to the untruths that build say a tautology125. An example
of the latest is misinformation that we know can also affect the course of history. In the
case of this one-way reality, when B does not receive information from A or at least does
not react to it, we said that B is pseudo-real for A.

By separating the directions of information flow and returning to communication, we
notice that objects are informed by perceptions. Some A has a perception of some B and
nothing more. In this book we are not going any further. Then the axiom of choice speaks
of the order of the time flow of the given observer, and Hausdorff’s principle of maximum
of the time flows of the before mentioned parallel realities.

For the sublinear functional f ∶ X → R on the real vector space X for all vectors
x,x1, x2, ∈X and λ ∈ R+ are valid conditions:

{
1○ f(λx) = λf(x) positive homogeneity
2○ f(x1 + x2) ≤ f(x1) + f(x2) subaditivity.

(1.353)

For this function, the following version of Hahn-Banach’s proposition is valid, which we will
not prove (see [37], page 32).

Proposition 1.3.46. Let f be a sublinear functional on the real vector space X and let
Y ⊂ X be its subspace. If g ∈ Y † is a linear functional for which g(y) ≤ f(y) holds for
all y ∈ Y (f is a majorant for g), then there exists the linear functional g′ ∈ X† such that
g′(y) = f(y) for all y ∈ Y and g′(x) ≤ f(x) for all x ∈X.

In the case of vector spaces on the body of complex numbers, we have the following
version of Hahn-Banach’s proposition, which we will not prove.

123Max August Zorn (1906-1993), German mathematician.
124Hausdorff maximal principle: https://en.wikipedia.org/wiki/Hausdorff_maximal_principle
125Tautology - a statement that is always true
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Proposition 1.3.47. Let f be a sublinear functional on a complex vector space X. If the
linear subspace Y ⊂ X is given and the linear map is φ ∶ Y → C, so R[φ(y)] ≤ f(y) for
all y ∈ Y , then there is a linear mapping ψ ∶ X → R such that ψ(y) = φ(y) for y ∈ Y and
R[ψ(x)] ≤ f(x) for all x ∈X.

For details on this field of mathematics see the functional analysis textbooks, for exam-
ple, [38], [39] and [40] from the bibliography.
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1.3.5 Fixed point

The mapping g of the metric space X into itself is contraction if there is a positive number
q < 1 such that for each pair of points x1, x2 ∈X the inequality is valid

d[g(x1), g(x2)] ≤ qd(x1, x2). (1.354)

Surprisingly, there are a number of situations in which this seemingly unusual formula can
be identified, related to Banach’s proposition of the fixed point.

Theorem 1.3.48 (Banach). The contraction g of a complete metric space X into itself has
one and only one fixed point.

Proof. Choose an arbitrary point x0 ∈X, and form a series of points

x1 = g(x0), x2 = g(x1), x3 = g(x2), . . . , xn = g(xn−1), . . .

Let’s show that it’s the Cauchy sequence. Indeed, because of the general

d(xn, xn−1) = d[g(xn−1), g(xn−2)] ≤ qd(xn−1, xn−2)

and repeating this n − 1 times, we find:

d(xn, xn−1) = q
n−1d(x1, x0) = aq

n−1,

d(xn, xm) = d(xn, xn+1) + d(xn+1, xn+2) + ⋅ ⋅ ⋅ + d(xm−1, xm), n <m,

d(xn, xm) ≤ aqn + aqn+1
+ ⋅ ⋅ ⋅ + aqm−1

=
aqn

1 − q
,

d(xn, xm)→ 0, m > n→∞.

As X is complete, exists the point x̄ ∈X to which converges sequence (xn), i.e.

lim
n→∞

xn = x̄,

and as g is contraction, it is:

d[xn+1, g(x̄)] = d[g(xn), g(x̄)] ≤ qd(xn, x̄),

lim
n→∞

xx+1 = g(x̄),

x̄ = g(x̄),

so x̄ is the fixed point.

To prove this theorem it is not enough d[g(x1), g(x2)] < d(x1, x2) instead of (1.354), as
can be seen in the case of mapping g ∶ [1,∞[→ [1,∞[ defined by g(x) = x+ 1/x, which does
not have a fixed point. However, this defect can be circumvented by the ways in which this
proposition has developed over time. In this proof we have also demonstrated the method
of finding the solution of the equation x = g(x) by the method of successive approximations,
which is the immediate and first application of this theorem.

Example 1.3.49. Find a solution of the equation cosx − xex = 0.
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Solution. Let us consider a series of iterations xn+1 = e
−xn cosxn. If xn → x̄ when n → ∞,

then we get the given equation with the substitution xn+1 = xn = x̄. To verify that the set
of iterations is the Cauchy sequence, we check by calculating: x0 = 1, x1 = 0.199, x2 = 0.803,
..., x31 = x32 = 0.518. Therefore, the solution of the given equation of up to three decimal
places is x = 0.518.

Another example is the approximation of the continuous function y = f(x) by tangent.
The definition of derivation at the point x0 is

f ′(x0) = lim
x→x0

f(x) − f(x0)

x − x0
, (1.355)

and therefore the approximation

f(x0 + h) ≈ f(x0) + f
′
(x0)h, (1.356)

which is even more precise if the number h = x − x0 → 0 is smaller.
For example, at the point x = x0 of the continuous function f(x) = x2 the derivative is

f ′(x0) = 2x0, and from (1.356) follows:

(x0 + h)
2
≈ x2

0 + 2x0h,

x2
0 + 2x0h + h

2
≈ x2

0 + 2x0h,

which is even more precise if h is a smaller number, since then the number h2 is even smaller.

Figure 1.50: Tangent method.

In the figure 1.50 we see the parabola f(x) = x2 and its tangent (the line y = x − 1)
at the point x = 1. When abscise x = 1 we increase by h = 0.1 on the tangent we arrive
at the ordinate y = 1.1, but we go even higher on the parabola. The formula (1.356) gives
f(1.1) ≈ 1 + 2 ⋅ 0.1 = 1.2 and the exact value is 1.12 = 1.21.

Third example is solving the equation by Newton’s iteration. We know that the root
of the number five is between two and three (2 <

√
5 < 3). To get a more accurate estimate,

let’s look at the function f(x) = x2−5, that is, the equation f(x) = 0. A copy of this function
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is f ′(x) = 2x, so the previous method at the point x0 = 2 for the first approximation x1

gives:

f(x0) + f
′
(x0)(x1 − x0) ≈ 0,

f(2) + f ′(2)(x1 − 2) ≈ 0,

−1 + 4(x1 − 2) ≈ 0,

4x1 ≈ 9,

where x1 ≈
√

5, so
√

5 ≈ 9
4 = 2.25. Otherwise

√
5 = 2.236 . . . .

Figure 1.51: Newton’s tangent method.

This is the first step of Newton’s approximate solution of the equation f(x) = 0 of contin-
uous function. Starting from the zero approximation x0 and finding the first approximation
x1 using the previous tangent method:

f(x0) + f
′
(x0)(x1 − x0) ≈ 0,

x1 − x0 ≈ −
f(x0)

f ′(x0)
,

hence

x1 = x0 −
f(x0)

f ′(x0)
. (1.357)

This is the general formula of Newton’s iteration. Namely, when calculating x1, we replace
x1 → x0 and look for a new x1 that we can tag with x2. We repeat the procedure until (if)
the desired number of decimals starts to repeat itself.

In particular, in the case of a quadratic equation f(x) = x2 − a = 0, this method is
reduced to a series of iterations

xn+1 =
1

2
(xn +

a

xn
) , n = 0,1,2, . . . , (1.358)

also known in Mesopotamia more than 3.5 millennium ago.

Rastko Vuković 226
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Conditional convergence of iterations as well as iterations, of continuous functions
of one variable, we can also search by the development of functions in the Taylor series. Let
x̄ be the solution of the equation

x = g(x), (1.359)

and we are trying to reach this solution by the iterations xn+1 = g(xn), n = 0,1,2, . . . .
Taylor’s theorem and the mentioned conditions give:

g(x) = g(x̄) + (x − x̄)g′(x̄) + . . . ,

g(x) − x̄ ≈ g′(x̄)(x − x̄),

xn+1 − x̄ ≈ g
′
(x̄)(xn − x̄).

In other words, the distance between consecutive estimates and roots is multiplied by g′(x̄)
approximately, in each iteration. Therefore, the iterations (1.359) converge when ∣g′(x̄)∣ < 1,
and diverges when ∣g′(x̄) > 1.

For example, the function f(x) = x2 − 5 can be reduced to the form (1.359) in at least
two ways x = g1(x) and x = g2(x), in the following order:

x =
x + 5

x + 1
, x =

3x2 − 5

2x
,

xn+1 =
xn + 5

xn + 1
, xn+1 =

3x2
n − 5

2xn
,

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

g′1(x) = (x+5
x+1

)
′
= − 4

(x+1)2
, g′1(α) = −

4
(
√

5+1)2
≈ −0,38

g′2(x) = (3x2−5
2x )

′

= 3x2+5
2x2

, g′2(α) =
3(

√
5)2+5

2(
√

5)2
= 2,

where x̄ =
√

5. We see that only the first of these two separations provides the convergence
of the iteration, xn+1 = g1(xn).

Theorem 1.3.50. Let g ∶ [a, b]→ [a, b] the differentiable function is such that

(∀x ∈ [a, b]) ∣g′(x)∣ ≤ q < 1.

Then g has exactly one fixed point x̄ ∈ [a, b] and a series of iterations xn+1 = g(xn) with the
initial value x0 ∈ [a, b] converges to x̄.

Proof. The convergence of xn → x̄ follows from the sequence of the inequalities:

∣xn − x̄∣ = ∣g(xn−1) − g(x̄)∣ ≤ q∣xn−1 − x̄∣ ≤ q
2
∣xn−2 − x̄∣ ≤ ⋅ ⋅ ⋅ ≤ q

n
∣x0 − x̄∣→ 0,

because qn → 0. If there were two fixed points in the given conditions x̄′ and x̄′′, then it
would be ∣x̄′ − x̄′′∣ = ∣g(x̄′) − g(x̄′′)∣ ≤ q∣x̄′ − x̄′′∣ < ∣x̄′ − x̄′′∣. Hence x̄′ = x̄′′ = x̄.

For example, the cubic equation x3 − 7x + 2 = 0 can be solved by the iterations xn+1 =
1
7(x

3
n + 2) of the function g ∶ [0,1] → [0,1], with any starting point x0 ∈ [0,1], since from

x = g(x) we get g(x) = 1
7(x

3 + 2) and the derivative g′(x) = 3
7x

2 which is less than one
for each initial value x0 from the domain. The initial value x0 = 0 gives x1 ≈ 0.286 and
x2 ≈ 0.289 and these are the first three decimals of the solution. The initial value x0 = 1
gives x1 ≈ 0.429 then x2 ≈ 0.297 and x3 ≈ 0.289. This convergence velocity xn → x̄ ≈ 0.297 is
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due to the small value of the number g′(x̄) ≈ 0.036. The proof of the theorem shows that a
small number of q ∈ [0,1[ generates a faster convergence of iteration.

In practice, it is often difficult to verify the condition g([a, b]) ⊆ [a, b] of theorem, so we
can get help of the familiar mean value theorem from mathematical analysis, or its simpler
version, the Rolle’s theorem, which we’ll only be reminded by the following two images.

In the figure 1.52 is a continuous function graph y = f(x), a dotted curve that extends
above abscissa at the point x = a, reaches the maximum at the point x = c and again
disappears below the abscissa behind the point x = b. At the point of the maximum of
the tangent to the curve is parallel to the abscissa, so the derivative f ′(c) = 0. The Roll
theorem states that the real function f on a closed interval [a, b] is also differentiable at
the open interval ]a, b[, for which is valid f(a) = f(b), must have a point c ∈]a, b[ such that
f ′(c) = 0.

Figure 1.52: Rolle’s theorem.

In the figure 1.53 is a continuous function graph y = f(x) that curves over x-axis. The
secant which connects two points of the curve with the abscissas x = a and x = b, and
parallel to it the tangent that touches the curve at the point abscise x = c is withdrawn.

The mean value theorem shows that for each function y = f(x), that is continuous at the
interval [a, b] and is differentiable on the interval ]a, b[, there is a point c ∈]a, b[ such that
the tangent at that point is a parallel chord that connects the endpoints of the function of
the given interval.

Therefore, under given conditions, there is an abscissa c such that it is

f ′(c) =
f(b) − f(a)

b − a
. (1.360)

In the conditions of the previous one, the theorem 1.3.50, it means that for sufficiently small
ε > 0 the inclusion g([x̄− ε, x̄+ ε]) ⊆ [x̄− ε, x̄+ ε] should be valid. Accordingly, the following
statement holds true.

Proposition 1.3.51. Let x̄ is fixed point of g(x). Let g(x) is derivative on the interval
[x̄ − ε, x̄ + ε] for some ε > 0, and g meets the condition ∣g′(x)∣ ≤ q < 1 for all x from the
interval. Then the sequence (xn) defined by xn+1 = g(xn), with the initial value x0 in the
given interval, converges to x̄.

When g is invertible, then x̄ is a fixed point of the function g if and only if x̄ is a fixed
point of the function g−1. Using this, we sometimes find a fixed point of the function g
using the fixed point of the function g−1. For example, if g(x) = 3x+4, then g′(x) = 3 for all
x, and iterations diverge. However, g−1(x) = 1

3x −
4
3 and (g−1)′ = 1

3 and iterations converge.
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Figure 1.53: Mean value theorem.

Matrix exponential

Matrix iterations can be viewed over their spectrum. In the previous sections we have seen
that the eigenvalues λ1, . . . , λn of the matrix A of the order n are the solutions of the matrix
equation Ax = λx which leads to the polynomial equation

λn + cn−1λ
n−1

+ cn−2λ
n−2

+ ⋅ ⋅ ⋅ + c0 = 0. (1.361)

For large numbers n, due to rounding errors, polynomial equations become difficult for
iterative methods, so we need to look for alternative paths. This especially if we do not
need all the solutions, but only the dominant eigenvalue, the highest of the absolute values
λ0 = max ∣λk∣, which is often of greatest practical significance.

Not every matrix has a dominant value. For example126, the matrices:

(
1 0
0 −1

) ,
⎛
⎜
⎝

2 0 0
0 2 0
0 0 1

⎞
⎟
⎠

(1.362)

with its own values λ1 = 1 and λ2 = −1, or λ1 = 1, λ1 = 2 and λ1 = 2 in a row, they have no
dominant values. However, many matrices have. For an easier understanding of the matrix
iteration method, we will first look at an easy case with two modes of resolving.

Example 1.3.52. Find the dominant eigenvalue and the corresponding eigenvector of the
matrix

A = (
2 −12
1 −5

)

bu classical method.

126Fisica computacional: http://ergodic.ugr.es/cphys/
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Solution. The characteristic polynomial is λ2 + 3λ + 2 = (λ + 1)(λ + 2), so the eigenvalues
are λ1 = −1 and λ2 = −2, and dominant λ0 = λ2 = −2. The corresponding eigenvector is
x0 = t(3,1)

τ , t ≠ 0.

Searching for the dominant value by the matrix iteration (power method) is reduced to
matrix exponentials, by steps. Let’s first assume the first step to our own vector, say x1.
Then we have:

x2 = Ax1, x3 = Ax2 = A2x1, . . . , xn+1 = Axn = Anx1, . . . (1.363)

and if the result starts to repeat, that’s it. When we find our eigenvector (own vector), the
corresponding eigenvalue (proper value) is the so-called Rayleigh’s127 the quotient of the
next proposition.

Theorem 1.3.53 (Rayleigh). If x is eigenvector of the matrix A, then the eigenvalue (own
value) is given by

λ =
Ax ⋅ x

x ⋅ x
.

This number is called the Raleigh coefficient.

Proof. As x is eigenvector of A, and we know that Ax = λx, so:

Ax ⋅ x

x ⋅ x
=
λx ⋅ x

x ⋅ x
= λ,

and that is what has to be proved.

Example 1.3.54. Find the dominant eigenvalue and the corresponding eigenvector of the
matrix

A = (
2 −12
1 −5

)

by matrix iteration, then find its eigenvalue as the Rayleigh coefficient.

Solution. We begin with initial non-zero approximation x1 = (1,1)τ :

x2 = Ax1 = (
2 −12
1 −5

)(
1
1
) = −4(

2,50
1,00

)

x3 = Ax2 = (
2 −12
1 −5

)(
−10
−4

) = 10(
2,80
1,00

)

x4 = Ax3 = (
2 −12
1 −5

)(
28
10

) = −22(
2,91
1,00

)

x5 = Ax4 = (
2 −12
1 −5

)(
−64
−22

) = 46(
2,96
1,00

)

x6 = Ax5 = (
2 −12
1 −5

)(
136
46

) = −94(
2,98
1,00

)

x7 = Ax6 = (
2 −12
1 −5

)(
−280
−94

) = 190(
2,99
1,00

)

127The Lord Rayleigh (1842-1919), English physicist.
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and we note that the series approximates the value of the vector x0 = (3,1)τ , for which we
already know that its eigenvector is the given matrix. Then we find

Ax0 = (
2 −12
1 −5

)(
3
1
) = −2(

3
1
) ,

and hence its eigenvalue (the Rayleigh coefficient) λ0 = −2.

From this example, it is seen that the degree of matrix exponent increases the coefficients
of the results that we had to shorten by dividing them all with one, usually the largest.
This method of reducing the results by dividing the largest coefficient is called scaling.

Example 1.3.55. Calculate the dominant eigenvector by exponents and scaling, the matrix

A =
⎛
⎜
⎝

1 2 0
−2 1 2
1 3 1

⎞
⎟
⎠

Take x0 = (1,1,1)τ for the initial approximation.

Solution. The first iteration gives the vector

Ax0 =
⎛
⎜
⎝

1 2 0
−2 1 2
1 3 1

⎞
⎟
⎠

⎛
⎜
⎝

1
1
1

⎞
⎟
⎠
=
⎛
⎜
⎝

3
1
5

⎞
⎟
⎠
,

so scaling achieve the first approximation

x1 =
1

5

⎛
⎜
⎝

3
1
5

⎞
⎟
⎠
=
⎛
⎜
⎝

0,60
0,20
1,00

⎞
⎟
⎠
.

The second iteration gives:

Ax1 =
⎛
⎜
⎝

1 2 0
−2 1 2
1 3 1

⎞
⎟
⎠

⎛
⎜
⎝

0,60
0,20
1,00

⎞
⎟
⎠
=
⎛
⎜
⎝

1,00
1,00
2,20

⎞
⎟
⎠
,

and hence the second approximation

x2 =
1

2,20

⎛
⎜
⎝

1,00
1,00
2,20

⎞
⎟
⎠
=
⎛
⎜
⎝

0,45
0,45
1,00

⎞
⎟
⎠
.

Continuing the process, in seventh step we get the vector:

x =
⎛
⎜
⎝

0,50
0,50
1,00

⎞
⎟
⎠

which repeats itself. The Rayleigh coefficient gives an appropriate (dominant) own value
λ = 3.
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The following theorem reveals that a sufficient condition for convergence of this method
is that the matrix can be diagonalized (and has a dominant eigenvalue).

Theorem 1.3.56. If A is a square matrix order n with dominant eigenvalue, then exists
non-zero vector x0 such that the sequence of the vectors

Ax0, A2x0, A3x0, . . . , Akx0, . . . (1.364)

converges to its eigenvector corresponding to the dominant eigenvalue of the given matrix.

Proof. As A can be diagonalized, there are n linearly independent eigenvectors x1, . . . ,xn
with corresponding eigenvalues λ1, . . . , λn. Suppose these eigenvalues (and vectors) are
arranged so that λ1 is dominant. Because of the independence of these vectors, they form
a base in Rn. For an initial approximation, let us choose a non-zero vector whose leading
coefficient is not zero

x0 = c1x1 + ⋅ ⋅ ⋅ + cnxn.

If c1 = 0, the method may not converge, but then replace x0. By multiplying we get:

Ax0 = A(c1x1 + ⋅ ⋅ ⋅ + cnxn)

= c1(Ax1) + ⋅ ⋅ ⋅ + cn(Axn)

= c1(λ1x1) + ⋅ ⋅ ⋅ + cn(λnxn).

By repeating the matrix multiplication, both sides of equality, we get

Akx0 = c1(λ
k
1x1) + ⋅ ⋅ ⋅ + cn(λ

k
nxn),

from where

Akx0 = λ
k
1 [c1x1 + c2 (

λ2

λ1
)

k

x2 + ⋅ ⋅ ⋅ + cn (
λn
λ1

)

k

xn] .

Now, on the assumption that λ1 has a higher absolute value than the other eigenvalues, it
follows that all the fractions ∣λj/λ1∣ < 1 for j = 2, . . . , n, and (λj/λ1)

k → 0 when k → ∞.
Hence, the accuracy of approximation

Akx0 ≈ λ
k
1c1x1, c1 ≠ 0,

grows with the rise of k. As x1 is the dominant eigenvector, it follows that any scalar
multiplied by x1 also gives a dominant eigenvector.

The proof of this theorem provides an insight into the speed of convergence of the
method. When we sort the eigenvalues A so that

∣λ1∣ > ∣λ2∣ ≥ ∣λ3∣ ≥ ⋅ ⋅ ⋅ ≥ ∣λn∣,

then we see that the exponentiating progresses faster to the target value, a fixed point, if
the quotient ∣λ2/λ1∣ is a lesser number, and slower if the quotient is closer to the unit. On
the other hand, it is evident that the same proof is easily extended to complex numbers
that the same theorem holds for matrices with complex coefficients.

The matrix A of this theorem can be a representation of the operator A of the quantum
system, since otherwise they are normal operators with diagonal matrices. The theorem
itself then states that the evolution of the A of the quantum state x0, repeated multiply,
flows to the dominant eigenvector, we will say dominant quantum state if it exists. It is the
attractor, whose existence in the quantum world was proved by discussion with the image
1.49, when consider the mathematical theory of (deterministic) chaos..
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1.3.6 Monotone sequences

The sequence (xn) such that xn+1 ≤ xn (xn ≤ xn+1) for every n ∈ N, is called monotone
sequence. In particular, it is called a monotonous growing (falling) sequence. When instead
of the inequality ≤ there is an inequality < then we say that the sequence is really or strictly
increasing (decreasing). We have already proved the principle of monotonic sequences, the
theorem 1.3.23, and we will now look at several slightly more complex features of these
arrays, which we can also consider as some special features of the iteration of functions of
several variables.

Let E be a set of elements with a relation of order ≤ and let ⊙ be an arbitrary oper-
ation on that set with an inverse operation ⊘. Operations ⊙ and ⊘ can be any pair such
as addition-subtraction, multiplication-division, square-root, exponent-logarithm, or some-
thing similar, provided that x⊙y = z is equivalent to x = z⊘y, for x, y, z ∈ E. Some arbitrary
elements x, y, z ∈ E have the following properties:

1○ x ≤ z ⊙ y ⇒ x⊘ y ≤ z; 2○ x ≤ y ⇒ z ⊙ x ≤ z ⊙ y. (1.365)

In the case that ⊙ are sums or multiplication, the requirements (1.365) are the usual alge-
braic transformations in solving simple equations.

Monotone increasing function ϕ ∶ En → E with n ∈ N of variables xk, yk ∈ E and xk ≤ yk
for every k = 1, . . . , n, has the property

ϕ(x1, . . . , xn) ≤ ϕ(y1, . . . , yn). (1.366)

Monotone decreasing function ϕ ∶ En → E, with the variables xk, yk ∈ E and xk ≥ yk in a
row, has the property

ϕ(y1, . . . , yn) ≤ ϕ(x1, . . . , xn). (1.367)

The monotone increasing and decreasing function is sometimes emphasized by labeling them
respectively ϕ↑ and ϕ↓. For example, ϕ↑(x, y) = x + y, ϕ↓(x, y) = −x − y.

The mapping ϕ ∶ En → E is called homogeneous, or semi-homogeneous if:

{
ϕ(λ⊙ x1, . . . , λ⊙ xn) = λ⊙ ϕ(x1, . . . , xn),
ϕ(λ⊙ x1, . . . , λ⊙ xn) ≤ λ⊙ ϕ(x1, . . . , xn),

(1.368)

where λ ∈ E. For example, the homogeneous is the function ϕ(x, y) = ax + by, where ⊙

is the usual multiplication, since ϕ(λx,λy) = a(λx) + b(λy) = λ(ax + by) = λϕ(x, y). The
semi-homogeneous is the function ϕ(x, y) = a

√
x + b

√
y on the set E = (1,∞).

We mean, call it property-M, that every two elements of the ordered set have a majorant
(upper limit, maximum, supremum), which we will mark with µ.

Theorem 1.3.57. Let E ≠ ∅ is ordered set with relation of order ≤, and ϕ↑ ∶ E
n → E

(n ∈ N) is the monotone increasing and semi-homogeneous mapping. Let (xk) and (yk) are
sequences that satisfy the relations:

xk+n ≤ ϕ↑(xk, . . . , xk+n−1), ϕ↑(yk, . . . , yk+n−1) ≤ yk+n, (k ∈ N). (1.369)

Then exists element L ∈ E with the property xk ≤ L⊙yk, where ⊙ is operation with properties
(1.365) on the set E.
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Proof. Prove that majorant L = µ(x1 ⊘ y1, . . . , xn ⊘ yn) meets the given conditions.
For k = 1,2, . . . , n the statement is true because

xj ≤ L⊙ yj ⇐⇒ xj ⊘ yj ≤ L (j = 1,2, . . . , n).

Suppose the statement is true for k, k + 1, . . . , k + n − 1, i.e. that

xk+j−1 ≤m⊙ yk+j−1, j = 1,2, . . . , n.

Hence, and because of increasing of the function ϕ↑ are valid the inequalities

xk+n ≤ ϕ↑(xk, . . . , xk+n−1) ≤ ϕ↑(L⊙ yk, . . . , L⊙ yk+n−1),

so because of the semi-homogeneity of mapping, there are inequalities

xk+n ≤ L⊙ ϕ↑(yk, . . . , yk+n−1) ≤ L⊙ yk+n,

which according to the principle of mathematical induction means that the assertion of the
theorem is true for every natural number k.

For example, when ⊙ is the usual multiplication, and the function ϕ(x, y) = x + y on
E = N, the minimum for L is one. It is obtained in the case of identical sequences (xk) and
(yk) with values respectively: 1, 1, 3, 5, 8, 13, ..., which is easy to check.

The property-M of majorant can be transferred to functions of n = 1,2, . . . variables of
the positive real numbers, domain E = R+, as the property:

(∃M ∈ E)(∀xk ∈ E) ϕ(x1, . . . , xn) ≤M max{x1, . . . , xn}, (1.370)

which, if valid, we call the property M-max of the given function. In particular, let’s note
that for domain E = R+ = {x ∶ x > 0} and n = 2 mapping

ϕ(x, y) = {

x
x+y , x, y ∈ [1,∞[

0, x, y ∉ [1,∞[,
(1.371)

it is neither increasing nor semi-homogeneous, but has the property of M-max.
This theorem can be extended with several paragraphs of Tasković128 (see [41]), of

which I refer only the first one from 1979, on pairs of inequalities or on pairs of systems of
inequalities, and another from 1974.

Proposition 1.3.58. Let E ≠ ∅ is ordered set with relation of order ≤, with monotone
increasing and semi-homogeneous function ϕ ∶ E2n−2 → E (n ∈ N), and the sequences (xk),
(x′k), (yk), (y′k) satisfy relations:

xn, x
′
n ≤ ϕ(x1, . . . , xn−1, x

′
1 . . . , x

′
n−1), ϕ(y1, . . . , yn−1, y

′
1, . . . , y

′
n−1) ≤ yn, y

′
n. (1.372)

Then exist elements L,G ∈ E with property

xn ≤ L⊙ yn, x′n ≤ G⊙ y′n, (∀n ∈ N)

where ⊙ is the operation on the set E with properties (1.365).

128Milan Tasković, born 1945, Serbian mathematician.
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Proof of this statement can be found in Tasković’s work [42]. Next is his theorem that
we will prove here, but let’s first look at one lemma.

Lemma 1.3.59. Let is E = R+, and the mapping ϕ ∶ En → E (n ∈ N) is monotone increasing
and semi-homogeneous. Then for the arbitrary real numbers a1, a2, . . . , an the inequality

ϕ(a1, a2x, . . . , anx
n−1

) ≤ xn,

for fixed n, has at least one solution.

Proof. We define the mapping f ∶ E → E with129 f(x) ∶= ϕ(∣a1∣x
1−n, ∣a2∣x

2−n, . . . , ∣an∣). It
follows from the assumption that the mapping f is monotone decreasing, hence there is a
θ > 0, so f(θ) ≤ θ. Due to semi-homogeneous and monotony, inequalities apply:

ϕ(x1, a2θ, . . . , anθ
n−1

) ≤ f(∣a1∣, ∣a2∣θ, . . . , ∣an∣θ
n−1

) ≤ θn−1f(θ) ≤ θn,

making the lemma proven.

Theorem 1.3.60 (Tasković). Let E = R+, n ∈ N, and mapping ϕ ∶ En → E has prop-
erty M-max (1.370) with constant M . Let sequence (xk) of positive real numbers satisfies
inequalities:

xk+n ≤ ϕ(xk, xk+1, . . . , xk+n−1), (∀k ∈ N), (1.373)

where n is fixed number. Then exist positive numbers L and θ such that:

xk ≤ Lθ
k, ∀k = 1,2, . . . (1.374)

Especially, it M ∈ (0,1), then also θ ∈ (0,1). Otherwise, when M = 1, then θ = 1 and the
sequence (xk) converge.

Proof. Let θ ∈ E and L = max{x1θ
−1, . . . , xnθ

−n}. Then, for k = 1, . . . , n the statement
(1.374) is true. Let it be true and for k, k + 1, . . . , k +n− 1 (k > n), then by assumption and
lemma:

xk+n ≤ ϕ(xk, . . . , xk+n−1) ≤ ⋅ ⋅ ⋅ ≤ Lθ
k max{1, θ, . . . , θn−1

}M ≤ Lθk+n.

When constant M ∈ (0,1), as the function g1(x) = x−nmax{1, x, . . . , xn−1}M is contin-
uous in the point x = 1 and g1(1) < 1, so exists θ ∈ (0,1) such that g1(θ) < 1, i.e.
max{1, θ, . . . , θn−1} < θn, from where (1.374).

For the case M = 1, let tk ∶= max{xk, . . . , xk+n−1} ≥ tn+1, which means that the sequence
(tk) is defined by maximum of x from the given set, so it is monotone decreasing. Let t ∈ E
is the border value of the sequence (tk). If ε > 0 then exists m(ε) such that t− ε < tk < t+ ε
for k ≥m(ε). Inequality (1.373) leads the next inequalities, for p + q = 1:

xk+n ≤ tk = pxk + qmax{xk+1, . . . , xk+n−1}. (1.375)

Further, it should be proven that for all k ≥m(ε) is valid and next inequality

βk ∶= max{xk+1, . . . , xk+n−1} ≥ t − ε.

Suppose this inequality is not true, which means that for some k0 ∈ N we have βk0 < t − ε.
Then, according to the previous inequality, inequalities also apply:

xk0+n ≤ pxk0 + qmax{xk0+1, . . . , xk0+n−1} ≤ p(t + ε) + q(t − ε) = t + (p − q)ε.

129“A ∶= B” means “A is defined by B”
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If p < q here we have xk0+n < t, which is contradiction. If p ≥ q, then according (1.375) is
valid:

xk0+n+1 ≤ pxk0+1 + qmax{xk0+2, . . . , xk0+n−1, xk0+n} ≤

≤ p(t − ε) + q(t + ε) = t + (q − p)ε,

and hence again the contradiction, that the limit value (tk) is not t. These contradictions
prove that the series (tk) converges. This proves the theorem.

Theorem 1.3.61. Let are E = R+ and n ∈ N, and the mapping ϕ ∶ En → E has the property
M-max with constant M ∈ (0,1), and let for the sequences xk, yk ∈ E is valid

xk+n ≤ ϕ(xk, xk+1, . . . , xk+n−1) + yk, (∀k ∈ N).

Then: 1○ if series ∑ yk converge, than the series ∑xk also converge;
2○ if sequence (yn) is bounded, then the sequence (xk) is also bounded;
3○ if lim yk = 0, then is also limxk = 0.

Proof. Let tk = max{xk, . . . , xk+n−1}. Then, for k ∈ N is true the inequality

tk+1 = max{xk+1, . . . , xk+n} ≤ max{tk, xk+n}.

Hence, and inequality is true

tk+1 ≤ max{tk,Mtk + yn}, ∀k ∈ N.

When (tk) is decreasing sequence, the proof goes the same as in the previous theorem, so
it remains to prove the inequality

tk+1 ≤Mtk + yn, ∀k ∈ N.

But then (by induction)

tk+1 ≤M
kt1 +

k−1

∑
i=0

M iyn−1, ∀k ∈ N.

With the given inequality for the series (xk) and (yk), all the conclusions of the theorem
follow.

The consequences of these claims are also some cases of mapping that are not contrac-
tions, but with a fixed point to which they converge. For example, a set of real functions
(γn) defined with γ1(x) = x(1 + x

2)−1 and γn(x) = γ1(γn). Another example, if (xn) is a
bounded set of real numbers that holds true:

xk+2 ≤ pxk+1 + qxk, p, q > 0, p + q = 1, (1.376)

then (xk) is a convergent series. More general consequences are the following Prešić’s130

the discovery from 1965, the statement of Kurepa131 from 1972, then the properties of
Matkovski132 and John Bibi from 1975.

130Slavǐsa Prešić (1933-2008), Serbian mathematician.
131Duro Kurepa (1907-1993), Serbian mathematician.
132Janusz Matkowski, born 1942, Polish mathematician.
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Proposition 1.3.62 (Prešić). Let (xn) is a series of non-negative numbers that fulfill the
condition

xn+k ≤ a1xn + ⋅ ⋅ ⋅ + akxn+k−1, (n = 1,2, . . . ),

where a1, . . . , ak are negative constants. Then exist the positive numbers L and θ with
property xn ≤ Lθ

n, for all n = 1,2, . . . .

Proposition 1.3.63 (Kurepa). Let the sequence (xn) in the metric space (X,d) fulfill

d(xn+1, xn) ≤ a1d(xn, xn−1) + ⋅ ⋅ ⋅ + and(xn−k+1, xn−k),

where a1 + ⋅ ⋅ ⋅ + ak ∈ [0,1], ai ≥ 0. Then (xn) is Cauchy sequence in (X,d).

I recall that Cauchy or fundamental sequence (xn) in the metric space (X,d) is the
one in which for any ε > 0 exists k0 ∈ {1,2,3, . . .} with the property d(xm, xn) < ε for all
m,n ≥ k0, i.e.

(∀ε > 0)(∃k0 ∈ N) m,n ≥ k0 ⇒ d(xm, xn) < ε. (1.377)

For example, the sequence xn = 1/(n + 1), with n ∈ N, X = (0,1) and d(x, y) = ∣x − y∣.

Proposition 1.3.64 (Matkovsky). Let be βi ≥ 0 (i = 1,2, . . . , n) and all zeros of the poly-
nomial p(z) = zn − β1z

n−1 − ⋅ ⋅ ⋅ − βn lie within the unit circle. If the sequences ak, bk ≥ 0
(k = 1,2, . . . ) satisfy equality

ak+n ≤ β1an+k−1 + ⋅ ⋅ ⋅ + βnak + bk, k = 0,1, . . . ,

then:
1○ if the sequence (bk) is bounded, then the sequence (ak) is bounded too;
2○ if lim bk = 0, then is also limak = 0.

The proof of this statement follows from the condition that the zeros of the polynomial
p(z) lie in the circle ∣z∣ < 1, which is equivalent to Kos’s theorems for polynomials, the
condition β1 + β2 + ⋅ ⋅ ⋅ + βn < 1, applying the last previous mapping theorem ϕ(t1, . . . , tn) =
β1t1 + ⋅ ⋅ ⋅ + βntn (ti ≥ 0), as its special case gives the given statement.

The Banach theorem 1.3.48 would not be the subject of mathematical analysis if it was
not defined also by the neighbourhood, and the most important such neighbourhood is a
closed unit ball. Let it be

Kn
= {x ∈ Rn ∶ ∥x∥ ≤ 1}. (1.378)

Thus, Kn is a set of points of a unit ball with a center in the outcome in the n dimensional
space Rn. The subset R ⊂ Kn is called retract if there is a continuous mapping r ∶ Kn → R,
which is called retraction (withdrawal) such that r(x) = x for every x ∈ R.

It is important to note that the sphere of the mentioned ball is not a retract. More
precisely, the set

Sn−1
= {x ∈ Rn ∶ ∥x∥ = 1} (1.379)

is not a retract in Kn. Namely, the retraction r induces the homomorphism r∗. The natural
injective mapping s ∶ Sn−1 → Kn also induces the homomorphism s∗. The rs composition is
an identical mapping to Sn−1, so r∗s∗ is an identical mapping, which leads to contradiction.
Hence the next, Brouwer133 theorem134, version of the theorem 1.3.48, which I just state
without proof.

133L. EJ Brouwer (1881-1966), Dutch mathematician.
134Brouwer fixed-point theorem: https://en.wikipedia.org/wiki/Brouwer_fixed-point_theorem
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Proposition 1.3.65 (Brouwer). Let f ∶ Kn → Kn is a continuous function. Then f has a
fixed point x̄ ∈ Kn.

The Schauder’s135 fixed point theorem Is an extension of the Brouwer ’s theorem to the
topological vector spaces (Hilbert and Banach space), which can be infinite dimensions. It
states that for K a non-empty convex closed subset of Hausdorff’s topological vector space
and T ∶ K → K continuous mapping such that T (K) is contained in a compact subset of
K, the mapping T has a fixed point. In other words136, it for T continuous and compact
Banach space mapping X to itself, such that for some 0 ≤ λ ≤ 1 set

{x ∈X ∶ x = λTx} (1.380)

bounded, claims that T has a fixed point. Therefore, Schauder’s theorem is a linear operator
version of the equation of the fixed point x̄ = g(x̄).

The Brouwer attitude is further extended to every non-empty compact convex subset K
of Banach space, when again, every continuous function f ∶K →K has a fixed point x̄ ∈K.
That the fixed points and monotonous sequences are really important in various fields and
applications of mathematics, let us see on examples, first of Frobenius137 theorems and in
the same branch of algebra, on the proof of its fundamental theorem.

Theorem 1.3.66 (Frobenius). If the square matrix has strictly positive elements, then it
has strictly positive eigenvalues.

Proof. A square matrix A can be viewed as a linear mapping with Rn to Rn. Let us
introduce a compact convex set

K = {x ∈ Rn ∶
n

∑
j=1

xj = 1, xj ≥ 0, j = 1, . . . , n}

and define f(x) = Ax/∥Ax∥1, where ∥x∥1 = ∑
n
j=1 ∣xj ∣ is Euclid 1-norm. Note that if x ∈ K,

then all components of the vector x are non-negative, and at least one is strictly positive.
Hence all components of the vector Ax are strictly positive. Then f is continuous mapping
from K to K, and therefore there exists x′ ∈K such that Ax′ = ∥Ax′∥1x

′.

Theorem 1.3.67 (Algebra’s fundamental). Let p(z) = a0 + a1z + ⋅ ⋅ ⋅ + anz
n is complex

polynomial of exponent n ≥ 1. Then exists z0 ∈ C such that p(z0) = 0.

Proof. The replacement C with Rn would not diminish the generality, as well as the as-
sumption an = 1. Let r = 2 + ∣a0∣ + ⋅ ⋅ ⋅ + ∣an−1∣. We define the continuous function g ∶ C → C
with

g(z) =

⎧⎪⎪
⎨
⎪⎪⎩

z −
p(z)
r ei(1−n)ϑ ∣z∣ ≤ 1

z −
p(z)
r z1−n ∣z∣ > 1,

where z = ρeiϑ with ϑ ∈ [0,2π[. Let’s now consider a compact and convex set

S = {z ∶ ∣z∣ ≤ r}.

135Juliusz Schauder (1899-1943), Polish mathematician of Jewish origin.
136I use different tags to familiarize readers with the usual terms of this field.
137Ferdinand Georg Frobenius (1849-1917), German mathematician.
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To apply Brouwer’s proposition, we need to show that g(S) ⊂ S. This is true because from
∣z∣ ≤ 1 follows:

∣g(z)∣ ≤ ∣z∣ +
∣p(z)∣

r
≤ 1 +

1 + ∣a0∣ + ⋅ ⋅ ⋅ + ∣an−1∣

r
≤ 2 ≤ r.

Reversed, if it is 1 < ∣z∣ ≤ r we have:

∣g(z)∣ ≤ ∣z −
p(z)

rzn−1
∣ = ∣z −

z

r
−
a0 + a1z + ⋅ ⋅ ⋅ + an−1z

n−1

rzn−1
∣

≤ r − 1 +
∣a0∣ + ⋅ ⋅ ⋅ + ∣an−1∣

r
≤ r − 1 +

r − 2

r
≤ r.

As S is invariant for g, so g has a fixed point z0 ∈ S, and it is obviously the root of the given
polynomial p.

This is the fundamental algebraic theorem, which, as you can see, is proved by mathe-
matical analysis. Since the polynomial pn(z) of degree n has at least one complex zero z1,
it can be divided by the polynomial z−z1, so that pn(z) = pn−1(z) ⋅(z−z1). The quotient of
this division is the pn−1(z), the polynomial of exponent n − 1, which again has at least one
complex zero z2, so that pn−1(z) = pn−2(z) ⋅(z−z2). Continuing, we arrive at the conclusion
that the given polynomial can be written in the form pn(z) = an(z − z1) . . . (z − zn), that is,
it has n zeros, so it can be divided into n linear complex factors.

When the coefficients aj of a given polynomial are real numbers, by conjugating the
equation pn(z) = 0 we get pn(z

∗) = 0, from where the new conclusion is: if z is zero (root)
of the polynomial pn(z) = 0, then z∗ is zero of the same polynomial. Therefore, if n = 2k is
an even number, then the given polynomial has k conjugated complex zeros, pairs zj and
z∗j (j = 1, . . . , k), and if n is an odd number, then it has at least one purely real zero. As we
have seen, this and a lot of the other are the consequences of the theorem of a fixed point.

Generalized information

The last assertions, and in particular the propositions 1.3.62 and 1.3.64, associated quantum
mechanics with generalized information and its special case, the Shannon information. I
recall that the amount of uncertainty L, or information, that is freedom, whose general
formula (according to [2]) is a scalar product

L = ax + by + cz + . . . ,

vectors (a, b, c, . . . ) and (x, y, z, . . . ), with the final number of components not listed here.
The factors of these summaries represent two values of the given options, affirmative and
opposed to it.

Classic information is Shannon’s and it is a special case of the same formula. Then the
components of the first vector are probabilities (probability distribution), and the others
are information obtained after the eventual realization of the corresponding coincidences.
The higher the probability, the less information is, so the sum of L is minimal in relation
to all possible permutations of the given components.

Each item is accorded to the information principle, that nature skimps on information,
because it is accorded to the probability principle too, that nature mostly realizes mostly
probable event. The Shannon sum, therefore, expresses the principle of least action of
physics, because it fuses smaller numbers from the first sequence, multiplying them, with
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larger numbers of the second sequence. The proof of the minimum is a matter of elementary
mathematics. That the information is physical action is discussed in the book [1] together
with the mentioned principles.

The generalization of the classical formula of information is obtained when fewer num-
bers of the first sequence, the first vector’s components, are not multiplied compulsorily
with the larger one of the second. Then L is not minimal, the resulting uncertainty or in-
formation is greater than the “least action”, and the carrier of the increased freedom L does
not move to trajectories that are defined by the physics equations. Such are living beings,
which accordingly absorb more information than it belongs “naturally” to them (according
to the laws of physics).

In the freedom of living beings there is a surplus of information, and their endeavor to
last is a different expression of the said principle of information. I emphasize once again, it
is a natural tendency to give not information, but its actual hiding, denial – is not possible.
The latter is because the realization of some kind of uncertainty is inevitable, as is an
inevitable and (somewhat) objective coincidence.

Therefore, in the two of my mentioned books (“Information of Perception” and “Space-
time”) is defined a “living entity” in two consonant ways. First, it is the one that can make
decisions, and then it is the one that has more generalized information than it belongs to the
corresponding non-living matter. Consistent with these definitions, unlike the inanimate, a
living being can be denied part of the personal freedoms in the name of a collective, which is
the form of information hiding, also spontaneous according to the principle of information.
The Darwin138 evolution then has this spontaneous add-on that accelerates it. In addition,
the organization of living beings should be regarded as a special (more complex) living
being.

Unlike living, non-living beings have not mentioned surplus of information, so the prin-
ciple of information spontaneously generate the increase of entropy. Gas molecules try to
distribute themselves uniformly, taking amorphous states, in order to give as little informa-
tion as possible.

The principle of information also requires that the quantum system evolves into less (or
equal) informational states of the preceding ones. In other words, less data is needed to
determine the future than the past. Consistent with my interpretation of the present, as
products of information emerging, or slower flow of time due to relatively less information
production, our time in the universe slows down.

These are some of the topics that I wanted to avoid in this book, but to mention some
on ask of my colleagues. The implications of Shannon’s theorem have promised me to write
one of the reviewers as an addition to the book, so I do not deal with it. They are also
related to the above theorems.

Quantum compatibility

Unlike algebra, quantum mechanics has recently discovered the possibilities of these abstract
tools. One of the earliest works on this subject was Lüders139 from 1951 (see [43]) whose
translation into English appeared only in 2006 (see [44]). The paper that we call today
the Lüders rule describes the changes in the state of the quantum system during selective
measurement140. When an observable A with its eigenvalue ai and associated (own) eigen

138Charles Darwin (1809-1882), English naturalist, geologist and biologist.
139Gerhart Lüders (1920-1995), German theoretical physicist.
140Busch, Paul and Lahti, Pekka (2008) Lüders Rule (Compendium Entry).
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projection, labeled according to the projector’s label (1.108) with Pi, i = 1,2, . . . , measure
the system in the state T and get the result ak, then this state is transformed into T ′ ∶=
PkTPk/Tr(TPk). This is a excerpt from the text of the text that follows.

Gerhart Lüders formulated his rule on Neumann’s description of the measurement pro-
cess (see [29]), considering the principle or the projection postulate, or collapse of the wave
function. He watches the instrument used to describe a change in system state due to
measurement, whether it is selective or not. The Lüders instrument, IL, consists of the
operation of the form ILX(T ) = ∑ai∈X PiTPi, for the tracking of a repeatable, ideal, non-
degenerate measurement. Such measurement, without selectively reading the results, the
system state is transformed into T → ILR(T ) = ∑i PiTPi = ∑iTr(TPi)T

′
i , and the projection

postulate says that this condition collapses in T ′k, if ak is the actual result of the measure-
ment.

From the theory of vector space we know that linear operators on vectors are also some
vectors, and, analogously, that the evolution of quantum states is also some quantum state,
that changes are remarkable - some observables. In particular, the changes themselves are
of a particle-wavy nature similar to the other observables. Secondly, physical processes
respond to the environment, and vice versa, analogously to other observables. In this way
it is possible to talk about communication. For example, from the theorem 1.1.47 it follows
that the ability of communication is a kind of dependency, and from the book “Space-time”
[1], the dependence leads to above mentioned “generalized information”, or the “amount of
freedom”, and before mentioned non-commutativity. This opens up a new topic into which
we are not going for now. We will only emphasize in physics the already known relationships
between the commutativity operator and the independence of probability of the events they
represent.

The Lüders’ description of the measurement reveals that independence property called
the compactness of the observables A and B of a discrete spectrum: they switch if and only
if the expected value of B does not change under the non-selective Lüders’ operator A in
any state T . This result is the basis for the axiom of local commutativity in the relativistic
quantum field theory. Mutual commutativity of manifolds, associated with different areas
of space-time, means the inability to influence the outcome of measurement in one region
on the outcomes in the other. But the above mentioned ability of changing itself as an
observable is a matter of exceptions. In order to better understand the exceptions, I will
repeat this in one more way and a little more precisely.

In general, in a complex separable Hilbert space H with self-adjoin (self-associated) op-
erator A of discrete spectrum and spectral decomposition A = ∑i aiEi relation B = ∑iEiBEi
is valid for self-adjoin operator B if and only if B commutes with all Ei. In other words, if
the operators A and B commute, then the results of measuring the other observable – the
representation of the operator B do not depend on the previous measurement of the first
observable – representation of the operator A. This view was extended in 1998 to a “blunt”
observable represented by a “semi spectral” measure and on some other special observable
(see [45]). The term “instrument” was introduced in the work of [46] to describe a change
in system state during quantum measurement.

A strict repeatability of the measurement is taken in the sense of the Neumann hypothesis
of repeatability which says: if the physical size of the given system is measured consecutively,
we will get the same values. Measurement is said to be poorly reproducible if, paraphrasing,
consecutive application of instruments to field elements still yields the same results as when
one instrument is applied to the cross-section of these elements.

You can find about the fixed points of quantum operations in the work of the group of
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Quantum Mechanics

authors, [48], from 2002. There is considered a set of bounded linear operators denoted by B
and E set of quantum effects, on Hilbert space H. Quantum effects correspond to quantum
measurements of the “yes-no” type, which can be “blunt”. The set of density operators ρ
of the quantum system (all on the H) is

D = {ρ ∈ T ∶ Tr(ρ) = 1}, (1.381)

where T is a set of trace operators, which defines Neumann entropy (1.267).

The paper deals with the discrete sequences Ek ∈ E (k = 1,2, . . . ) the “blunt” effects of
measurements (yes-no) whose sum converges. The probability of finding k-th outcome in

the state ρ is Pρ(Ek), and after measurement it is E
1/2
k ρE

1/2
k /Tr(ρEk). The resulting state

after measurement, but without observation, was given with

φ(ρ) =∑
k

E
1/2
k ρE

1/2
k , (1.382)

which is an affine mapping (keeps points, lines and planes) from the set D on itself. The
fact that the measurement does not disturb ρ is expressed by φ(ρ) = ρ, that is, the equation
of the fixed point, which is valid if and only if ρ commutates with each Ek (see [49]). It is
then said that ρ is compatible with each Ek, and this is called a generalized Lüders rule.
With this finding, it becomes apparent that for two states of which we say are “compact”
can be said and “not disturbed” mutually.

In the dual image, the probability that the effect A will be measured in the state ρ is

Pφ(ρ)(A) = Tr(A∑
k

E
1/2
k ρE

1/2
k ) = Tr(∑

k

E
1/2
k AE

1/2
k ) . (1.383)

If A in any of its states is not disturbed by measurement, it will be

∑
k

E
1/2
k AE

1/2
k = A, (1.384)

which, by defining φ(A) = ∑kE
1/2
k AE

1/2
k , reduces to φ(A) = A. However, this A now does

not have to be in T + (H), and the proof of the Lüders rule does not work. The condition
φ(A) = A does not now mean compulsory compatibility A with all the states Ek. However,
the incompatibility of the A operator with some Ek is not an obstruction to get, from 3○ of
the complete probability law in the theorem 1.1.41:

Tr(ρA) = Pρ(A) =∑Pρ(Ek)Pρ(A∣Ek)

=∑Tr(ρEk)
Tr(E

1/2
k ρE

1/2
k A)

Tr(ρEk)
= Tr(ρ∑E

1/2
k AE

1/2
k ) .

How to understand this, that when it comes to probability distribution, when the law of
complete probability is valid for all ρ ∈ D, and to get again φ(A) = A?

For example, when the Ek metric is executed in a limited area, and the measurement
A done in another spatially separated, the first measurement will not affect another, so
φ(A) = A. In the dual picture, this is not enough, because it represents processes that
(I am referring to the previous observation) also interact with the environment, but not
necessarily in the same way. Then the Lüders rule must be replaced by some weaker
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ones. This substitution was considered in the above-mentioned paper on the fixed points of
quantum operations (see [48]).

Official physics has not yet come up with an intuitive interpretation of quantum me-
chanics, but it does not limit us to mention them. Moreover, that should lead us to explore
them?

For example, understanding the non-commutativity of the operators as a dependence
of the probability of random events representing them, and then the dependence of the
physical quantities themselves we measure. Such is the use of Heisenberg’s uncertainty,
momentum and position, in the book “Space-time”’ (see [1], example 1.1.2). The operators
of momentum p and position x have the same representation, say space-time. The uncer-
tainty measured along the k-th coordinate of the space-time are respectively ∆pk and ∆xk.
We know that for the products of these uncertainties the inequalities of ∆pj∆xk ≥

1
2~δjk

apply, which means that, along the same lines of this uncertainty, they are mutually “dis-
turbing”, not to say are compatible – in the spirit of the above text, and are “ignoring” in
the directions of different dimensions. We can say that the corresponding pairs have the
firstly minimum Lk = ∆pk∆xk and then the total “amount of freedom” L = ∑k Lk, which
we already call “generalized information”. It is easy applied to similar non-commutative
operators.

Another example is quantum entanglement, which will soon be discussed. For now we
note that the occurrence of the mix of certainty in uncertainty is coincidental, that it is
the essence of the dependent probabilities, Heisenberg’s relations, and the “quantities of
freedom”. So there is no “freedom” without “dependence” and that, at least at first glance,
it sounds weird.
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1.3.7 Orthogonality

We assume that V is a unitary vector space and that L is a vector space of linear operators
with domain V. By means of a scalar product it is possible to define angles between the
vectors, and among them the most important are the right angles. First of all, we are
considering mutually vertical or orthogonal vectors. When the equality ⟨x1∣x2⟩ = 0 holds
for vectors x1, x2 ∈ V we say that they are mutually perpendicular or orthogonal, and when
∥x1∥ = 1 and ∥x2∥ = 1 we say that unit lengths are unitized, or normed. When are they both,
then they are orthonormal. We use the definition 1.2.55 of an orthonormal set of vectors.

Definition 1.3.68 (Orthonormal base). For a set of base vectors {eµ} for which equality
holds:

⟨eµ∣eν⟩ = δµν = {
1, µ = ν,
0, µ ≠ ν,

We say it makes an orthonormal base.

The δµν function is the Kronecker ’s delta symbol. The number of base vectors can be
finite or infinite, and we have already dealt with the first case. We have shown that each
vector space has an orthonormal basis (theorem 1.2.56) and see the Gram-Schmitt method
(1.210) of the formation of such a base. We have proved Bessel’s equality (theorem 1.2.59)
and Parseval’s equality, its special case. In the sequel, we will first repeat a few basic terms,
look at a few simple examples, and then consider the particularities of Banach spaces.

Using an orthonormal base, we write a linear superposition of the base states:

x =
n

∑
µ=1

αµeµ, (1.385)

⟨eµ∣x⟩ = ⟨eµ∣∑
ν

ανeν⟩ =∑
ν

αν⟨eµ∣eν⟩ = αµ, (1.386)

we can write

x =
n

∑
µ=1

⟨eµ∣x⟩eµ. (1.387)

When the representations of the base vectors are observables, the physical quantities that
are measured, then the quantum state is the representation of the vector x, and the repre-
sentation of the vector space is the quantum system.

Since the quantum system is a general part of nature, simply objects of possible obser-
vation, or parts of our experiment, this in each particular case has a special vector space. In
any case, the coefficient of property eµ of the vector x, the complex number ⟨eµ∣x⟩, we call
amplitude of the given property (observable). The normed amplitude square, ∣⟨eµ∣x⟩∣

2, rep-
resents the probability of finding the property. Independent physical quantities, measured
by different units of physical measures, can always be represented by orthonormal vectors
of a base. That’s why the mathematical form of quantum mechanics is so important, and
that’s why we keep so much on these “banal” things, including the following “too simple”
examples.

First example. A real three-dimensional space, often denoted R3, has a vector base
represented by orthonormal matrix columns:

e1
=
⎛
⎜
⎝

1
0
0

⎞
⎟
⎠
, e2

=
⎛
⎜
⎝

0
1
0

⎞
⎟
⎠
, e3

=
⎛
⎜
⎝

0
0
1

⎞
⎟
⎠
. (1.388)
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How do we know these vectors are orthonormal? Well, because of the definition 1.2.46
of unitary spaces in which a scalar multiplication with ej ⋅ e

k is defined. Otherwise, the
matrix columns are written with the upper ones, and the matrix rows with the lower indices,
which is more precise and consistent with the designation of the contravariant and covariant
tensors (see [50]), but in quantum mechanics these differences are usually only mean and
do not exposed. Thus, for the first vector, we find matrix multiplication

e1 ⋅ e
1
= (1 0 0)

⎛
⎜
⎝

1
0
0

⎞
⎟
⎠
= 1,

and similar to the second or third, except that the unit is in the written vectors on the second
or third place. Multiplying vectors of different indexes (covariant with contravariant) get
zero. In the following, we will avoid specificities and tensor markings; we will imply them
whenever possible.

An arbitrary vector of the given space x = (x1 x2 x3) has the norm:

∣x∣2 =
3

∑
k=1

∣⟨x∣ek⟩∣
2
=

3

∑
k=1

x2
k, (1.389)

which is an example of Bessel’s inequality that became Parseval’s equality. Similar to this,
but only slightly more general, are the following two examples.

Second example. A real n-dimensional space Rn has a norm

∣x∣2 =
n

∑
k=1

∣⟨x∣ek⟩∣
2
=

n

∑
k=1

x2
k, (1.390)

with base vectors sequences of zero and one unit in each subsequent vector in the next place.
The written norm is actually Parseval’s equality.

Third example. The corresponding complex space Cn has the norm

∣x∣2 =
n

∑
k=1

∣⟨x∣ek⟩∣
2
=

n

∑
k=1

∣xk∣
2, (1.391)

where x = (x1, x2, . . . , xn) ∈ Cn, and:

e1 =
1 + i
√

2

⎛
⎜
⎜
⎜
⎝

1
0
. . .
0

⎞
⎟
⎟
⎟
⎠

, e2 =
1 + i
√

2

⎛
⎜
⎜
⎜
⎝

0
1
. . .
0

⎞
⎟
⎟
⎟
⎠

, . . . , en =
1 + i
√

2

⎛
⎜
⎜
⎜
⎝

0
0
. . .
1

⎞
⎟
⎟
⎟
⎠

. (1.392)

is an orthonormal base in Cn. Note, for example, that 1−i√
2
(1,0, . . . ,0) is the covariant vector

of the corresponding contravariant vector.

Many properties of finitely dimensional vector spaces are transmitted to cases when the
number of dimensions is infinite, n→∞. Then we say that the base is orthonormal, if each
of its final subsets is orthonormal. An infinite set of vectors is linearly independent, if each
of its finite subsets is linearly independent. In addition, we consider vectors, say x and
y, only those whose norms, rows (1.391) converge, and also converge their scalar (inner)
products ⟨x∣y⟩.
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Example 1.3.69. Show that infinite series of trigonometric functions

1. ek(t) =
1

√
π

coskt, 2. ek(t) =
1

√
π

sinkt, (1.393)

for k = 1,2,3, . . . , made orthonormal base of the real vector space (λk ∈ R) of the functions
x = λ1e1(t) + λ2e2(t) + . . . on the domain t ∈ [−π,π],with the inner product

⟨x∣y⟩ =

ˆ π

−π
xy dt, (1.394)

for arbitrary m,n ∈ N.

Solution. Check the norm:

1. ⟨en∣en⟩ =
1
π

´ π
−π(cosnt)2dt = 1

2π

´ π
−π(1 + cos 2nt)dt = 1

2π (t +
1

2n sin 2nt)∣
π

−π
= 1,

2. ⟨en∣en⟩ =
1
π

´ π
−π(sinnt)

2dt = 1
2π

´ π
−π(1 − cos 2nt)dt = 1

2π (t −
1

2n sin 2nt)∣
π

−π
= 1.

Chack the orthonormal (m ≠ n):

1. ⟨em∣en⟩ =
1
π

´ π
−π cosmt cosntdt = 1

2π

´ π
−π[cos(m − n)t + cos(m + n)t]dt = 0,

2. ⟨em∣en⟩ =
1
π

´ π
−π sinmt sinntdt = 1

2π

´ π
−π[cos(m − n)t − cos(m + n)t]dt = 0,

because the values of the integral:

ˆ π

−π
cos zt dt =

1

z
sin zt∣

π

−π
= 0, z ∈ Z.

In both cases, 1 and 2, the functions ek(t) are call Fourier coefficients.

In general, in the complex unitary space C[−π,π] of continuous functions on the segment
[−π,π] with the scalar product

⟨x∣y⟩ =

ˆ π

−π
x∗(t)y(t)dt, (1.395)

functions

ek(t) =
coskt + i sinkt

√
2π

=
eikt
√

2π
, k = 0,±1,±2, . . . , (1.396)

form an orthonormal infinite set of vectors. For an arbitrary function x = x(t) from the
specified space, the number

ξk = ⟨x∣ek⟩ =
1

√
2π

ˆ π

−π
x(t)e−iktdt (1.397)

it is also called the Fourier coefficient of the function x in relation to the function ek, and
the series that is formally constructed as

∞

∑
k=−∞

ξke
ikt, e = 2,71828 . . . (1.398)

is called the Fourier series of the function x.
We have said that physical properties, such as the amount of motion (particle’s mo-

mentum) or position, can be considered as elements of the vector space V over the body
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of the scalar C, because for them are valid axioms of the vector spaces. The groundwork
of these physical properties is isomorphism with any other set of an equal number of (also
independent) physical properties, or corresponding (abstract) vector spaces. Therefore, we
will not be surprised when quantum states are found in the form of Fourier series.

For example, for base vectors we can take trigonometric functions (1.393), so that the
given (arbitrary) function is developed into Fourier series. Analogy with periodic phenom-
ena and waves is a general phenomenon in nature. Was de Broglie141 had this in mind in
1923 when he suggested that at the level of atoms the particles of substance, except the
corpuscular, they also have the wavy properties – for now it does not matter. He discovered
the wave-particle nature of the substance that was confirmed by the experiment in 1927,
and in 1929 he received the Nobel Prize in Physics.

Figure 1.54: Joseph Fourier

Fourier142 introduced in mathematics the idea that every periodic function can be rep-
resented using the series of cosines and sinuses, which are related in a special way. The
function f(x) is said to be periodic with the period T if f(x + T ) = f(x) for all x. Below
we work with periodic functions of the period T = 2π. We assume that the function f(x)
with the period 2π is absolutely integrable at the interval [−π,π], so that the next so-called
Dirichlet143 integral is final: ˆ π

−π
∣f(x)∣dx <∞. (1.399)

We also assume that this function is partially continuous (it has the final number of disconti-
nuities) and partially monotone (it has the final number of maxima and minimums). When
these conditions are met, then there is a Fourier series of the function f and it converges to
the given function.

Invisible matter

These discoveries are used in physics, but still only formally. I hope you understand how
much this is insufficient from the following introductory explanations, whose further elab-
oration would take us far beyond the scope of quantum mechanics. Before all, because

141Louis de Broglie (1892-1987), French physicist.
142Joseph Fourier (1768-1830), French mathematician.
143Peter Gustav Lejeune Dirichlet (1805-1859), German mathematician.
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the principle of finiteness of matter we can consider that any trajectory of physical body
with sufficient accuracy satisfies the formal Fourier conditions. Additionally, all physical
movements are also wave, with abstract waves (sinusoids) associated with different physical
properties.

Consequently, the corresponding substances in motion can exhibit some other properties,
say, interferences, but also retain old properties, such as conservation of energy. In such a
treatment, for example, we’ll find that the interference can cancel two rays (two photons)
of light, but not their total energy, and obtain a joined particle of invisible light. Moreover,
we can consider that the similarly interfering, canceled and united “invisible” matter is
everywhere around us.

The amplitude of the waves of the united “invisible” particle is (approximately) zero,
so that Born’s probability of finding such a particle is zero. On the other hand, only the
substance of the same (similar) properties interferes in the united “invisible” particle, which
makes it (almost) impossible to separate it. However, such a particle has energy, so it can
have a mass that gravitates and can be an ingredient of dark matter, which makes the
galaxies rotate faster than they should.

Figure 1.55: Parallel transport.

By translating the vector x → x′ along the closed path N → A → B → N within the
spherical curved surface, in the figure 1.55, the (subtle) difference of the initial and final
value of the given vector happened. The vertices of triangle NAB are in the North Pole
and two points on the Equator, and the figure is usually used to show that the sum of
angles of triangle in a spherical geometry is greater than the straight angle (180○). We use
it here to show that in the case of closed motion of a body in a relativistic gravitational
field, the initial and final momentum (given by the vector) is no longer equal, indicating
energy leakage. This figure also points to another possibility of separating the “invisible”
particle, as opposed to interactions with other particles, now moving along a closed path144

in a curved space.
In the interference considerations, a new explanation of the experiment double slit, given

with the figure 1.26, is also interesting here. In short, the present place is the interference
of all waves from the creation of the universe until today. What we see now is like waves

144This should be distinguished, for example, from the open path of light.
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on the sea where the boat is rocking without worrying about the amount of water beneath
it. The bottom can be only ten meters far, but also ten kilometers through the depths of
the ocean. Although it does not seem to be important, it actually is.

This ripple of water on the surface that we see is compared with our present-day adrift
on our entire past. Each of us (each particle) is built with a series of moments of its life;
our past and our life experiences define us. Any of us are unique because each has apart
path from the creation of the universe to this day. This type of uniqueness is in line with
the principle of coincidence, because the future is determined by the past and is objectively
unpredictable. To finish, I’ll note only that the same applies to the Pauli exclusion principle:
two or more identical fermions (particles with half-integer spin) cannot occupy the same
quantum state within a quantum system simultaneously. For example, there are no two
electrons in the same atom with all four quantum numbers equal.

Fourier series

The Fourier series of the function f(x) is given with

f(x) =
a0

2
+

∞

∑
n=1

(an cosnx + bn sinnx), (1.400)

where Fourier coefficients are:

a0 =
1

π

ˆ π

−π
f(x)dx, an =

1

n

ˆ π

−π
f(x) cosnxdx, bn =

1

n

ˆ π

−π
f(x) sinnxdx. (1.401)

Alternative Fourier series

f(x) =
a0

2
+

∞

∑
n=1

dn sin(nx + ϕn) ∨ f(x) =
a0

2
+

∞

∑
n=1

dn cos(nx − θn). (1.402)

is obtained by substitutions:

dn =
√
a2
n + b

2
n, tanϕn =

bn
an

= tan θn, (1.403)

In all points of the domain

f(x) = lim
ε→0

1

2
[f(x − ε) + f(x + ε)], (1.404)

so at points of discontinuity it is taken for value instead of the previous ones.

For even functions, for which f(−x) = f(x) holds for every x and why they are symmetric
with respect to the y axis, the sinewy Fourier series member vanishes, so its development
in periods of 2π becomes

f(x) =
a0

2
+

∞

∑
n=1

an cosnx, (1.405)

with Fourier coefficients:

a0 =
2

π

ˆ π

0
f(x)dx, an =

2

π

ˆ π

0
f(x) cosnxdx. (1.406)
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For odd functions, for which f(−x) = −f(x) holds for every x which makes them centrally
symmetric with respect to the origin O, the cosine member of the Fourier series vanishes
and we have

f(x) =
∞

∑
n=1

bn sinnx, bn =
2

π

ˆ π

0
f(x) sinnxdx. (1.407)

Below we look at a few characteristic examples of development in the Fourier series with a
period of 2π, when these developments exist and when they converge.

Fourier coefficients

Example 1.3.70 (Coefficients). Assume that the function f(x) is 2π-periodic and suppose
that it is represented by the Fourier series. Let us calculate the Fourier’s coefficients.

Solution. For coefficient a0, integrate Fourier series on the interval [−π,π]:

ˆ π

−π
f(x)dx = πa0 +

∞

∑
n=1

[an

ˆ π

−π
cosnxdx + bn

ˆ π

−π
sinnxdx] =

= πa0 +
∞

∑
n=1

[an (
sinnx

n
) ∣
π

−π
+ bn (−

cosnx

n
) ∣
π

−π
] = πa0 +

∞

∑
n=1

[0 + 0],

a0 =
1

π

ˆ π

−π
f(x)dx,

which is true.
To calculate a particular coefficient an, we multiply both sides of the Fourier series with

cosmx and integrate a member per member:
´ π
−π f(x) cosmndx =

=
a0

2

ˆ π

−π
cosmxdx +

∞

∑
n=1

(an

ˆ π

−π
cosnx cosmxdx + bn

ˆ π

−π
sinnx cosmxdx) .

The first member (on the other side of equality) is zero. Next, using trigonometric identities
for products, we get:

{

´ π
−π cosnx cosmxdx = 1

2

´ π
−π[cos(n +m)x + cos(n −m)x]dx = 0,´ π

−π sinnx cosmxdx = 1
2

´ π
−π[sin(n +m)x + sin(n −m)x]dx = 0,

when m ≠ n. In case m = n we have:

⎧⎪⎪
⎨
⎪⎪⎩

´ π
−π sinnx cosmxdx = 1

2

´ π
−π(sin 2mx + sin 0)dx = 1

2
(− cos 2mx

2m
) ∣
π

−π
= 0,´ π

−π cosnx cosmxdx =
´ π
−π cos2mxdx = 1

2

´ π
−π(1 + cos 2mx)dx = π.

Hence

am =
1

π

ˆ π

−π
f(x) cosmxdx, m = 1,2,3, . . . ,

which is also true.
To obtain the Fourier coefficient bn, similar to the previous one, we multiply the Fourier

series with sinmx, integrate a member per member and get a familiar result

bm =

ˆ π

−π
f(x) sinmxdx, m = 1,2,3, . . .

In this way, we prove the formula for the above-mentioned coefficients an and bn.
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Typical developments

Example 1.3.71 (Square Wave). Develop in 2π-periodic Fourier’s series the function

f(x) = {
0, x ∈ [−π,0],
1, x ∈ (0, π],

on the interval [−π,π].

The data function is the so-called square wave, and its developments in the first n = 5,
then n = 15 of the Fourier’s series are shown in the figure 1.56.

Figure 1.56: Square wave.

Solution. Calculate:

a0 =
1

π

ˆ π

−π
f(x)dx =

1

π

ˆ π

0
1dx =

1

π
⋅ π = 1,

an =
1

π

ˆ π

−π
f(x) cosnxdx =

1

π

ˆ π

−π
1 ⋅ cosnxdx =

1

π

sinnx

n
∣
π

0
=

1

nπ
⋅ 0 = 0,

bn =
1

π

ˆ π

−π
f(x) sinnxdx =

1

π

ˆ π

0
1 ⋅ sinnxdx =

1

π
(−

cosnx

n
) ∣
π

0
=

= −
1

nπ
(cosnπ − cos 0) =

1 − cosnπ

nπ
,

and as cosnπ = (−1)n, so is

bn =
1 − (−1)n

nπ
.
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Accordingly, the sum

f(x) =
1

2
+

∞

∑
n=1

1 − (−1)n

nπ
sinnx, (1.408)

is the development of the Fourier series of “square wave”.

Example 1.3.72 (Sawtooth Wave). Develop in Fourier’s series sawtooth wave, on the
interval [−π,π] with the period 2π.

In the figure 1.57 is a (blue) broken line representing the “sawing wave”, f(t) = t − [t],
where [t] is the “largest integer of t”, around which the (black) smooth lines twist, the sum
of the first few members of the Fourier series. For the requested interval, it is enough to
repeat the straight line, y = x.

Figure 1.57: Sawtooth Wave.

Solution. The sawing function is odd, so a0 = an = 0. We look for coefficients bn, partial
integration:

bn =
1

π

ˆ π

−π
f(x) sinnxdx =

1

π

ˆ π

−π
x sinnxdx =

1

π
[(−

cosnx

n
) ∣
π

−π
−

ˆ π

−π
(−

cosnx

n
) dx] =

=
1

nπ
[−2π sinnπ + (

sinnx

n
) ∣
π

−π
] =

1

nπ
[−2π cosnπ +

1

n
(sinnπ − sin(−nπ))]

=
1

nπ
(−2π cosnπ +

2 sinnπ

n
) =

2

nπ
(

sinnπ

n
− π cosnπ) .

Substituting sinnπ = 0 and cosnπ = (−1)n orderly for the integer n, we get

bn =
2

nπ
[−π(−1)n] = −

2

n
(−1)n =

2

n
(−1)n+1.
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Accordingly, it is

x =
∞

∑
n=1

2

n
(−1)n+1 sinnx

the Fourier development of the “sawtooth function”.

Example 1.3.73 (Parabolic Wave). Develop in Fourier series parabolic wave, y = x2, at
the interval [−π,π] with the period 2π.

Figure 1.58: Parabolic wave.

Solution. As the function is even, bn = 0. Then:

a0 =
1

π

ˆ π

−π
f(x)dx =

1

π

ˆ π

−π
x2dx =

1

π

x3

3
∣
π

−π
=

2π2

3
,

an =
1

π

ˆ π

−π
f(x) cosnxdx =

2

π

ˆ π

0
x2 cosnxdx = ⋅ ⋅ ⋅ =

4

n2
(−1)n.

We applied partial Integration twice. Finally, the required Fourier’s series of this parabolic
wave is

x2
=
π2

3
+

∞

∑
n=1

4

n2
(−1)n cosnx.

On the figure 1.58 is solution for n = 2 – red, and n = 5 – blue.

On complex Fourier’s series we pass through Euler’s formula (1.201), then by transfor-
mations, Euler and trigonometric series:

cos θ = 1
2e
iθ + 1

2e
−iθ, sin θ = −1

2 ie
iθ + 1

2 ie
−iθ,

ei(θ+φ) = eiθeiφ, cos(θ + φ) = cos θ cosφ − sin θ sinφ,

eiθeiφ = ei(θ+φ), cos θ cosφ = 1
2 cos(θ + φ) + 1

2 cos(θ − φ),
d
dθe

iθ = ieiθ, d
dθ cos θ = − sin θ.

(1.409)

Rastko Vuković 253
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By substitution θ = nx then:

cosnx =
1

2
einx +

1

2
e−inx, sinnx = −

1

2
ieinx +

1

2
ie−inx,

in the basic Fourier’s series, we get:

f(x) =
a0

2
+

∞

∑
n=1

[an(
1

2
einx +

1

2
e−inx) + bn(−

1

2
ieinx +

1

2
ie−inx)] =

=
a0

2
+

∞

∑
n=1

[
1

2
(an −

1

2
ibn)e

inx
+ (

1

2
an +

1

2
ibn)e

−inx
],

or shorter (1.400), we write:

f(x) =
∞

∑
n=−∞

cne
inx, cn =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1
2an −

1
2 ibn, n ≥ 1

1
2a0, n = 0
1
2a∣n∣ +

1
2 ib∣n∣, n ≤ −1.

(1.410)

The coefficient cn is mostly complex (except c0) and is cn = c
∗
−n.

We will now return to the consideration of the wave of matter, but not as speculatively
as it has been suggested here on some previous pages, but mainly on the familiar and verified
things in physics.
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1.3.8 Waves of matter

We know that the electron circulates around the nucleus of the atom but does not fall into
that nucleus. This would happen in the macro-world because of the possibility of a gradual
loss of potential energy, but not in the micro-world, because the changes in the energy of
the electron are quantized. The losses (or gains) of energy in the micro-world can only be
jumpy. This is firstly anticipated from the treatment of observables as a probability packet,
then we could refer to the principle of the finiteness of matter, and now we recognize that
it also follows from the theorem on the interpretation of the (arbitrary) function in periodic
Fourier’s series. The last, physically speaking, means that each particle can be represented
as a wave.

Figure 1.59: Electromagnetic wave.

In the figure 1.59 is the wave of light, the electromagnetic radiation, which extends
through the vacuum at a speed of approximately c = 3× 108 m/s. The electric field extends
parallel to z-axes and induces a magnetic field parallel to y-axes and the wave moves along
x-axes. For waves it is generally true that the product of wavelength λ and frequency ν is
equal to the wave speed, so for light

λν = c. (1.411)

Wave movement is periodic with periods that are repeated on each single wavelength λ with
the duration T called flicker or blink. The frequency ν = 1/T is the number of blinks in the
unit of time.

We can add to this classic representation of electromagnetic radiation new quantum
descriptions, mentioned besides the qubit and Hadamard gate (1.43). From the state of
uncertainty, superposition, the light is realized, collapses into one of the possible outcomes,
converting all the amount of uncertainty into the information (each of the parallel realities).
It is then de-realized, from information to uncertainty. From the point of view of an imag-
inary observer, with the opposite flow of time relative to ours, all from our point of view
realized information to such are the imaginary uncertainties from which it gets information.
The produced information for such an observer, for us, is a superposition of uncertainty.
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The equation of these quantities stems from the definition of Shannon information.
Namely, the information of a random event that has n ∈ N of equally probable outcomes is
S = lnn, which is Hartley’s Information (1.267). In the case of probability distribution, for
example (1.79), Hartley’s information of the individual probability outcomes pk = 1/nk are

Sk = − lnpk, ∑
k

pk = 1, (∀k)pk ≥ 0, (1.412)

so their mathematical expectation (mean value) is

S =∑
k

pkSk, (1.413)

and that’s Shannon’s information. For example, when we throw the cube we have six options
(k = 1,2, . . . ,6) each with the same probability (pk = 1/6), with total uncertainty equal to
Shannon’s information

S =
6

∑
k=1

1

6
⋅ (− ln

1

6
) = ln 6 ≈ 1,79

in units of natural logarithms (nat). The total amount of uncertainty before throwing the
cube equals the information of one any of the throwing outcomes.

The story of the uncertainty of photons (light) with this is only the beginning. The
previous description, the realization of uncertainty in information for us and some of the
imaginaries observers, is valid for every quantum state. All imaginary observers, who per-
ceive the transformation of our information into one of the (ours) state of the superposition,
for us are equal, but they cannot communicate with one another (in our past), as we cannot
communicate with our parallel realities. In addition, photons have their own peculiarities.

The photon, the quantum of electromagnetic radiation, moves with the speed of light,
and from our point of view, in the long term, the (special theory of relativity) time stands.
However, in the short term, such occurrence is impossible (the principle of finality), why it
should be assumed that the photon time oscillates, that from the standpoint of our time
flow, it make a “quantum leap” forward and backward. This is an interesting topic for some
other discussion, but here we continue with the classical, wider known things.

The photon energy is

E = hν, (1.414)

where (approximately) h = 6.626 × 10−34m2 kg/s is Planck constant. Light has no mass in
rest, but if it had been in line with the Einstein’s145 famous equation

E =mc2. (1.415)

Light does not have a rest mass but has a momentum p = mv, a product of mass and
velocity, so here it is

p =
h

λ
, (1.416)

because p = mc. This formula was introduced by Louis de Broglie in his doctoral thesis in
1924, declared valid for all matter. Now, when the Louis de Broglie’s hypothesis is very
confirmed, we can say that each particle (body) is like an orchestra of various wave-particles
with the resulting wavelength λ = h/p, in accordance with (1.416).

145Albert Einstein (1879-1955), theoretical physicist born in Germany
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Next, we can rely on an explanation of the double slit experiment, shown in the picture
1.26. On the curtain C, after the passage of particles-waves through the openings on the
curtain B, their interferences are accumulated, even when the particles-waves are fired one
after the other in a long and unintentional time intervals. There is suggested an explanation
for this “strange” event, by interference – but as independent random events (which is
opposed to the modern physics), and now we have the opportunity to check again such a
new (hypo) thesis.

Therefore, in the position to be in the given event (interval of the space), all the particles-
waves of the universe which could otherwise communicate but are incidentally independent
are interfering. However, for a large number of equal sinusoids at the interval of a single
period we have

∞

∑
n=1

ˆ 2π

0
sinnxdx = 0, (1.417)

which means that the interference disappears, and there is no particle-wave. In the con-
ditions of symmetry (homogeneity and isotropy), there is no occurrence of visible matter.
Otherwise, in the conditions of asymmetry, this zero balance is not maintained.

This explanation is a supplement and to the above overview of electromagnetic radiation.
Photon is also a particle-wave, but such that moves at the speed of light, oscillating back
and forth of uncertainty into certainty and vice versa and stagnating in time. It is not a
“vacuum waving” (waving of emptiness), but a disturbance of symmetry of the universe,
collecting a plurality of sinusoids, which is transmitted by “empty space” at the speed of
light, which we perceive as a photon. I note, this is yet another private explanation of me
and it is not the official position of science, unlike the rest of the text.

In accordance with the development of functions in the Fourier series, the resulting wave
function of the material particle we write

ψ = ei(kx−ωt), (1.418)

limiting only to abscissa (x-axis) and time (t).

In the interpretation of the substance as an expression of abstract truths, which I am
espousing here, this form of the material particle is not a surprise. After observing that
the particle (1.418) is a direct consequence of the development of a function in the Fourier
series (1.410), the material particle conceals another mathematical truth, that multiplication
by complex numbers represents rotations in a complex plane, and that by composition of
rotations can be achieved any isometric transformation (that maintain distances between
points), such as central and mirror symmetries or translation. Multiplication by complex
numbers of a non-unit modulus also includes homothetic146. On the other hand, the dual
space of a vector is the vector space of linear operators, and the dual of the dual is the
initial vector space, so the quantum states themselves, as well as the evolution of quantum
states, are kind of transformations.

Let us return to the phase angles φ = kx−ωt and note that in Euler’s formula we obtain
the (only) real values eiφ = ±1, alternately positive and negative while in the expression
φ = nπ the integer n grows. In particular, when φ = 0 and exp(iφ) = 1, then kx = ωt, which
means that

ω

k
=
x

t
= v, (1.419)

146Homotetic transformation is a contraction or a dilation of a figure.
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is the wave velocity. Thus, apparently arbitrary parameters, k called wave number and
ω called angular frequency, are determined in the analysis (k = 2π/λ, ω = 2πν) and by
measurements. For imaginary unit i, as we know, i2 = −1 applies.

This is easily extended to other coordinate axes (ordinate and applicate):

p⃗ = ~k⃗, E = ~ω, (1.420)

where ~ = h/2π ≈ 1.055 × 10−34 Js reduced Planck constant. The wave number is now wave
vector

k⃗ = kxe⃗x + ky e⃗y + kz e⃗z. (1.421)

Orthonormal vectors i⃗, j⃗ and k⃗ where usually marked e⃗x, e⃗y and e⃗z. When (1.418) is one
(Fourier coefficient) in series of items, in the components of the compound state vector, it
is written

ψ = aei(k⃗⋅r⃗−ωt), (1.422)

where r⃗ = xe⃗x + ye⃗y + ze⃗z is vector of the position of the particle-wave at the moment t. In
the case of free particles, the amplitude a is a constant real number. Taking into account
(1.420) this formula becomes

ψ = aei(p⃗⋅r⃗−Et)/~, (1.423)

from where it can be seen that the wave function can still be separated into factors, spatial
exp(ip⃗ ⋅ r⃗/~) and time exp(−iEt/~).

In the sequel, for the implementation of the Schrödinger equation, for simplicity, we
proceed again from formula (1.418). The total wave energy is equal to the sum of the
kinetic Ek and the potential Ep:

E = Ek +Ep, (1.424)

which we usually write E = 1
2mv

2+Ep, where the potential energy comes from a gravitational
field, an electric field, or anything else. Also, we can write E = p2/2m +Ep, since it is the
momentum p = mv and the kinetic energy Ek = m2v2/2m. Further, from (1.418), by
derivation we obtain:

∂ψ

∂x
= ikei(kx−ωt) = ikψ, (1.425)

∂2ψ

∂x2
= (ik)2ψ = −

p2

~2
ψ. (1.426)

As Eψ =
p2

2mψ +Epψ, we arrive at

Eψ = −
~2

2m

∂2ψ

∂x2
+Epψ, (1.427)

which is the time-independent Schrödinger equation.
The time-dependent Schrödinger equation will be found, again, by derivation (1.418):

∂ψ

∂t
= −iωψ, (1.428)

Because of E = ~ω, Eψ = ~ωψ, − i~Eψ = −iωψ =
∂ψ
∂t , we get

Eψ = i~
∂ψ

∂t
. (1.429)
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By combining this with the previous one (1.427), the relation emerges

i~
∂ψ

∂t
= −

~2

2m

∂2ψ

∂x2
+Epψ, (1.430)

which we call the time-dependent Schrödinger equation.

Schrödinger executed this equation in 1925 and published in 1926, for which he received
the Nobel Prize in 1933. Its original performance is far more complex than the one shown
here, but the idea is the same, that the equations of material waves of quantum mechanics
come to light. “Many physicists, and perhaps most of them, do not even think about the
emergence of Schrödinger’s equation in the way he did it”, says O. Scully, a professor at the
A & M University of Texas. The solutions of this equation are no longer surprising us as its
contemporaries and we take it for granted that, for the given conditions, it will always be
wavelike functions such as (1.422), which we interpret as their own vectors and their own
values.

The time-independent and time-dependent Schrödinger equation for one particle wave
in three dimensions of space is written today by operators:

Hψ(r) = Eψ(r), HΨ(r, t) = i~
∂

∂t
Ψ(r, t), (1.431)

with Hamiltonian, the linear Hermitian operator in both cases

H = −
~2

2m
∇

2
+ V (r). (1.432)

Here’s ∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
operator of differentiation, and V (r) potential particle-wave

energy at the place r. Regardless of Schrödinger, somewhere at the same time Heisenberg
developed matrix quantum mechanics, and by time is realized that such approaches are
only a special representation of an abstract vector space.

Basic solutions

Example 1.3.74 (Particle in box). Let us consider the motion of a particle-wave by abscissa
under the influence of potential V (x) = 0 with 0 ≤ x ≤ a and V (x) =∞ for x ∉ [0, a].

Solution. Schrödinger equation for x ∈ [0, a]

−
~2

2m

d2ψ(x)

dx2
= Eψ(x),

has its own vectors (eigenvectors) and its own values (eigenvalues):

ψn(x) =

√
2

a
sin(

nπx

a
) , En =

h2n2

8ma2
,

for n = 1,2,3, . . . , and beyond the interval, for x ∉ [0, a], these values are zero.

The orthogonality of the solutions follows from

ˆ a

0
ψm(x)ψn(x)dx = δmn,
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Figure 1.60: Particle in box.

which is easy to verify by calculating the integral. Solutions are the standing waves shown
in the figure 1.60. The particle-wave remains trapped between the walls (x = 0 and x = a),
moving with a constant momentum p = ±

√
2mE back and forth as a result of repeated

rejection of the walls.
Note that there is no zero state of energy, when the particle is in the box, with its position

precisely determined. Clearly stated, from p2 = 2mE it follows that the momentum p grows
with a shortening of the interval a and that the particle moves faster then. This consequence
is that, even in the lowest state of energy, the particles have more energy than the least
potential, which is in significant contrast with the classical mechanics, which now helps
to understand, for example, why the atom is stable and the electrons do not fall into the
nucleus.

Another type of force acts on two bodies of mass m1 and m2 joined by an elastic spring.
The harmonic mean of these masses mu = m1m2/(m1 +m2) is called reduced mass. It is
known that it better represents the mass of such a system. The forces then operate according
to the Hooke’s147 law : the force for pressing or stretching the spring is proportional to the
distance.

Example 1.3.75 (Harmonic oscillator). Let us consider the motion of a particle-wave by
abscissa under the influence of force F = −kx.

Solution. These are the forces of the Hook Law. The potential of this spring is

V (x) =

ˆ ∞

−∞

(−kx)dx = V0 +
1

2
kx2,

so with V0 = 0, ψ = ψ(x), µ is a reduced mass, we calculate:

−
~2

2µ

d2ψ

dx2
+

1

2
kx2ψ = Eψ,

ψn(x) = NnHn(α
1/2x)e−αx

2/2, n = 0,1,2, . . .

147Robert Hooke (1635-1703), English natural philosopher, architect and polymath.
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where Hn is Hermitian polynomial148 of degree n, and parameters α and Nn are defined
with:

α =

√
kµ

~2
, Nn =

1
√

2nn!
(
α

π
)

1/4

.

Eigenvalues are

En = ~ω(n +
1

2
),

with ω =
√
k/µ.

The figure 1.61 displays the values of the harmonic oscillator for n = 1,2,3,4,5. Parabola
is the potential V (x) of this oscillator. When the particle is moving away from the source,
with the increase of n its potential energy is growing, but the amplitude (and therefore the
probability) changes. The result is again (as with the particle in the box) standing waves,
with a greater number of periods when the higher energy is.

Figure 1.61: Harmonic oscillator.

Example 1.3.76 (Rigid Rotor). Find Schrödinger’s solutions for rigid rotor of two bodies.

Solution. “Stiff rotation” is a simple model of rotation of a two-atom molecule, shown
in the figure 1.62 (http://slideplayer.com/slide/5127174/). In order to reduce this
problem of two masses m1 and m2 minimise to one dimension, we observe their reduced
mass µ = m1m2/(m1 +m2) in the outcome, with a r distance. The Schrödinger equation
(see [51]) is now

−
~2

2I
[

1

sin θ

∂

∂θ
(sin θ

∂

∂θ
) +

1

sin2 θ

∂2

∂ψ2
]ψ(r) = Eψ(r),

The solutions for their own (eigen) functions are spherical harmonics YM
J (θ, φ), defined by

YM
J (θ, φ) = [(

2J + 1

4π
)
(J − ∣M ∣)!

(J + ∣M ∣)!
]

1/2

P
∣M ∣

J (cos θ)eiMφ,

148Hermite polynomials: https://en.wikipedia.org/wiki/Hermite_polynomials
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where P
∣M ∣

J (x) is associated the Legendre149 functions. Eigenvalues are simple

EJ =
~2

2I
J(J + 1).

Each energy level EJ is 2J + 1 times degenerated into M , since M can have values −J,−J +
1, . . . , J − 1, J .

Figure 1.62: Rigid Rotor.

Example 1.3.77 (Hydrogen atom). Find Schrödinger’s solution for the hydrogen atom.

Solution. In the hydrogen atom we have a fixed proton in the outcome around which an
electron-reduced mass µ is circulated. The potential for electric attraction is

V (r) = −
e2

4πε0r
,

in SI units. The term for kinetic energy in Hamiltonian is

T = −
~2

2µ
∇

2,

and Schrödinger’s equation in spherical polar coordinates is

−
~2

2µ
[

1

r2

∂

∂r
(r2∂ψ

∂r
)

1

r2 sin θ

∂

∂θ
(sin θ

∂ψ

∂θ
) +

1

r2 sin2 θ

∂2ψ

∂φ2
] −

e2

4πε0r
ψ = Eψ,

149Adrien-Marie Legendre (1752-1833), French mathematician.
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where the wave function ψ = ψ(r, θ, φ). It turns out that the wave function can now be split
into the factors R(r)nl and Y m

l (θ, φ), where this second is again a spherical harmonic. It
can be shown that the equation is valid for the radial factor

−
~2

2µr2

d

dr
(r2dR

dr
) + [

~2l(l + 1)

2µr2
+ V (r) −E]R(r) = 0,

which is called the radical equation of the hydrogen atom. Its solutions are

Rnl(r) = − [
(n − l − 1)!

2n[(n + l)!]3
]

1/2

(
2

na0
)
l+3/2

rle−r/na0L2l+1
n+l (

2r

na0
) ,

where 0 ≤ l ≤ n − 1, and a0 is Bohr radius, ε0h
2/πµe2. The function L2l+1

n+l (2r/na0) is
associated Laguerre function150. Energy

En = −
e2

8πε0a0n2
, n = 1,2, . . .

are the eigenvalues of hydrogen atoms.

In the figure 1.63 (Hyperphysics151) we can see some more details of the Bohr atomic
model from the Schrödinger’s equation, consistent with the example 1.3.77.

Figure 1.63: Hydrogen atom.

Unlike Schrödinger’s, Bohr’s atomic model fails to explain why some spectral lines are
more brilliant than others. The Bohr model treats an electron as a small planet that circu-
lates around a nucleus with a clear radius and momentum, which (unlike the Schrödinger
model) directly opposes Heisenberg’s the uncertainty principle, which states that position
and momentum cannot be determined at the same time.

150Laguerre polynomials: https://en.wikipedia.org/wiki/Laguerre_polynomials
151Hyperphysics: http://hyperphysics.phy-astr.gsu.edu/hbase/Bohr.html
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The solutions of Schrödinger’s equation are called the spectrum, because they are. From
the Schrödinger equation, it is obvious that the energy operator

Ê = i~
∂

∂t
, (1.433)

where ~ is Planck’s reduced constant, i is imaginary unit, and partial derivatives (denoted
∂) are used instead of total derivatives (d/dt) because the wave function ψ(r, t) is also
the position function r = r(x, y, z). Momentum operator along the abscissa, ordinate and
applicate is:

p̂x = −i~
∂

∂x
, p̂y = −i~

∂

∂y
, p̂z = −i~

∂

∂z
. (1.434)

In analogy with the classic mechanics, where Hamiltonian is the sum of the kinetic and
potential energy of the system, here we have the operator Hamiltonian

Ĥ = T̂ + V̂ , (1.435)

where

T̂ =
p̂2

2m
= −

~2

2m
∇

2 (1.436)

is the operator of kinetic energy, so p̂ = −i~∇ is the momentum operator (all three coordi-
nates), and V̂ = V = V (r, t) is the operator of potential energy.
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1.3.9 Spectrum

In this section, I will list several final general and well-known claims about the eigenvalues
λ of the linear operators Â, that is, those for which the equation Âψ = λψ is valid, but
especially those that we rarely meet in literature. First of all, let’s remember that the
spectrum of the operator Â is the set of all solutions of the given equation, by λ.

Theorem 1.3.78. The spectrum σ(Â) of the continuous linear operator Â is bounded by
the operator’s norm ∥Â∥.

Proof. Assume the contrary, that for some Â and its eigenvector ψ, the equation solution
Âψ = λψ is ∣λ∣ > ∥Â∥. Then for the resolvent152, where for the sake of simplicity we write λ
instead of the complete λÎ, is valid:

Rλ(Â) = (Â − λ)−1
= −λ−1

⋅ (1 − λ−1Â)
−1

= −
1

λ

⎡
⎢
⎢
⎢
⎢
⎣

1 +
Â

λ
+ (

Â

λ
)

2

+ . . .

⎤
⎥
⎥
⎥
⎥
⎦

,

and the series in the square brackets converges due ∣Â/λ∣ < 1, so

(Â − λ) ⋅ (−λ−1
) ⋅

⎡
⎢
⎢
⎢
⎢
⎣

1 +
Â

λ
+ (

Â

λ
)

2

+ . . .

⎤
⎥
⎥
⎥
⎥
⎦

= 1,

which means λ is not in the spectrum, λ ∉ σ(Â).

Of course there are other proofs of this theorem. For example, directly from Âψ = λψ
by taking the norm, ∥Â∥ ∣ψ∥ = ∣λ∣∥ψ∥, then for ∥ψ∥ = 1 follows the claim. After all, the
lemma 1.3.35 also speaks about this. The proof using the resolution, for example, applied
to the operator Ân shows that the spectrum σ(Ân) inside the ball is of the radius ∥Ân∥.
This follows from:

Ân − λn = (Â − λ) ⋅ (Ân−1
+ Ân−2λ + ⋅ ⋅ ⋅ + Âλn−2

+ λn−1
),

and (Â − λ)−1 exists for ∣λn∣ > ∥Ân∥, or when ∣λ∣ > ∥Ân∥1/n. But what makes this proof
especially interesting to us is helping to understand the conditions for a discrete spectrum
of operators. For example, the spectrum of an operator is discrete when an operator can
present itself by a (finite or infinite) matrix, whose characteristic polynomial has at the
largest countable number of zeros. A discrete spectrum means the quantification of the
features presented by the given operator.

Definition 1.3.79 (Compactness). The metric space X is compact if:

1○ each of its infinite part has at least one point of accumulation;

2○ each sequence in it has at least one adherent value, i.e. contains at least one conver-
gent partial sequence.

It is easy to see that these two definitions are equivalent. Namely, if (xn) is an infinite
sequence in X, then the corresponding set of its values {xn} is either infinite or some of
these values, say x, are infinitely repeated, but then that set has at least one accumulation
point (which is an adherent value), or a point x is an adherent value. Conversely, if each

152Resolvent – that which resolves.
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Quantum Mechanics

sequence in X has at least one adherent value, and even if it is an infinite series of different
points, then the adherent value is its accumulation point.

For a set X ′ ⊂X we say it is compact if it, seen as a space, is a compact space. For a set
X ′ ⊂X we say that is relatively compact if its adherence is a compact set. When it comes to
the whole space X the terms compact and relatively compact match. The linear operator
Â ∶ X → Y is completely continuous if every constrained set of X maps to a relatively
compact set in Y .

In an infinitely dimensional space, a limited operator does not have to be completely
continuous. For example, if dimX = ∞, then the identical operator Î ∶ X → X (which is
obviously continuous) is not completely continuous.

Indeed, by assumption in X there are infinitely many linearly independent vectors; Let
them be x1, x2, . . . , and denote the Xn (n = 1,2, . . . ) subspace that generates the vectors
x1, x2, . . . , xn. Then Xn is the real subspace of Xn+1 and Xn is closed, so there is a series
of vectors (yn) so that

∥yn∥ = 1, yn ∈Xn, d(yn,Xn−1) >
1

2
.

The set {yn} is bounded in X. If the identical operator was completely continuous, it
would also have to map {yn} into a relatively compact set. However, Î{yn} = {yn}, and
from a series (yn), a convergent partial string cannot be isolated, since ∥ym − yn∥ >

1
2 for

every m ≠ n.

Theorem 1.3.80. If Â ∶ X → X is a completely continuous operator and B̂ ∶ X → X is a
restricted operator, then ÂB̂ and B̂Â are completely continuous operators.

Proof. If M is a constrained set, such that is B̂M , then Â(B̂M) is a relatively compact
set due to the complete continuity of the operator Â. So the operator ÂB̂ is completely
continuous. As for the second statement, if M is a constrained set, ÂM will be relatively
compact, and because of the operator’s continuity B̂ and B̂(ÂM) be such. Hence, B̂Â is a
completely continuous operator.

From this proposition it follows immediately that a fully continuous operator Â ∶X →X
cannot have a restricted inverse operator. Indeed, if there was a restricted inverse operator
Â−1, there would be ÂÂ−1 = Î, so on the basis of the proposition the unit operator Î would
be a totally continuous operator, which is not true.

The following theorem states that a fully continuous operator can have at most the
countable many of its eigenvalues. Zero is their only possible point of accumulation. In
addition, it claims that at each closed space that does not contain zero, lies (absolute value)
only finally many of its eigenvalues of a completely continuous operator. Then, for each of
its eigenvalues of a completely continuous operator different from zero, only finitely many
linearly independent eigenvectors can correspond, i.e. it has the final multiplicity.

Theorem 1.3.81. Let ρ > 0 be and let Â ∶ X → X be a completely continuous operator. Â
has only a finitely many linearly independent eigenvectors corresponding to their eigenvalue
λ that are by absolute value greater than ρ.

Proof. Suppose contrary, that the operator Â has infinitely many linearly independent eigen-
vectors xn (n = 1,2, . . . ) such that

Âxn = λnxn, ∣λn∣ > ρ > 0. (1.437)

Rastko Vuković 266
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Notice in X the subspace X1 that forms the xn vectors. We show that on X1 any operator
Â has a restricted inverse operator.

Indeed, the vectors
x = α1x1 + α2x2 + ⋅ ⋅ ⋅ + αkxk (1.438)

form an everywhere dense set in X1. According to (1.437), for these vectors is valid:

Âx = α1λ1x1 + α2λ2x2 + ⋅ ⋅ ⋅ + αkλkxk,

Â−1x =
α1

λ1
x1 +

α2

λ2
x2 + ⋅ ⋅ ⋅ +

αk
λk
xk,

because Â−1(Âx) = x, and hence

∥Â−1x∥ ≤
1

ρ
∥x∥.

Thus we defined Â−1 for all vectors of the form (1.438), and Â−1 we can continuously expand
to X1 because the set (1.438) is everywhere dense in X1, without increasing its norm.

Since Â is a fully continuous operator on X, it is also on X1. However, a fully contin-
uous operator cannot have an infinite inverse operator in an infinitely dimensional space
(theorem 1.3.80). This is a contradiction with the starting assumption, from which follows
the statement of the theorem.

The collection of points Mε is ε-net of the set X ′ ⊂X if the collection of open balls with
centers in points from Mε and radius ε covers a set Y , i.e. if

X ′
⊆ ⋃
x∈Mε

K]x, ε[. (1.439)

The set X ′ ⊂X is totally bounded if for each ε > 0 it has the final ε-net.
Each totally bounded set S is bounded. Indeed, if d(S) is the diameter of a set, then it

is
d(S) ≤ d(Mε) + 2ε < +∞, (1.440)

because d(Mε) is a finite number since Mε contains only the finite number of points. That
the contrary is not correct, the proof is the example of a set {en} in the space lp.

In the Rk the bounded and total bounded are equivalent terms. Indeed, if S ⊂ Rk is a
bounded set, it lies in a cube. By dividing this cube on the edges of less than ε/

√
k, the

template of these last will create one final ε-net that covers the cube, and thus a set S.
It is possible to prove in general, in the complete metric space X, the set S ⊂ X is

relatively compact iff (if and only if) it is totally bounded. The necessary and sufficient
condition that the metric space is compact is that it is both bounded and totally bounded
at the same time. Also, every compact space is separable. Hence the famous Heine-Borel
Theorem (states that a subspace of Rn, with the usual topology, is compact iff it is closed
and bounded), which often serves as a definition of compactness. The metric space X is
compact then and only then (if it has Heine-Borel’s property), if one final cover can be
distinguished from each open space of X space.

In the following we mean that the Hilbert space, the H, is not necessarily with the final
dimension. If we denote by x⊥ a set of orthogonal vectors on x ∈ X and let Y be a vector
subspace of X, then x⊥ and Y ⊥ Hilbert subspaces of X.

To prove this, we note that they are obviously vector subspaces (from y1 ⊥ x and y1 ⊥ x
follows β1y1+β2y2 ⊥ x) and only is need to prove that Cauchy sequence converge into them.
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Quantum Mechanics

For yn → y, from the x⊥ set ⟨x∣yn⟩ = 0 for every n, so ⟨x∣y⟩ = 0, and is a x⊥ closed set. From
Y ⊥ = ⋂x∈Y x

⊥ is an Y ⊥ closed set, as an intersection of closed sets, and hence the Hilbert
subspace of X.

This view allows separation of Hilbert’s space on observables. For this reason, we can
extract any group of independent features and treat it as a representation of Hilbert space,
which is a subset of a wider Hilbert space in relation to the experiment environment.

When Y is a Hilbert subspace of X and x ∈X, and δ = d(x,Y ) = infy∈Y ∥x − y∥, then in
Y there is a single point y such that δ = ∥x − y∥. In other words, in the Hilbert subspace Y
there is one single point y closest to the point x, and δ is the distance of the point x to the
Hilbert subspace Y . This tells us about the gradual change of the observables. Even when
quantized values (the spectrum is discrete), like balls at a billiard table, we can always talk
about the closer and further.

Because of the next, also well-known proposition of the functional analysis, the projec-
tions on the axes are called orthogonal. When Y is a Hilbert subspace of X and to the point
x ∈X is the nearest point y ∈ Y , then the vector x − y is orthogonal to Y .

For an orthonormal vector system, we say that is complete (maximal) in X if it is not
a real part of another orthonormal system. In all but empty (X ≠ ∅) of the Hilbert space
there is a complete orthonormal system. In addition, of course, two orthonormal bases (the
same Hilbert space) have equal cardinal numbers. In addition to these well-known points,
I recall that the orthogonal dimension of the Hilbert space is equal to the cardinal number
of some of its orthonormal bases. For example, ℵ0 is the orthogonal dimension of the space
l2 and L2.

Theorem 1.3.82. The Hilbert space is separable if and only if its orthogonal dimension is
at most ℵ0.

Proof. If Hilbert’s space X is separable, then it is a countable everywhere dense set of
points {x1, x2, . . .} that can be written in the form of a sequence. When we remove from
this sequence all the vectors linearly depending on their predecessors, we get the highest
countable set of linearly independent vectors that is fundamental in X. By Gram-Schmidt
Orthogonalisation Process, replace this equivalent with the most countable orthonormal
system. The result is fundamental and complete in X, with an orthogonal dimension less
than ℵ0.

Conversely, suppose that in the given space X there is the highest integer total orthonor-
mal system {x1, x2, . . .}. Denote by L the set of linear combinations

λ1x1 + λ2x2 + ⋅ ⋅ ⋅ + λnxn,

where λν = αν + iβν for ν = 1,2, . . . , with rational numbers αν , βν ∈ Q. The set of vectors L
is at most countable infinite and everywhere dense, so the space X is separable.

Further it is easy to prove that the Hilbert spaces are congruent, they have the properties
(1.335), if and only if they are of the same orthogonal dimensions.

In quantum representation, when the base vectors are observable (physically measurable
properties), when, according to the principle of finite matter, the number of base vectors
does not reach ℵ0, then the separable Hilbert spaces are enough to us. However, not all
Hilbert spaces are separable, because the world of objective truths does not consist solely
of what we call matter.

The spectrum of the infinitely dimensional operator is somewhat seemingly completely
different from the set of our eigenvalues with which we work with material things. To
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describe such, we use a slightly different expression. The resolvent153 of the operator Â is
a set ρ(Â) of all complex numbers λ such that

Rλ(Â) ∶= (Â − λ)−1, (1.441)

is bijection with restricted inversion. Again, for simplicity, we are writing λ instead of λÎ.
Spectrum of the operator Â is the set

σ(Â) = C/ρ(Â). (1.442)

In general, the spectrum of the linear operator Â consists of two disjunctive components
(point & continuous spectrum):

1○ Set of eigenvalues called the point spectrum;
2○ The remainder, which is called the continuous spectrum.

The closed linear operator spectrum is a closed and bounded subset C, more precisely

σ(Â) ⊆ {z ∶ z ∈ C ∧ ∣z∣ ≤ ∥Â∥}, (1.443)

which follows from (1.442) and the following.
If the set σ(Â) is closed, it suffices to prove that the set ρ(Â) is open. Indeed, due to

convergence, if ∥Â∥ ≤ 1, then (Â − Î) is an invertible operator and the inverse operator is

(Â − Î)−1
= −

∞

∑
k=0

Âk. (1.444)

Let be λ ∈ ρ(Â). For any µ ∈ C,

Â − µ = (Â − λ)−1
[(µ − λ)(Â − λ)−1

− Î]

exists if ∣µ − λ∣∥(Â − λ)−1∥ < 1.
To prove that the set σ(Â) is bounded, let λ ∈ C be such that ∣λ∣ > ∥Â∥. Then there is

a real number δ, such that ∣λ∣ > δ > ∥Â∥. This means that for each vector x ∈ H there are
inequalities

∥Âx∥ ≤ ∥Â∥ < ∣δx∣ < ∣λx∣.

So how is 0 < ∥(Â − λ)−1x∥ < ∥(Â − δ)−1x∥ <∞ for each x, that is λ ∈ ρ(Â).

Example 1.3.83. The operator Â defined in the space C[0,1] of continuous functions x(t)
on the interval t ∈ [0,1], with

Âx(t) = tx(t),

has a continuous spectrum.

Explanation. Then the own (eigen) equation is (Â − λ)x(t) = (t − λ)x(t) and

(Â − λ)−1x(t) =
1

(t − λ)
x(t).

The equality tx(t) = λx(t) is not possible, and this operator does not have its eigenvalue.
But the spectrum was its λ value for which t − λ disappears, so the whole interval [0,1] is
the spectrum of the operator Â.

153The resolvent formalism is a technique for applying concepts from complex analysis to the study of the
spectrum of operators on Banach spaces and more general spaces.
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Bilinear functional Λ on Hilbert space X is a linear mapping of pairs of vector x, y ∈X
into complex numbers, such that:

1○ Λ(α1x1 + α2x2, y) = α
∗
1Λ(x1, y) + α

∗
2Λ(x2, y),

2○. Λ(x,β1y1 + β2y2) = β1Λ(x, y1) + β2Λ(x, y2).
Scalar product ⟨x∣y⟩ is one of the bilinear functionals on X, so such is and the generalized
information L.

The Λ bilinear functional is bounded if there is a number M such that

(∀x, y ∈X) ∣Λ(x, y)∣ ≤M ∣x∣∣y∣. (1.445)

The infimum of the numbers M for which this inequality is valid is the norm of bilinear
functional, which we denote with ∥Λ∥. As with the bounded function it can be shown that

∥Λ∥ = sup
∥x∥≤1,∥y∥≤1

∣Λ(x, y)∣ = sup
∥x∥=1,∥y∥=1

∣Λ(x, y)∣. (1.446)

The limited bilinear functional is a continuous function of its arguments because:

∣Λ(x, y) −Λ(x0, y0)∣ = ∣Λ(x − x0, y − y0) +Λ(x − x0, y0) +Λ(x0, y − y0)∣ ≤

≤ ∥Λ∥(∥x − x0∥∥y − y0∥ + ∥x − x0∥∥y0∥ + ∥x0∥∥y − y0∥),

and it tends to zero, when x→ x0 and y → y0.
If for the bounded bilinear functional is valid ∣Λ(x, y)∣ = ∣Λ(y, x)∣, we say that it is

symmetric and then:

∥Λ∥ = sup
x∈X/{0}

∣Λ(x,x)∣

∥x∥
= sup

∥x∥=1
∣Λ(x,x)∥. (1.447)

See the proof in [35]. There is also proven that the bounded bilinear functional Λ (marked
Ω) on X has the representation Λ(x, y) = ⟨x∣Ây⟩, where Â ∶ X → X is a bounded linear
operator uniquely determined by a given bilinear function. For their norms the equality
holds ∥Λ∥ = ∥Â∥.

Self-adjoint operator Â ∶ X → Y is a bounded linear operator with the property of a
scalar product

(∀x1, x2 ∈X) ⟨Âx1∣x2⟩ = ⟨x1∣Âx2⟩. (1.448)

For the norm of such an operator is valid ∥Â∥ = sup∥x∥=1 ∣⟨x∣Âx⟩∣.
Sequence (xn) is weakly convergent to x0 in X, if

(∀x ∈X) lim
x→∞

⟨x∣xn⟩ = ⟨x∣x0⟩. (1.449)

The set of points (xn) is a weak Cauchy sequence in X if ⟨x∣xn⟩ is a Cauchy sequence for
each x ∈X, or if it exists

(∀x ∈X) lim
n→∞

⟨x∣xn⟩. (1.450)

In this sense, Hilbert’s space is weak-complete. Moreover, every bounded set in Hilbert’s
space is weakly relatively compact.

The self- adjoint operator in relation to an orthonormal basis made of its eigenvectors
has a diagonal shape matrix. The transfer of the properties of a finite dimensional space
to the separable Hilbert spaces shows up perfectly possible if the self-adjoint operator is
completely continuous, but this is possible and for some other types of operator.
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Before all, in a separable (infinite-dimensional) Hilbert space X, a bounded linear oper-
ator Â ∶X →X can be represented by an infinite matrix. Let (xk) be an orthonormal base
in X and let αjk are Fourier coefficients of the vector Âxk in relation to that base:

⟨xj ∣Âxk⟩ = αjk (j = 1,2, . . . ). (1.451)

Then

Âxk =
∞

∑
j=1

αjkxj , (1.452)

so because of convergence

∞

∑
j=1

∣αjk∣
2
< +∞ (k = 1,2, . . . ). (1.453)

In relation to the orthonormal basis (xk) to the bounded linear operator Â is coordinated,
therefore, the infinite matrix

A =

⎛
⎜
⎜
⎜
⎝

α11 α12 α13 . . .
α21 α22 α23 . . .
α31 α32 α33 . . .
. . .

⎞
⎟
⎟
⎟
⎠

, (1.454)

whose elements αjk satisfy (1.453).

Reversed, starting from the matrix (1.454), which corresponds to a bounded linear
operator Â, we can reconstruct this operator in an unambiguous manner. Namely, its
values at the points x1, x2, . . . are determined with (1.452), due to convergence. On the
basis of linearity, its values are also defined on the lineal L of the points, and since L is
everywhere dense in X, the values of operators on the whole X are defined continuously.

It is clear that the same operator corresponds to different matrices in relation to various
orthonormal bases and, conversely, to the same matrix correspond the different operators
regarding different orthonormal bases. I will mention a few more familiar statements with
these operators.

When X is a complex Hilbert space and Â ∶X →X is a bounded linear operator, then a
sufficient and required condition for this operator to be self-adjoint is that the corresponding
square form ⟨x∣Âx⟩ takes the real value on X. Eigenvectors x′ and x′′ of such an operator,
corresponding to different eigenvalues of λ′ and λ′′ are mutually orthogonal. In addition,
there is a vector x0 to ∥x∥ = 1 for which ∣⟨x0∣Âx0⟩∣ = ∥Â∥ = ∥Âx0∥, where the vector x0 is
the eigenvector of the same operator with the corresponding eigenvalue λ0 which satisfies
the equation ∣λ0∣ = ∥Â∥.

The significance of the last point is that it not only claims that a fully continuous
symmetrical operator has its eigenvectors, but also gives a way to determine them – as
a solution to a problem of extreme. Note that there may be more vectors x0 in which
the functions ∣⟨x∣Âx⟩∣, or ∥Â∥ reach the extremes in ∥x∥ = 1, but there are only finite of
them, because they are its eigenvectors that correspond the same eigenvalue (±∥Â∥) of a
completely continuous operator Â. It is known that the eigenvalues of the fully continuous
operator have a finite multiplicity.

When we define the eigenvector x0 of the operator Â ∶ X → X, solving the analog
problem of extrema we’ll get all other eigenvalues. Therefore, let’s see Hilbert’s subspace

Rastko Vuković 271
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X1 = x⊥0 ⊂ X and the restriction of the operator Â ∶ X1 → X1. That from x ∈ X1 follows
Âx ∈X1 we see from:

⟨x0∣Âx⟩ = ⟨Âx0∣x⟩ = ⟨λ0x0∣x⟩ = λ
∗
0⟨x0∣x⟩ = 0.

Since this restriction is a completely continuous self-adjoint operator, it follows that there
exists a vector x1 ∈X1 so that

∣⟨x1∣Âx1⟩∣ = ∥Â∥1 = ∥Âx1∥,

where ∥Â∥1 denotes the restriction norm from Â to X1, where x1 is the eigenvector of that
operator with the corresponding eigenvalue λ1 with ∣λ1∣ = ∥Â∥1.

By continuing in this way, we determine the eigenvectors x0, x1, . . . , xn−1 of the operator
Â. Let us denote by Xn the Hilbert subspace {x0, x1, . . . , xn−1}

⊥ ⊂X. Again, the restriction
Â to Xn maps Xn to Xn, and in the same way we conclude that there exists a vector
xn ∈ Xn so that ∣⟨xn∣Âxn⟩∣ = ∥Â∥n = ∥Âxn∥, and that xn is the eigenvector of the operator
Â corresponding to eigenvalue λn with ∣λn∣ = ∥Â∥n.

When the space X is not finite-dimensional, we obtain an infinite sequence of eigen-
vectors (xn) of the operator Â that form an orthonormal system in X. For them, for the
eigenvalues obviously apply:

∣λ0∣ ≥ ∣λ1∣ ≥ ∣λ2∣ ≥ . . . , (1.455)

because (∣λn∣) represents a sequence of norms, restrictions of the operator Â to the subspaces
Xn (X0 =X). Otherwise, groups of finally many members in a sequence (λn) can coincide.

Only zero can be the adherent value of an infinite series (xn), and xn → 0. Namely,
the set (xn/λn) is bounded, and the series Âxn/λn contains a convergent partial sequence
Âxnk/λnk , and so the sequence (xnk) is convergent.

Let x ∈X be an arbitrary vector, and additionally put

zn = x =
n−1

∑
k=0

ξkxk, ξk = ⟨x∣xk⟩.

How is the vector zn orthogonal to all the vectors xk, it is

∥Âzn∥ ≤ ∥Â∥n∥zn∥ = ∣λn∣∥zn∥.

Because of

∥zn∥
2
= ∥x∥2

−
n−1

∑
k=0

∣ξk∣
2
≤ ∥x∥2

and for λn → 0, we have:

Âzn = Âx −
n−1

∑
k=0

ξkÂxk → 0, n→∞.

We can write this as follows:

Âx =
∞

∑
k=0

λ∗k⟨xk∣x⟩xk =
∞

∑
k=0

⟨Âxk∣x⟩xk =
∞

∑
k=0

⟨xk∣Âx⟩xk. (1.456)

By extreme method we get a sequence of eigenvalues (λn) of the operator, which contains all
the eigenvalues of Â different from zero. Indeed, if there was a certain value λ̄ ≠ 0 different
from all the λn obtained, it would match its eigenvector x̄ orthogonal to all vectors xn, so
it is Âx̄ = 0 which is contrary to the assumption Âx̄ = λ̄x̄ (λ̄ ≠ 0, x̄ ≠ 0). Hence the next
proposition.
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Proposition 1.3.84. Let Â ∶ X → X be a completely continuous self-adjoint operator.
The method of extrema can get all its eigenvalues λn which are different from zero, each
of them as many times as its multiplicity. The multiplicity of each of its eigenvalues is
final. Eigenvalues have finite or infinite; in the latter case they form a zero-string. For
each x ∈ X, the vector Âx can be developed in an orthonormal system of its eigenvectors
(xn) of the operator Â corresponding to its eigenvalues using (1.456).

Hence it follows that the orthonormal system (xn) of its inherent (eigen) operators vector
Â is complete in Â(X), but that in X it is generally not complete. If these eigenvectors
correspond to zero with different eigenvalues (λn), also from Â, then each vector x ∈X can
be written in the form

x = z +
∞

∑
k=0

ξkxk, (1.457)

where the vector z is orthogonal to all vectors (xn) and satisfies the equation Âz = 0.
These are the final positions from Aljančić154 textbook for functional analysis (see [35]).

I will also mention the last two propositions from there that have not yet become sufficiently
important for physics as they are interesting to the mathematics of the continuum.

In order for a set a sequence of eigenvectors of the operator Â, that correspond to its
non-zero eigenvalues, to creates a complete orthonormal system in X, it is also necessary
and sufficient that zero is not its eigenvalue, that Âx = 0 is only when x = 0. Square form
⟨x∣Âx⟩ takes the form

⟨x∣Âx⟩ =
∞

∑
k=0

λk∣⟨xk∣x⟩∣
2, (1.458)

where (xn) is an orthonormal system of its eigenvectors of a completely continuous self-
adjoint operator Â that corresponds to its from zero different eigenvalues (λk).

Otherwise, if the zero was among its eigenvalue, applied in quantum mechanics, we
would have a zero-observable, and we know that there is no such a thing. Zero is a specialty
of mathematics without physics.

154Slobodan Aljančić (1922-1993), Serbian mathematician, my prof. of functional analysis.
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1.4 Physics

The main topics below are some of the peculiarities of physics that are not reflected in
the formalisms of the vector and Banach spaces. It will be important parts of quantum
mechanics, but still, together with the previous one, this book is just one part of all. We
add a little bit of reality to the general, abstract pseudo-reality, such as the details that
exist in every other application of mathematics.

The vector space is defined by the four properties of the vector addition operations,
and the scalars, which can be a model of various phenomena, not only in quantum physics.
When we say that two kilograms plus three kilograms are five kilograms, we sum up vectors,
along the number axis of the vector that measures the mass. The second axis can be a
representation of any other physical value that can be added in the same formal way. For
such two, we say that they “span” a two-dimensional vector space. This is the process
of recognizing one by one of independent physical properties and associating to each one a
dimension of the vector space. Similarly, the “spanning” of properties could also be mounted
on the living world, after we determine independent “observable” for that case.

The principle of probability for both living and not living beings equals: the most prob-
able events are the most common. This includes the objectification of coincidence, which
in the first case means the existence of parallel realities, in the second – free will. In both
cases, the information would be the amount of uncertainty, which, roughly speaking would
grow with the number as well as with uniformity of options, and decrease by increase of
their likelihood. The consequence is the principle dual to the probability, here it is called
the principle of information, that nature is stingy with the provision of information. For
example, it’s more difficult to decode than encoding. It is easier to spread lies than the truth
(lying through social networks run faster than truth). Spontaneous growth of entropy of
non-living substance and the tendency of living beings to organize are also the consequences
of the same principle.

The objectification of coincidence contains paradox. From the point of view of mathe-
matical logic, from the truth by the accurate deduction we can obtain only truth, and from
the false both the truth and false. So we define the contradiction: “if the result is both cor-
rect and incorrect, then the assumption is incorrect.” As the logical forms are mapped into
the forms of the theory of sets, and then still, the principle of contradiction is transformed,
say, up to the extreme: “if now is good both this and that, then it was bad”. Somewhere
in these forms we recognize the paradoxical separation of the present into “parallel reality”,
because of the existence of two outcomes that mutually exclude themselves.

The story of the aforementioned multiverse would be contradictory if there is no ban on
physical communication between its “worlds”. If after a given event follows information A
and the negation of that information, information B, then there can be no communication
between the two, because it would also lead to the realization of physical surpluses, and to
the violation of conservation laws. When I (the particle) physically communicate with my
other self, to whom the second option occurred, then I observe the doubling of my energies,
i.e. violation of energy conservation law.

The way in which the outcome of the A and B of some random event appears indicates
that they can be objective, each for themselves, that the same laws of physics apply in any
outcome, but that such realizations cannot communicate directly one with the another. As
A and B have a contact with the same past, it must therefore be pseudo-realistic so that
its consequences are mutually pseudo-real. So, we allow the existence of real and also of
pseudo-real past, but we will not spread such a story here. Let us only notice that the
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consequences of A and B formally belong to the same multiverse of space-time, the same
universe, within which they are symmetrically, in one way real and otherwise unrealistic. It
is viewed from a wider and more general context by which the “world of truth” is divided
into mutually real and pseudo-real ones.

Although communicatively incompatible, events in parallel realities are formally equaled.
All conservation laws of known physics are equally valid within each of the individual
realities, but their view is relative, depending on the belonging or not belonging to the
given world of the given observer. Differences are complementary in general.

I’ll explain this last. It is said, the world of truth is much wider than material. It
is infinite in which is all the physical substance, matter. All of the substance and all its
(measurable) properties are finally, whether it is known to us or is not, it is always the
ultimate set of material elements. This is the principle of finiteness of matter, the third
of the principles of the above mentioned, after probability and information. They are the
main peculiarities we are talking about, but that’s not all.

Considering the “double slit” experiment, in the figure 1.26, we noticed that the present,
like the chunk above chunk in slices, is piled up on the past, making each of us unique. Our
actions are also defined by our past. Unrelentingly but discrete duration of each of us
(communicators) is a series of events from the continuum of possibilities; each of us is a
trajectory of the events of the universe. On the other hand, in all its diversity, the nature
loves the symmetry too. It repeats the equal in the differences. If its tendency to symmetry
would not be limited by the prohibition of duplicating identical histories of individuals, the
principle of finality would be violated. So we understand, more precisely said, we speculate
that there are no completely identical histories, trajectories of events. We can call this
discovery the principle of uniqueness of matter.

A special case of “uniqueness” is the Pauli Principle of Exclusion. In the same atom,
two electrons cannot have all quantum numbers equal. Let us then note that nature does
not suffer equality in the material world to such an extent, in contrast to equality in the
abstract, that the terms “individual” and “general” can be classified according to that
intolerance. In each of the two baskets we can have five apples, and apples are always a bit
different because they are material, we say they are individual, while the numbers can be
exactly the same because they are not material, so we say they are general.

The presence of the general in the individual is seen at every step, since the matter as a
bulb is complex of the abstracts. We do not treat gas molecules as individual phenomena
to observe their desire for uniform distribution in the space. They seek to hide information
in an amorphous form, manifesting the abstract character of entropy (disorder). These
equalization in relation to a possible general observer are known as “spontaneous growth of
entropy”, that is, as “second law of thermodynamics”, than as “motion of the molecules” and
further. From the general (principle of information) we descend to individual phenomena,
to the substance itself.

We can also look at the same molecules as special entities. Then we note, for exam-
ple, their different connections in crystalline structures, or the movements by which they
condense heat. The power of crystal bonds, or oscillation energies, is physical phenomena.
Physically we cannot understand without an abstract (it is possible in reverse), and in fact
even without a wider picture of both. That is why the quantum mechanics, in which a pro-
fessor must say “shut up and count” to its curious student, is incomplete. As the incomplete
would be and physics of pure facts lacking of a theoretical basis.

However, here we have to deal with details, so we will notice that the difference between
“living” beings and “inanimate” is in the capacity of the first to make the decisions, that
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it can store more information and more energy. We regard information as well as energy
as the physical phenomena, with its special conservation laws and concrete relationships
with time, so we are not surprised by the possibility of their physical connection. The
non-living substances have freedom (information) which is always minimal, proportional to
the Lagrangian, the product of energy and duration, and therefore behaves according to the
principle of the least action in physics.

The living world has freedom formally equivalent to the non-living, but larger, so that
it (under a microscope, directly or by telescope) can be proved by movements outside of
physical trajectories. Vector views of the non-living and living world may look similar,
in the objective existence of options and hence information, but they differ significantly
in decision-making capacity. Freedom, information perception, decision-making of a living
being, roughly speaking, grows with the number of options and with their uniformity, and
decreases with probability. On the other hand, the surplus of freedom, that is, the in-
formation that possesses a living being, allows it to transfer some of that freedom to the
organization, making the very organization of living beings a living being.

Accordingly, the greatest freedom of the individual’s living, consistently the maximum
of creativity and also the conflict capacity, could be sought by those who were unorganized,
for example, whose options would have been equal. In this way, we no longer see the change
of abstract entropy, but individual organizations, although the spontaneous growth of both
is the consequence of the same principle of information.

Due to the scarcity of nature in the provision of information, live specimens specialize.
They acquire instincts, moral principles, build routines, trying to escape from the surplus of
options, following the general principle of the universe common to them and the molecules
of gas in the room. By organizing, the living beings reduce its level of freedom changing
it for security or efficiency. When we notice that every living entity is also a colony of its
living parts, it is a step to conclusion that the organized organ is some living being. That
the equality is the lowest form of organization can be proved by using155 Dunning-Kruger
effect, but also in analysis of the Bystander effect156.

When we have too much freedom, when we can do what we want, we make the rules. We
are looking for more order, more security, and more efficiency, which means less freedom.
At the same time, this means that hierarchies are easy to install in a company of equal.
That is why free democracy is actually an unstable social system. That’s why American
political democracy is so easily absorbed by its corporations, which again insist on spreading
democracy around the world with soap or force, because in the society of equally they feel
as sharks in the sea of small fish. The same reason that the early democratic United States
quickly led to the oligarchy of money, communism slid into the dictatorship of its leaders,
the French revolution finished under Napoleon’s authority, the equality of Christians before
God spawned the inquisition.

The legal system is needed in democracy, because equality generates conflicts. By de-
manding that conflict be resolved by equality, we are opening new fronts for which we need
new legal constraints. We choke the fire by petrol; by striving toward freedom we reject
the freedom. The great idea of liberalism, that the state should protect the freedoms and
rights of persons, that is, the individual should renounce his/her freedom and surrender it
to the state for his freedom, is becoming an racketeering.

The topics grow to the biology and social sciences, but we’ll not follow it more.

155see [2], Figure 2.1
156Bystander effect: https://en.wikipedia.org/wiki/Bystander_effect
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1.4.1 Time inversion

Interactions between physical particles can be complicated and difficult to track, which
is why theoretical physicist Richard Feynman invented diagrams in 1948 for the sake of
their easier understanding. In the figure 1.14 is one such Feynman diagram, which helped
us to explain the virtual photons and the process of rejecting two electrons. Unexpectedly
simple, the method of these diagrams has been extraordinarily tough in further development
of particle physics.

On Feynman’s diagrams, the spatial coordinate axis is usually horizontal and time –
vertical. These are not vector diagrams but the indication of the physical properties of
particles in the interchange. Full lines are usually fermions, particles with half spin, those
affected by force, and other types of lines represent bosons. Wavy lines draw photons
(electromagnetic radiation), end gluons (carriers of strong interactions), intermittent bosons
W and Z (carriers of weak interactions). Arrows in the direction of the axis mean matter,
and otherwise the antimatter.

Figure 1.64: Annihilation electron-positron.

In the figure 1.64 is the Feynman diagram of the collision the electron (e−) and the
positron (e+) from which a pair of photons (γ) is derived. The first is a particle of matter,
another antimatter, and this collision is called annihilation, after which the electric charge
of the electron (negative) and the positron (positive) is canceled, and is produced two
(electrically neutral) photons of the unchanged total energy of the input particles, and the
total impulse before interacting with an equal amount of impulses after interaction.

The electron and positron are particles and antiparticles (fermions) with spin which can
take one of two values ±1

2 , and photon (boson) with the integer spin ±1. For the total spin
before and after interaction the law of conservancy is also valid, this interaction is possible,
for example, with the input spin particles 1

2 and −1
2 and the output spins +1 and −1. Spin

exchange is not visible in the diagram.
The given diagram suggests the opposite flow of time of the particle and antiparticle.
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Stueckelberg157 proposed and interpreted the opposite course of time of the antimatter in
relation to matter, but this is often wrongly attributed to Feynman who knew that and
used it (see [53]). The idea of the opposite course of the antimatter time relative to the
course of time of matter is still considered correct hypothesis in official physics, especially
for solving the problem of particle creation in relativistic formalism, although it requires
that trajectories are not causative for higher levels of energy. And, as we have seen, it is
also correct in the interpretation of quantum mechanics here. Hereinafter we assume that
this idea is correct and we have some consequences.

In addition, we assume that the laws of physics are invariant for different directions of
time, in the sense that they are the same both in relation to particles of matter and in
relation to antiparticles. We briefly say that physics is the same for all those “observers”.
Immediately, the question arises: how is the event of annihilation (figure 1.64) possible from
the point of view of the antiparticle, when we said that photons do not interact with each
other?

Going from (our) future to the past, two photons “collide”, after which a pair of electron-
positron is created. Photons interfere, and this is not a collision, so I’m writing it in quotes.
Therefore, the creation of a pair of anti-particle pairs is not the result of the interaction
between the photons itself, but rather the reaction of the vacuum, a random response at a
given point in the given place in the space saturated with photons.

The vacuum is not the same as the emptiness (the absolute absence of everything), but it
is part of the physical space-time in which there is uncertainty and no information. Roughly
speaking, the vacuum is a place that has unrealized, and has no realized matter. Within
the framework of the conservation laws in a closed system, which include the maintenance
of the total information, some probability of the transformation has any particle, so that
by simple presence of a pair of photons it can start transforming into a pair of electron-
positron, without meaning the interaction of the photons themselves. The chances of such
transformations are less with the larger system, among other things, due to the law of large
numbers of probability theory.

Position inversion

The next thing we need to notice in the inversion of time is that then space inversion
happens. Because of the assumption that the laws of physics are invariant, observers of
the two directions of time see the opposite directions of space. After the change of all the
coordinates, the time ∆t→ −∆t and the space ∆x→ −∆x, the observation of the speed

v =
∆x

∆t
(1.459)

is the same. The formula is valid for a constant speed or for a little ∆t. Inertial motion is
still inertial, but accelerating goes into slowdown, and reverse, because for the acceleration

a =
∆v

∆t
(1.460)

the change is a → −a. Accordingly, repulsive forces become attractive and vice versa, and
this is the case with inertia too, or Newton’s law of actions and reactions.

157Ernst Stueckelberg (1911-1984), Swiss mathematician and physicist.
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For example, two particles charged q1 and q2 at a distance of r are attracted (rejected)
by Coulomb158 force

F = ke
q1q2

r2
, (1.461)

where ke = 8.9875 × 109 N m2 C−2 is Coulomb constant. When we translate this formula
in accordance with the previous conclusions, if some of the antimatter particles and our
position are unchanged, then we change its charge to the opposite, q → −q. The repulsive
force between the two electrons becomes attractive between the electrons and the positrons,
and is again repulsive between the two positrons. This is because twice changed the sign of
distance makes the square of the distance an even function, r2 → r2, which is constant in
the sign changes of the variable.

Another example is the two bodies m1 and m2 at the distance r on which Newton’s
gravitational force is

F = −G
m1m2

r2
, (1.462)

where G = 6.674 × 10−11 N ⋅ (m / kg)2 is gravitational constant. Again, in the case of the
antimatter, we have analogous conclusions to the previous one, here the change of the
signs of mass (m → −m) is valid for the antimatter. Consequently, two material bodies
are attracted by gravity, as like as the two of antimatter, but matter and antimatter are
rejected.

Charge inversion

I note that at this moment in physics as far as I know (written 2017) there are still no mea-
surements that would confirm or disprove the conclusion that the antimatter gravitatively
rejects matter. If this were confirmed, perhaps it could explain today’s incomprehensibly
rapid expansion of the universe, or the strange asymmetry of two observations – the amount
of matter and antimatter. If this were disputed, I believe, that would indicate our ignorance
of all factors of gravitational force.

Lorentz159 transformations:

t′ = γ (t −
vx

c2
) , x′ = γ(x − vt), y′ = y, z′ = z, γ =

1
√

1 − v2

c2

, (1.463)

where c is the speed of light in a vacuum, with the substitutions t → −t, x → −x, y → −y,
z → −z become t′ → −t′, x′ → −x′, y′ → −y′, z′ → −z′, but then it is not v → −v. This means
that they support the above idea. By changing the signs of time and maintaining the
invariance of the laws of physics, both observers (the matter and antimatter) of the world
see one another in the same way. Of course, the shape and properties of the wave vector,
the superposition of quantum states, and unitary quantum mechanics operators remain the
main reasons for considering the time inversion hypothesis.

From the theory of relativity it is known that the equations of motion for the Lorentz
force, from the dynamics of the particle charged q in the electromagnetic field Fµν charged
q, can be written (sum by the repeated upper and lower index):

d2xα

dτ2
=
q

m
gβλF

αλdx
β

dτ
→

−d2xα

dτ2
=
−q

m
gβλ(−F

αλ
)
−dxβ

dτ
, (1.464)

158Charles-Augustin de Coulomb (1736-1806), French military engineer and physicist.
159Hendrik Lorentz (1853-1928), Dutch physicist.
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where m is the mass of a particle, and τ is its proper time. This means that after switching
to the antimatter the equations of motion remain the same. I recall, physical experiments
have already been proven that the positron in an anti-proton field of anti-hydrogen behaves
exactly as an electron in the field of protons in a hydrogen atom.

Charge-position-time inversion

This idea that the laws of physics do not change with the simultaneous change in the signs
of charge, position, and time, is proved from the equations of quantum mechanics (see [54])
and is called symmetry or the Theorem CPT. It is well-known that this theorem holds in
non-homogeneous Maxwell equations; for example, for electromagnetic fields that produces
the density of the so-called four-current. They also remain invariant after CPT symmetry.
However, if only PT-symmetry (without charge inversion) were applied, these equations
would no longer be rolled out.

With Einstein’s equations of fields, or gravitation, many physical quantities are defined
again as tensor. By them the potentials gαβ, the fields Γλαβ and the currents Tαβ became
tensors of the second order, and the charge did not remain a scalar but become 4-vector
of the momentum-energy pα = mdxα/dτ . Thus, applying CPT-symmetry to gravity, the
charge C expires, which is transmitted to PT. This is more clearly seen when on the current
of momentum-energy is applied the changes dxα → −dxα, respectively for the space-time
coordinates. We get:

1
√
g
∑
n

mn

ˆ
δ4

(x − xn)
dxαn
dτn

dxβn
dτn

dτn →
1

√
g
∑
n

mn

ˆ
δ4

(x − xn)
−dxαn
dτn

−dxβn
dτn

dτn. (1.465)

Due to the parity of these tensors (even functions), after (C)PT-symmetry, this expression
remains unchanged. Similarly happens with potentials (gαβ) and with fields (Γλαβ).

In Einstein’s equations of the field

Rαβ −
1

2
gαβR = −8πGTαβ, (1.466)

Both sides are even tensors, and also (C)PT symmetry is valid. In the equations of motion
by Einstein’s field, by geodesic lines, the mass disappears. This is in accordance with the
principle of equivalence (the equality of the gravitational mg and the inertial mass mi).
Here, this principle is convenient to write as a quotient, mg/mi = 1, so that both masses are
visible in geodesies:

d2xλ

dτ2
= −

mg

mi
Γλαβ

dxα

dτ

dxβ

dτ
. (1.467)

Nevertheless, it can be seen that the same (C)PT-symmetry applies to these equations.
Therefore, in the gravitational field produced by the antimatter for antimatter, a well-
known law of gravitational attraction is valid.

In a gravity field that produces antimatter for matter, or a reverse matter for antimatter,
the gravity becomes repulsive. That can be seen now from these retained masses whose
quotient is no longer +1 but is −1:

d2xλ

dτ2
= −

−mg

mi
Γλαβ

dxα

dτ

dxβ

dτ
. (1.468)
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The matter gravitationally repulses antimatter! So, in a slightly different theoretical way,
we get again the same result for which experimental physics still requires first confirmation
(or denial).

The next consequence of the above idea is definition of reality. In fact, this is only one
more promotion of looking at the physical reality from the book “Space-Time” (see [1]). The
mutual exchange of information we call communication. Thus, if there was a communication
between the particle A and B, then there was a communication between the particle B and
A. So if the information went in only one direction, or they were inadequate or insufficient
to regard them as communication, we would call them pseudo-communications. In addition,
for the sake of precision or style, particles that send information can be called emitters, and
those who receive them – receptors, or observers.

Definition of reality

Only physical substance is exchanging information! Namely, when there is no coincidence,
then there is no physical information, but then there is neither the emergence of time, space
or matter. Here we are talking about generalized information that does not exist without
interaction, or vice versa, because this information is proportional to the action (the product
of impulse and distance, that is, energy and duration). This standpoint is taken from the
book “Space-Time” [1].

The present and the changes we see are the result of the emergence of information (from
uncertainty) that pile up “slice by slice” in the shape of space around us and matter in
general. According to the principle of probability (most likely happens most often), the tree
or bench in the park, which were at the previous moment with the given material properties,
are most likely the next realization too, and probably will be the same in the next after.
What change the probability of random outcomes are the forces, like my hand that moves
the cup on the table so at the next moments the glass could appear in another place.

So, if there is no objective coincidence then there is no objective information, so the
very principle of probability is limited, temporary or apparent, and such are the “chances”
that we can call pseudo-probabilities. On the contrary, if the coincidence is objective, then
we consider the information to be a real thing, physical, material phenomenon. Then
probability is relative! I’m “here” and I’m not “there” because I’m more likely to be where
I am, unlike you, who are most likely to be “there”. This is discussed in detail in the
mentioned book, and now we have to go further.

The term reality will be defined using physical information. When A and B can com-
municate mutually, they are mutually realistic. These can be particles, physical bodies,
whether we call them ”objects” or ”subjects”, they must be material objects, substances.
In addition, as we cannot say that the Moon disappears from the physical world every time
we do not see it, because it would then imply a violation of the law of conservations, it
must last for us if it is seen by someone else – which we consider to be real. Therefore, if A
can communicate with C that can communicate with B, then A and B are mutually real.
In general, the particles A and B are mutually realistic if there is an arranged n-tuple of
particles C1,C2, . . . ,Cn whose neighboring pair can communicate with each other, and C1

can communicate with A and Cn can communicate with B. The number of particles n ∈ N
is finite, because the principle of finiteness is valid for matter.

As we have noted before, this definition of reality relates only to perceptions. Secondly,
we called the incomplete exchange of information pseudo-communication, such as receiving
information without the possibility of an answer. Consequently, if A sends information to
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C but cannot get a return message, and C can communicate with B, then we say that
A and B are mutually pseudo-real. Pseudo-real is, for example, the Pythagorean theorem
which can influence our decisions and make changes in our real world, but conversely it is
not possible, we cannot change the theorem.

From the definition of pseudo-reality it follows that “parallel universes” are (mostly)
pseudo-real, if the subject from one cannot communicate with the subject from the other.
Thus, at the time of each branching and the emergence of “parallel universes”, information
goes to new “universes” and not from them, but only from the past it goes to the future.
Consistently, the antimatter, which from our present goes to our past, has no complete com-
munication with us! Two subjects with whom time goes in the opposite directions cannot
communicate in the right way, because the question it would first ask is coming to others
only after the answer. In the simplest case, one-to-one, the interactions among particles are
like “kicking on the first ball”, and only apparently it is some kind of communication that
can be “broken” in more complex cases.

Parallel reality

The term parallel reality for “parallel universes” is still used for in each of these “universes” it
is the same reality valid. So we emphasize that they are “almost real” because the universe
is common to all “universes”, which therefore is written under the quotes. In addition,
insisting on parallel realities we emphasize the sense of objective coincidence and emphasize
the principle of probability. Then, they also help us understanding the superposition.

For example, a qubit (1.41) is a superposition of two uncertainties ∣0⟩ and ∣1⟩ that can
collapse into the information of one of them. One is our reality; the other is “parallel”. The
previous total amount qubit’s uncertainty ∣ψ⟩ is exactly the same (in terms of quantity)
to each individual information of parallel reality. But vice versa, the realization of two
of our parallel realities, for the antimatter are two uncertainties in one superposition like
∣ψ⟩, which will collapse into just one of ∣0⟩ or ∣1⟩. If we completely ignore parallel reali-
ties, this explanation would be incomplete, the reversibility of unitary operators would be
inexplicable, and quantum mechanics would be a little mystical.

When we already define parallel realities, we can add a few of the notions of truth to
this. We already mentioned that the theorems of mathematical analysis and the theory
of sets are dealing with infinities, the accuracy of which is equivalent to the accuracy of,
say, the multiplication tables, which therefore tell us that they exist. We must admit that
we have knowledge of these abstract truths even though they are not material and that
we also need to consider them as some sort of “information”. We divide our knowledge
into material and non-material. This second, when they come from pseudo-probability, we
call pseudo-material. They arise on pseudo-randomness’s such as the appearance of digits
π = 3.14159 . . . in the first reading. We know that a set of decimals π accurately mimics all
the coincidence properties, but in the second reading we can understand the non-coincidence
of their occurrence.

From this we can observe that the aforementioned tenet of the uniqueness of matter, that
is, the unrepeatableness of material phenomena, could explain the difference of occurrences
of coincidence in the “individual world” and those in the “general world”. However, this is
a topic that would better suit a book of some other character, so I only mention it here as
an announcement.

Note that for now, it’s still not clear to us what the real coincidence is and what pseudo-
coincidence is. That is why we are approaching the definitions of these terms with a reserve.
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Understanding abstract mathematical statements is a one-way process and we will say that
this is also a kind of pseudo-information. If the truths were able to communicate, such as
the interaction of particles of the physical world, then the abstract truths exchanged could
be considered as the real information, which are the realizations of objective coincidences.
They could then be adapted to our needs, we would be considered more important, but the
world would be even more difficult to understand.

Entropy

The separation of parallel realities, of course, is not the end of such stories, nor is such an
end in science at all possible. So it’s not worth exhausting by listing the consequences, but
I have to specify one more. Notice that “we do not define our current of time” as “the one
with increasing entropy”, as is customary in modern physics. This is because the entropy
is a spontaneously growing phenomenon over the world of matter as well as over the world
of antimatter! If it were not, then the second law of thermodynamics would not be valid in
the world of antimatter, so it would not be physically invariant with the world of matter.
And then let’s try to understand what’s happening here.

The fact that official physics thinks that, unlike the world of antimatter, the entropy
of the world of matter is spontaneously growing; means that official physics still does not
understand or does not accepts the reversibility of quantum mechanics. Just because of this,
the explanation makes sense to repeat. If, by inversing the information time, only one of the
parallel realities would be returned, it would not be possible to define a number of possible
outcomes. However, by taking one of the relevant information from each of the necessary
parallel realities it is possible to define the different uncertainties that can be realized in the
world of antimatter in one realized information by returning to our past. The uncertainty
of the world of matter is the parallel realities of the world of antimatter. The corresponding
information of each of the parallel realities of the antimatter is our uncertainty that forms
the superposition of quantum states.

Note that this process constantly simplifies our world (matter), but that a similar process
of simplification flows in the world of antimatter. By choosing one of the more options,
possibilities are shredded. This reduction in the amount of choice is analogous to the
transition of the gas molecules into a uniform amorphous state, that is, into a state of
concealing information, or to a state of greater entropy. Symmetrically also applies after
the change to the opposite flow of time, because the number of parallel realities we are
going to is equal to the number of the previous possibilities of realization. Our possibilities
of realization are the parallel realities of the antimatter. Thus, the entropy grows could be
proved in the reverse course of time, more precisely, by unitary operators and superposition.

The consideration of the principles of information relates to the above. Realizing as little
information as possible, time runs in the direction of less of its quantity, which means that
(with the help of an imaginary computer) less data is needed to define the future than the
past. This unexpected conclusion, obviously, is worth wherever time wears us. Therefore,
the worlds of matter and antimatter are equal in terms of the validity of laws of physics,
including the second law of thermodynamics, or spontaneous growth of entropy.
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1.4.2 Substance’s measurement

Measuring is determining the size of an object, event, or occurrence. This act is a material
phenomenon and, therefore, it is subject to the principles of probability, information, and
finality. Measurement takes place between the interactions and the transmission of informa-
tion between objects and means of measurement or operator. In a wider sense, measurement
requires and understanding of the laws of nature, and it is made up of processes that test
natural sciences. That is why the experiment itself (check) is the type of measurement.

Starting from the point of view that measurement is the transmission of information,
that information in the narrow sense is what constitutes a material world and, in a wider
sense, the world of natural laws, and that all of them are only parts of the truth in general, we
understand that natural sciences deal with those truths proven by experiment. Consistent,
mathematical truths can neither be proven nor challenged by measurement, by physical
experiment, yet we note that by a measurement we can test the previous views. We have
heard that “theory is the one that gives meaning to the facts obtained by experiment”, and
this well-known theoretical phrase now supports the notion that the right and the pseudo
information are related, different but inseparable phenomena.

Figure 1.65: Boyle–Mariotte law.

Let’s consider this on the example of Boyle-Mariotte law shown on the figure 1.65. In
the given vessel we compress the gas, increase its pressure P and reduce the volume V , so
it is constantly

PV = k, (1.469)

where k is a constant to be determined. Let’s do the n ∈ N measurements and get the
results:

P1V1 = k1, P2V2 = k2, . . . PnVn = kn.

What happened here, from the position of the previous consideration? Measurement is the
act of communicating matter and, consequently, the effect of random events, which means
that it can never be quite correct. But increasing accuracy can be achieved by increased
number of tests, in accordance with the law of large numbers of probability theory. That’s
why we are repeating the measurements to get a number

` = P1V1 + P2V2 + ⋅ ⋅ ⋅ + PnVn, (1.470)
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and then the number `/n which represents the mean value of the required constant k.

Another example is the measurement of the momentum and the position of the electron
e− using a collision with a photon γ shown in the figure 1.66. Thus the Heisenberg’s
uncertainty relations are discovered, now the basis of the quantum mechanics.

Figure 1.66: Uncertainty of the momentum and position.

In the original experiments of this kind and their considerations, it was noticed that
there are limits to what we can see about the electron. From the “elementary formula of the
Compton effect” Heisenberg estimated in 1927 that the “imprecision” of the measurement
of the momentum ∆p of the electron and its position ∆x must be of the order

∆p∆x ∼ h, (1.471)

where h is the Planck constant. The momentum of the electron is p and its position is
x. The position of the photon is “spoiled” at its wavelength λ and its momentum is h/λ.
The observation of the electron is a collision with a photon, after which the momentum
and position of the electron remains “smeary” for ∆p = h/λ and ∆x = λ, which, with the
previous one, gives ∆p = h/∆x, and ∆p∆x = h, and this is the Heisenberg’s estimate.

The same estimate can be obtained using particles with mass m and speed v, using the
Louis de Broglie expression for wavelength λ = h/p. Then ∆p = mv and ∆x = h/mv, so we
get again ∆p∆x = h.

From these methods we find that the uncertainty of the measurement of the momentum
and the position comes from the scattering within the wavelength, which does not give us
the exact position of what we measure, and therefore of what we measure. At a glance
we can misunderstand that it has nothing with real coincidence, but with our “bad” tools.
However, as Louis de Broglie’s law of the wavelength is valid for every kind of matter, we
conclude that there are no “better” tools. So there is nothing in this universe that could
challenge Heisenberg’s assessment (1.471), so we still have only to see if it agrees with the
laws of probability.

If this was indeed proved in 1927 by Kennard160 (see [56]), and next year, Weyl161 (see
[57]) discovered the formula for the dispersion of the σp and the position σx of the particle:

σpσx ≥
~
2
, (1.472)

160Earle Hesse Kennard (1885-1968), theoretical physicist and professor at Cornell University.
161Hermann Weyl (1885-1955), German mathematician, theoretical physicist and philosopher.
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where ~ = h/(2π) is the reduced Planck constant.

Evidence (1.472) of a similar idea can be found in the book “Information of perception”
(see. [2], pp. 57) too, with a little different implications. In short, searching for related
but contrary random sizes, once affirmative and other restrictive, first, the inner ability
of the living being to use the possibilities of its perceptions, and the other, the external
ability of hierarchies that would prevent it in this. Starting from the existence of objective
coincidence, the first is the power of free will ; the second is the power of order. To each
individual occurrence ωk (k = 1,2, . . . , n) by which the individual and its environment can
manage, which are joined respectively ik = ik(ωk) and hk = hk(ωk), we look at their product
`k = ikhk, and then on the sum of these products `1 + `2 + ⋅ ⋅ ⋅ + `n = `, i.e.

` = i ⋅ h, (1.473)

which is a scalar product of the vectors. The first sizes i = (i1, i2, . . . , in) are affirmative, the
other h = (h1, h2, . . . , hn) are restrictive – from the point of view of a living being. I called
them in line with the components of the intelligence and hierarchy vectors. The scalar
product is freedom (` – libertas). It is shown that the formula (1.473) is the generalization
of Shannon information, and ` is called the perceptions information of a living being.

The name “freedom” for ` was inspired by “free will” which, I assumed, is growing with
the “intelligence” coefficients ik, which, as if defying the corresponding coefficients of “hier-
archy” hk, and which by their nature are out of the power of an individual. The ability to
perceive each new component of a hierarchy increases with the amount of perceptions of the
individual, and also with the ability to override that component, as more as that component
of the hierarchy is greater. Hence the idea that ` is the information of perceptions.

In the next book (see [1] example 1.1.2) the formula (1.473) is recognized in the uncer-
tainty relations from which the Lorentz transformation was derived, by which is established
that ` is proportional to Lagrangian, or the physical action, and that the “principle of
the least effect” known in theoretical physics applies to the “freedom” of non-living be-
ings. Therefore, the “freedom” of living beings is always greater than the corresponding
non-living, and we can also consider the same ` now as the measure of vitality.

The name “vitality” now makes sense since (1.473) was observed as a measure of action
that represents the overall movement of the physical system. The fact is that the average
momentum of the system is multiplied by the length of the distance traveled, or, what is
the same, the average energy multiplied by the duration. Hence the conclusion that the
“aggressiveness” (legal concept) of living beings is the expression of their “vitality” (which
decreases with age), and it is corresponding to “freedom” (political term), or biologically
speaking the “information of perception”. I only mention this to point out where all future
quantum mechanics will lead their researchers.

In these books, topologically it is proved that three spatial dimensions should be added
(at least) to three dimensions of time and that the resulting six-dimensional space-time
represents the whole, one physical reality. I mentioned here that this is not a story about
the additional dimensions of the space of the theory of strings, which are microscopic in
relation to the usual and familiar (length, width, height), so they are therefore unknown to
us, or invisible. If the strings theory ever adds the appropriate dimensions of time to their
spatial dimensions, in this way, then this much-dimensional space-time will also represent
one whole, one physical reality. It will be just one “universe” in the multitude of parallel
realities that I described here. Accordingly, the “multiverse” of the string theory will, if
experimentally confirmed, be a compact symmetrically real and measurable matter.
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Now we return to the momentum and the position of quantum mechanics. We have seen
that the momentum operators (1.434) and energies (1.433) can be written in the form

p̂k = −i~
∂

∂qk
, qk ∈ {x, y, z,−t}, (1.474)

where p̂−t = Ê. By double applying we find the abscissa momentum square

p̂2
x = p̂x ⋅ p̂x = (−i~

∂

∂x
)(−i~

∂

∂x
) = −~2 ∂

2

∂x2
,

and similar to the other coordinates. The vector of the momentum is p̂ = ∑k p̂kek, if ek is
the coordinate orths (unit vectors of the orthonormal basis). For the first three coordinates
we have

p̂2
= −~2

(
∂2

∂x2
+
∂2

∂y2
+
∂2

∂z2
) = −~2

∇
2, (1.475)

and hence the term for Hamiltonian (1.435), that is

Ĥ =
p̂2

2m
+ V̂ , (1.476)

where m is the mass of the particle (given momentum), and V̂ is the potential energy
operator.

The Schrödinger equation also can be derived from the equations of classical physics,
when appropriate operators are placed instead the physical values. This is an important
feature of quantum mechanics. For example, based on the classical equation for total energy

p2

2m
+ V = E, (1.477)

we can immediately write the wave equation

(
p̂2

2m
+ V̂ )ψ = Eψ. (1.478)

Analogy is obvious, where the classical H = E becomes the Hamiltonian operator Ĥ.
The eigenvalues are solutions of the linear equation, for example

Ĥψn = Enψn, (1.479)

where En is the eigenvalue of energy, and ψn is the corresponding proper (eigen) function,
the both of given operator Ĥ, in the order of n. Due to the principle of finite matter, indices
can belong to at most countable infinite set. In addition, the real values of real energies can
only be real, by conjugating (1.479), or by associating with ψ† = ψ∗, we get an associated
equation

Ĥ†ψ∗n = Enψ
∗
n. (1.480)

The energies En are measurable values, which we otherwise call observables.
From these equations we obtain the integrals:

ˆ ∞

−∞

ψ∗Ĥψ dq = E

ˆ ∞

−∞

ψ∗ψ dq,

ˆ ∞

−∞

ψĤ†ψ∗ dq = E

ˆ ∞

−∞

ψψ∗ dq,
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and from ψ∗ψ = ψψ∗ it followsˆ ∞

−∞

ψ∗Ĥψ dq =

ˆ ∞

−∞

ψĤ†ψ∗ dq. (1.481)

If this is a known definition of Hermitian operator we see from:ˆ ∞

−∞

ψ∗(Ĥψ)dq =

ˆ ∞

−∞

(Ĥ†ψ∗)ψ dq =

ˆ ∞

−∞

ψ(Ĥψ∗)dq.

These relations define Hermitian operators, that is, those with real eigenvalues. By acting
on quantum states, here on the ψ wave function, their eigenvalues become observables.

Example 1.4.1. Let us show that the operator of the momentum is the Hermitian operator.

Solution. For simplicity we work in one dimensionˆ ∞

−∞

ψ∗p̂ψ dx =

ˆ ∞

−∞

ψ∗ (−i~
dψ

dx
) dx.

On the other hand, the differentiating norm of the wave function we find:ˆ ∞

−∞

(
dψ∗

dx
ψ + ψ∗

dψ

dx
) dx = 0,

ˆ ∞

−∞

ψ dψ∗ = −

ˆ ∞

−∞

ψ∗ dψ,

and therefore with the previous one:

−i~
ˆ ∞

−∞

ψ∗ dψ = i~
ˆ ∞

−∞

ψ dψ∗ =

ˆ ∞

−∞

ψ i~
dψ∗

dx
dx =

ˆ ∞

−∞

ψp̂∗ψ∗ dx,

which means that the requested relationship is satisfied.

We used Born’s law of the probability by amplitudes, according to which the integral
of the square of the norm ∣ψ∣2 = ψ∗ψ over the entire space is unit. We call this the norm
property of the quantum state. In the following example, with Q we denote the coordinate
space with a certain outcome. In the case of one coordinate, say x-axes as in the previous
example, this is the interval from −∞ to ∞.

Example 1.4.2. Derive the formula for Hermitian operators from the norm.

Solution. Differentiating the norm by time we get:

∂

∂t

ˆ
Q
ψ∗ψ dq = 0,

ˆ
Q
(ψ∗

∂ψ

∂t
+
∂ψ∗

∂t
ψ) dq = 0.

Replacements from the Schrödinger equation, we have further:

∂ψ

∂t
=

1

i~
Ĥψ,

∂ψ∗

∂t
= −

1

i~
Ĥ†ψ∗,

1

i~

ˆ
Q

[ψ∗(Ĥψ) − (Ĥψ)†ψ] dq = 0,

ˆ
Q
ψ∗Ĥψ dq =

ˆ
Q
ψ(Ĥψ)† dq,

which is the equation (1.481) that was supposed to be obtained.
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The quantum mechanics also know the anti-Hermitian operator, defined by
ˆ
Q
ψ∗Âψ dq = −

ˆ
Q
(Âψ)†ψ dq. (1.482)

Unlike Hermitian operators, characterized by the equation Â† = Â, these anti-Hermitian
characters equation Â† = −Â. We referred to both species by considering normal operators,
when we called these others both the skew-Hermitian and the self-adjoint.

For example, the Hermitian operator is the matrix

A =
⎛
⎜
⎝

0 −i 0
i 0 −i
0 i 0

⎞
⎟
⎠
, (1.483)

since A† = A, i.e. by transposing and conjugating the same matrix is obtained. An example
of an anti-Hermitian operator is the imaginary unit, because

ˆ ∞

−∞

ψ∗iψ dx = −

ˆ ∞

−∞

ψ∗(−i)ψ dx = −

ˆ ∞

−∞

ψ∗i∗ψ dx. (1.484)

This means that every anti-Hermitian operator multiplied by i turns into Hermitian and
vice versa. In addition, as otherwise an associated operator of the associated operator is
again the initial operator, (Â†)† = Â, that is

1

2
(Â†

+ Â) (1.485)

Hermitian operator even if the linear operator Â is non-Hermitian.
Mean value of position is defined as in probability theory:

⟨x⟩ =

ˆ ∞

−∞

xρdx =

ˆ ∞

−∞

xψ∗ψ dx, (1.486)

whereby the condition of the probability norm is satisfied:

ˆ ∞

−∞

ρdx =

ˆ ∞

−∞

ψ∗ψ dx =

ˆ ∞

−∞

∣ψ∣2 dx = 1. (1.487)

In the case of real positions, the integral (1.486) is always convergent. Hence, consistently,
we define the mean value of the coordinate function

⟨f(q)⟩ =

ˆ
Q
f(q)∣ψ∣2dq. (1.488)

This is equivalent to expression (1.274), here of continuous operators with discrete eigen-
values.

We can search the mean value of the momentum operator using the velocity:

⟨v̂x⟩ =
⟨p̂x⟩

m
=
d⟨x⟩

dt
=
∂

∂t

ˆ ∞

−∞

x∣ψ∣2 dx,

and hence

⟨p̂x⟩ =m
∂

∂t

ˆ ∞

−∞

x∣ψ∣2 dx. (1.489)
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Differentiation and substitution from the Schrödinger equation as in the previous task, after
calculating, we find

⟨p̂x⟩ =

ˆ ∞

−∞

ψ∗p̂xψ dx. (1.490)

The mean value of the total (spatial) momentum is

⟨p̂⟩ =

ˆ
Q
ψ∗p̂ψ dq, (1.491)

where p̂ is the operator of the momentum vector (1.475).

The affecting the two coordinate momentum operators of different coordinates give:

p̂xp̂yψ = −i~
∂

∂x
(−i~

∂ψ

∂y
) = −~2 ∂

2ψ

∂x∂y
= −~2 ∂

2ψ

∂y∂x
= −i~

∂

∂y
(−i~

∂ψ

∂x
) = p̂yp̂xψ.

That’s what we write

p̂xp̂y = p̂yp̂x, (1.492)

which means that the product of these operators is commutative. The product of the
momentum and position operator of the same coordinates is not commutative because:

⎧⎪⎪
⎨
⎪⎪⎩

1○ p̂xx̂ψ = −i~ ∂
∂x(xψ) = −i~ψ − i~

∂ψ
∂xx

2○ x̂p̂xψ = x̂ (−i~∂ψ∂x ) = −i~
∂ψ
∂xx,

(1.493)

where ∂xx = 1 was put. The difference (2○ − 1○) of these expressions is

(x̂p̂x − p̂xx̂)ψ = i~ψ, (1.494)

Using the commutator of the operators

[Â, B̂] = ÂB̂ − B̂Â, (1.495)

we write this

[x̂, p̂x] = i~. (1.496)

The momentum and position operators are Hermitian, but their commutator is an anti-
Hermitian linear operator.

In the coordinate representation, the wave function is the proper (eigen) function of the
coordinate operator x̂, so x̂ψ = xψ, where x is the position. The operator does not change
the direction vector of the ψ state, but only assigns its eigenvalue x which is a real number,
since the operator x̂ is Hermitian, and therefore x is an observable. When in the same
representation the operation of the momentum p̂x is added, to which the corresponding
eigenvector is no longer in the same direction, it is not the same ψ, we get 1○ in (1.493). In
the same representation, the vector p̂xψ is also the operator eigenvector x̂, hence 2○. The
difference that occurred in (1.494) is a defect created by the impact of the momentum on the
position. However, this defect corresponds to the commutator (1.496), which is also a linear
but anti-Hermitian operator, whose matrix is diagonal in the coordinate representation.

Around that, from the results (1.496) we see that the position and momentum operators
represent some dependent random events! The order of operation x̂ then p̂x to ψ does not
give the same result as the reverse order. This further means that this non-commutativity
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cause the Heisenberg’s relations of uncertainty. By measuring the position and the momen-
tum of the particle along the same coordinate, they are partially unpredictable, so that they
cannot be obtained at the same time and accurately. However, from (1.492) it follows that
it is possible to accurately measure the momentum along different axes, that is, the quan-
tum state (particle) momentums along different coordinate axes are independent (random)
events.

Dependence of position and momentum (1.496) is a description of the behavior of the
physical action. Planck’s constant defines the quantum of action, and it also determines the
quantum of the generalized information. The quantification of this information, in turn,
means the inability to communicate without the momentum and space (without energy and
time). According to the definition of reality, there is no substance that has no energy and
does not last. Each, even the smallest part of matter, has information and, therefore, comes
from at least a small (quant) uncertainty.

On the other hand, waves interfere because they are independent, and because they are
independent they have some common events (theorem 1.1.47). For example, they have a
common past, as we have noticed by looking at the experiment “double-slit” in the figure
1.26. At the surface of the D photo-boards, at the place of its exposure, “now” interferes
all the corresponding past waves.

Let us denote by Q the space for displaying the plate, and with f(q) the aggregate wave
interference. When there is no disturbance, the total interference of the event Q is “now”
f(q) = 0, so the mean value of the incremental frequencies ⟨f(q)⟩ consistently (1.488) is also
zero. The disturbance is produced only by those waves that we add to the space Q, which
are surplus. When and how they are released from source A, if they have a chance, they
additionally interfere breaking the overall balance.

Comparing this consideration now with the non-commutative position and momentum
indicates again that there is no (real, physical) communication between (some) past and
the present; there is no exchange of momentum and energy. On the contrary, it is possible
to be other events of the past that are dependent on the present (vice versa is trivial)
and that they communicate with the present. A candidate for such events is the quantum
entanglement that arises when the coincidence of two events presented to the operators A
and B binds a conservation law. This is the topic of the next title.
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1.4.3 Dynamic dependence

Quantum entanglement is a physical phenomenon that occurs when a pair or group of
particles behave or interact in such a way that the quantum state of a particular particle
cannot be described independently of the state of others, even if they are large by mutual
distance. Instead of separate observations, the quantum state must then be described for
the system as a whole.

We have already mentioned the quantum entanglement system of pairs of particles of
the total zero spin, which measure spin on the first completely random event and the
measurement of the spin on the other completely non-random. If the measured spin of the
first is “up”, then the measured spin of another will be “down” regardless of how these
particles were distant from each other at the time of measurement. This is because the
outcome of the first particle spin is a random event, but the law of conservation applies to
the total spin of a closed quantum system.

In a recent study (see [58]), Pan and his colleagues report that they could produce
entangled photons on a satellite about 300 miles above the planet (483 km) that went to
two different laboratories on Earth, separated 750 kilometers, without loss of link between
particles. This is the first time that someone has ever created a entangled particle in
the universe and represents a 10-fold increase in previously performed distances in similar
experiments.

“We needed nearly 14 years for this achievement,” said Pan (Jian-Wei Pan) professor
at the University of Science and Technology from China. They first had to ensure that the
source of the entangled photons survived the launch, so that they would not be destroyed
through the 10 kilometers of the lower atmosphere. Following successful tests for this
technology, such as the use of small telescopes to focus on remote-sensing photons, in
August 2016, China launched a satellite (Micius) at orbit around 500 kilometers that went
along the same route over China at the same time each night. This is a great achievement
that proves that China is truly capable of governing this technology, commented colleagues.

All previous experiments of quantum entanglement (see [59] and [60]) also confirm that
entangled particles share a mathematical description, a quantum wave function, but that
this description does not help fully in predicting the measurement result. However, when
the result of some measurement in the part of the entangled system is learned, then the
result of measuring the second part can certainly be predicted, no matter how far that
other part was. In doing so, particles can be entangled to interact with each other or to be
emitted from a common source.

In particular, these are two photons (light particles) emitted from, say, pions, the kind
of meson (containing quark and antiquark) with a zero angular momentum, i.e. spin. Let
the first photon be A (Alice) and the second B (Bob). As the spin photon can be ±1, and
the total spin of this system is zero, this measure of spin +1 on Alice means measuring
-1 on Bob, or vice versa, measuring -1 on Alice means that Bob has spin + 1. From the
point of view of conserving the spin, this is not strange, until we begin to separate these
two photons and shorten the time of successive measurements. As in Einstein’s story of the
two gloves, left and right, packed in two very distant boxes, after opening one (any) of the
boxes immediately we know the content of the other and that for this knowledge we did not
need a material signal coming from one box to another. So in this experiment, Alice always
knows what is measured on Bob, and vice versa, Bob’s spin will always be the opposite
value of Spin Alice. The result of the first of these two measurements is quite random, the
second is not.
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In a real experiment, the photons emerge in the unpredictable mixed state of the po-
larization (the orientation of the vibrations of light). A polarizing filter, such as polarizing
sun glasses, leaks some of the angles of the polarized light and blocks the others. You can
imagine the filter as a wooden fence through which the light passes in the vertical plane,
but if you turn the fence at 90○, all that light is blocked except the light passed with the
oscillations in horizontal level. If there are no measurements on the first photon, the results
on the other are scattered in a random way, but after measuring on the first, the results of
the second one are known in advance. It does not matter which of the photons was first
measured and which was the second.

From the point of view of (probability) dependence, there are two types of physical
events: similar to wave interference (independent) and similar quantum entanglement (de-
pendent). The existence of the first is confirmed by the “double slit” experiment, and the
existence of other the “uncertainty relations”. A special field of physics will be, I guess,
sorting such into our present, but also in the past. We do not deal with these branches, but
note that the theory presented here does not limit the past to purely pseudo-real, to one
that can affect us, but not allowing us to affect it. How it is possible, it is discussed below.

Discovering information (Hartley 1928, then Shannon 1948, and further), as we know,
gave wings to modern technology. However, information is not just the appearance of the
world of computers, but is also reflected in the entire material universe, its living and
inanimate beings. For example, we mentioned principle of information that nature tries to
give as little information as possible from which we deduced the spontaneous increase of
the thermodynamic entropy and acceleration of biological evolution. Unlike the attempts
at contemporary physics, we explained these two as different phenomena. However, the
material nature of the information has more consequences.

One of the important features of the physical world is the information conservation law.
The total amount of uncertainty and certainty of the closed system does not change as the
ingredients change. If information could just disappear into nothing, then, for example, we
could not believe in experiments. That it arises from the same amount of uncertainty is
visible from the theory of probability, and that it can return to uncertainty (same quantities)
is proved by unitary quantum mechanics operators.

Quantum coincidence behaves as a consequence of this law. By converting uncertainty
into certainty, the first decreases. When it becomes certain in what condition is Alice, the
uncertainty of Bob disappears; it seemed to have leaked out of the initial state of the pion,
collected for the two photons (Alice and Bob), after the discovery of the first photon’s spin.

The law on information conservation will also explain the paradox of Schrödinger’s cat.
After opening the box and finding out that the cat is “living”, we also find out that the
mechanism that it had to kill in the past did not kill. Note that the present changes the
past in both cases, in the case of Alice and Bob, and in the case of Schrödinger’s cat. In
the first, this is because Bob is too far from Alice to be in her present, and in the other case
this is obvious. It is the same with the explanation of the famous paradoxical Heisenberg’s
notion that only by measuring the electron at a given site, something is learned about the
path of the electron, but in the deepest sense, that before the measurement its path was
objectively uncertain.

At the same time, we see the reasons for my insistence that the past, similar to the
present and in spite of the law of information maintenance, also has both types of inter-
actions, real and pseudo-real. Quantum entanglement is a newly discovered phenomenon,
and I dedicate a little more to it below.
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Example 1.4.3. In a random way, we select one from a 52-card deck. If it is known that
a “Club” was chosen, what is the probability that this ticket is “Ace”

Solution. Random events are: A – chosen card is “Ace”, B – the card is “Club”. The
probability should be determined Pr(A∣B). Event AB is “Club Ace”, so it is Pr(AB) = 1/52,
Pr(B) = 13/52 and Pr(A∣B) = 1/13.

Prioritizing non-physical in the quantum entanglement indicates the secondary character
of matter in the universe. If laws take precedence over occurrences, we notice in the disregard
of time, or chronological order, when the case could violate some conservation law, but also
in the following examples.

Imagine a square table, 9×9, numbers whose sums are each row of even, and each column
is sum in odd numbers. Of course, such a table is not mathematically possible because the
sum of all the columns is odd, and the sum of the rows is a even, which is a contradiction,
because it is the same total sum of all the numbers in the table. However, such a table can
be bribed if someone replaces the numbers while we slowly adding them. This is, roughly,
the meaning of experiments that check Bell’s theorem and its inequality.

Now imagine a set S of elements with the three properties A, B and C. The number
of elements with the property A but without the property B is denoted by ∣A ∩B′∣. The
number of elements with property B but not C is denoted by ∣B ∩ C ′∣. The number of
elements with the property A but without the property C is denoted by ∣A ∩ C ′∣. Bell’s
inequality reads

∣A ∩B′
∣ + ∣B ∩C ′

∣ ≥ ∣A ∩C ′
∣. (1.497)

Let’s say162, a set of students in the hall is given, with properties: A - man, B - is a person
higher than 1.73 meters and C - has blue eyes. Then the properties A ∩ B′ – men lower
than 1.73 meters, B ∩C ′ students higher than 1.73 meters with non-blue eyes and A∩C ′ –
men of non-blue eyes. Taking an arbitrary group of students, check that Bell’s inequality is
correct. The inequality (1.497) would turn out to be inaccurate only if the students would
enter and leave the hall as we count them.

We can prove the Bell’s inequality with the Venn diagram, similar to lemma 1.1.38, or
in the following way. Let’s start with the obvious inequality

∣A ∩B′
∩C ∣ + ∣A′

∩B ∩C ′
∣ ≥ 0.

On the both sides add the number ∣A ∩B′ ∩C ′∣ + ∣A ∩B ∩C ′∣ = ∣A ∩C ′∣, we get:

(∣A ∩B′
∩C ∣ + ∣A ∩B′

∩C ′
∣) + (∣A′

∩B ∩C ′
∣ + ∣A ∩B ∩C ′

∣) ≥ ∣A ∩C ′
∣,

∣A ∩B′
∣ + ∣B ∩C ′

∣ ≥ ∣A ∩C ′
∣,

which is Bell’s inequality (1.497).

The Bell’s inequality is then applied to the current of electrons, photons, ionized atoms.
It is assumed that the property A has particles with spin 0○, the property B with a spin
45○, and property C with a spin 90○. Then, for example, particles are considered in the
radioactive decomposition of the substance whose total spin is zero. In fact, experiments
are done with billions of particles. The first published such experiment was made with
photon couples in 1969 (Clauser, Horne, Shimony, Holt), and then similar experiments

162David M. Harrison, Department of Physics, University of Toronto, 03/17/06.
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were repeated many times. The violation of Bell’s inequality is regularly observed, at the
cost of conservation the zero value of the total spin.

Therefore, it is a higher priority of the law of conservation the amount of spin compared
to material phenomena, especially on chronological consistency. This deterioration of tem-
poral stability confirms the substantive nature of the time. Time, space and matter arise as
“slice by the slice” of realizations of uncertainty, I wrote it in the book Space-Time (see [1]),
assuming that the present is a permanent process of creating information (proper system).
Contrary to some modern interpretations, the time taken for this is (topological and metric)
dimension of the universe. Moreover, the universe in which all objects are relatively real in
relation to Me have (at least) six dimensions, three spatial and three of time.

It is clear that in order to deny the existence of “hidden variables” in quantum me-
chanics, assumed by the author of the APR-paradox, we can also use different positions of
polarization filters, even with a different inequality of (1.497), which is originally, in fact, a
little different (see [61]). These variations also fit in the quantum entanglement here, but
note it is not the only one possible.

For example, the definition of abstract truths, for example in mathematics, we have
defined as the one-way transmission of some pseudo-information. Further, we could consider
conditional random events as pseudo-material, which “interact” in a non-material way,
that is, “communicate” at unlimited speeds. By enacting similarly, we would not only
“harmlessly” expand the concepts of material physics to the formal world of mathematics,
but also open the question of the understanding of the velocities. We mean it actually only
if we run out of other options, otherwise we are only chatting.

Speed of light

We consider some kind of information and, for example, the discovery of Pythagorean
Theorem, and the application of this knowledge in practice – by its action. Moreover, we are
led by lies, misinformation, and false ideology. After accepting the quantum entanglement,
the transmission of information to us is no longer just what moves through the space and
time like the physical particle. Physical information and with it the action, we consider
here, can be returned into uncertainty, it can go backwards in time, and hence, it can go
faster than light.

This again opens the old question of a force field by the particles-waves that are the
builders of that field. Now we can still leave electromagnetic on the side, but not so easy and
gravitational scope. For example, if we assume that black hole is a reality, that masses can
be so large that they close the space-time of the gravitational field by capturing the light,
then the question arises how such bodies can exert a gravitational influence on external
bodies?

We will not doubt that the action that travels through space-time, here gravitons, travels
at the speed of light, but we can (once again) consider the speed of light in the conditions
of the gravitational field. The first one on that question was Einstein already in 1911 (see
[62]), several years before publishing his general theory. He considered these speeds in the
gravitational field and found that they were then reduced according to the formula

c′ = c0 (1 +
φ

c2
) , φ = −G

M

r2
, (1.498)

where φ is a gravitational potential relative to the place where the light velocity c0 is
measured. The mass of the celestial body is M , and the distance from its center r. It

Rastko Vuković 295
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agrees with the observed turning of light toward the “optically denser” medium (less wave
velocity), while coming from distant stars and passes nearby strong gravitational fields.
Because of the wave nature of matter in general, the same phenomenon is simply imposed
to be generalized. After publishing the general theory of relativity in 1916, and still to
today, the theoretical corrections of this formula have arrived, as is φ→ 2φ that come to an
even greater degree of slowing down the speed of light caused by gravity.

After their convincing considerations, it’s hard to think that there are alternatives, but
they always exist. For example, let us note that the radial velocity of light, on the direc-
tion that passes through the origin of the centrally symmetric gravitational field defined
by Schwarzschild163 by solving the equations of Einstein’s general theory of relativity, are
always smaller than the tangential velocity, which would go along the direction perpendic-
ular to that radius. Namely, the time runs slower in places closer to the center of the field,
regardless of direction, but the lengths are only radially shorter, so that the two speeds of
light, radial and tangential, will not be perceived as equal. In general, the tangential speed
of light is greater than radial, whatever the radial is considered.

For example, if the radial speeds of light are the same everywhere, then the tangential
are bigger on the circles closer to the center. In the second extreme, if the tangential
speeds are the same everywhere, the radial decelerates with the radius. In each of these
cases, the light turns to the “optical denser” medium or rather the slower environment,
and this is again towards the center of the field. The angle of refraction, the intensity of
such a divergence, depends on the influence of the above mentioned possibilities, and this
difference and comparison with the gravitational turning of light obtained in other ways is
the opportunity to calculate the velocity in the two directions. However, we can have some
estimates about it.

We know that relative measurements of time and radial lengths in a centrally symmetric
gravitational field depend on the same coefficient

γ = 1/
√

1 − rs/r, (1.499)

where r is the distance of the observed point from the center of the field, and rs is the
Schwarzschild radius, which depends on the mass of the gravity body. We know that this
can be compared with the previous formula, where φ/c2 = −rs/r. The sphere with the center
at the origin of the field of the radius the Schwarzschild radius is horizon events. It is the
limit of the black hole where the relative time is standing and the radial lengths are zero.
In case the radial speed of light is constant, the tangential velocity increases with the γ
factor, and on the event horizon when r = rs it becomes infinite.

Universe horizon

Roughly evaluating, the last point is consistent with Hawking’s radiation (that the black
holes emitting light). There are attempts164 to similarly understand the horizon problem of
the universe, which is why it is worth trying to understand it.

We take that the universe was created about 13.8 billion years ago by the big bang of
everything and has been expanding ever since. Three dimensions of the space of the universe
spread like the surface of the sphere, so that similar spreads are observed from each of its
points. It is easy to understand that, in the case of constant spreading velocity, for the given

163Karl Schwarzschild (1873-1916), German physicist and astronomer.
164Jean-Pierre Petit, John Moffat, Andreas Albrecht, João Magueijo.
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points the distance could become faster than the speed of light. Such happened especially
because the expansion is accelerated, as the current astronomical measurements state. This
means that there is no possibility of communicating with light speeds between parts of the
universe!

This lack of communication between parts of the universe, in the way of the transmission
of the action by simple motion through space-time, can be understood differently. Due
to the limited speed of light and the transmission of information by space-time at that
speed, observing the distant galaxies means looking into the past of these galaxies, in the
far distant past how long light was traveled to reach us. When we look at galaxies in
the two opposite directions from us, at sufficiently large distances, it is clear that they
cannot easily communicate with light, despite the fact that they were closer to each other
in the appropriate past. That’s why there is a very confusing, uniform background cosmic
radiation, which comes from all directions aligned to one to 10,000.

According to official cosmology, we are at the center of the 4-D sphere of the growing
radius, which began to spread from one point after a “big explosion” about 13.8 billion
years ago, from which the background microwave radiation comes of a uniform temperature
of about −270○ C. The homogeneity of this radiation is paradoxical due to the alleged
impossibility of synchronizing the universe in all directions around us. This paradox itself
is called a “problem of the horizon”, and one of its solutions165 gives the theory of inflation.

About 10−35 of a second after “big bang” started “inflation”. What then exploded and
became our universe was only 10−24 centimeters of diameter. All matter and energy were
so close together. Then the universe expanded exponentially, multiplied by the factor 1050,
rising to the extreme. The information contained in the pre-inflationary universe did not
have to travel at the speed of light, but at the rate of inflation.

As the universe spread, it cooled. At 10−35 seconds, it had a temperature of 1027 K
due to the transition to the transition phase, similar to the process of crossing liquid water
into ice. Strong nuclear forces, dominant at small distances, and which hold protons and
neutrons together, have separated themselves from other forces. This process that releases
a huge amount of energy physicists call symmetry interruption. This is the moment of
alleged inflation, when the universe exploded exponentially, increasing 1050 times in just
10−33 seconds. It also had its experimental confirmation over the past 20 years. After a
period of inflation, things slowed down and the universe continued to expand to this day.

It is difficult to agree with today’s common view that inflation theory does not use
speeds higher than light, and thus to explain communication, and then the uniformity of
all including the most distant parts of the universe. Its experimental confirmation for the
time being is still modest and is not a negation of other theories about quick actions which
are worth the mention. I am referring to the theory of variable-velocity-light, the authors
mentioned, according to which the speed of light in the vacuum in the past was greater than
it was today, but also on variations of this theory with varying other physical constants,
especially gravity. Only the slowing of the light by the development of the cosmos is also
not in contradiction with Snell’s law of breaking the waves towards a slower environment.

Add here one more explanation of the “horizon problem”, off-line from the previous ones.
That is the new interpretation of the interference, here used to understand the double-slit
experiment on the figure 1.26. In addition to the experiment, which is in fact an evidence
of this interpretation, in support of the same is the quantum entanglement, but also the

165In the Beginning: http://archive.ncsa.illinois.edu/Cyberia/Cosmos/InTheBeginning.html
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interpretation of the “Schrödinger cat”, or the paradoxical Heisenberg’s “determination of
the electron’s path by measuring its position”.

These are interpretations of us in the present, such as passengers in a ship surrounded
by waves on the surface of the sea, which now notice the deep layers of water below. In
addition, we note that the layers of water below us constantly grow, as the past accumulate
new and always new information of the present, constantly working together with all the
previous ones so that we always stay on the surface. All our past is synchronized with our
present, and every “present” of the space is synchronized with the corresponding “past”.

How important are the quantities and especially the mass of the sediment of the past,
let’s try to understand with the twin paradox from the special theory of relativity, now em-
phasized a little differently. When the twin A from the Earth flew into space and returned,
brother B would be older than himself. Traveler B would go further in the past by inertial
motion, because the relative time A flows slower than B, until the moment of turnaround,
which implies a change in speed, and therefore is non-inertial. In the inertial movement
backward, traveler B is initially in the distant future A, which is getting closer to spatial
approaching to his brother, again due to a slower flow of time B in relation to A. For this
loss of time, because of the jump from the past into the future, after a reunion, brother B
will be younger than his brother A.

Inertial movements exist in the presence of the mass, but then the difference in the
twin age is lower. The more the surrounding mass the relative time goes slower and the
aforementioned loss of time is less.

That the presence of mass (in the present) configures inertial motion we know from the
general theory of relativity. However, interference now teaches us that the inertial movement
is determined by the “presence” of the past too. Because unpredictability is an objective the
present is created by the realization of uncertainty as new information, and it is reluctant
to return to the uncertainty of how much it is deposited in the past. All our sediment of
past defines our present and, in particular, it also determines the inertial movement itself.
The latter means that the start moving of a star will trigger the gravitational field around
it, but with the greater delay the longer its past lasted. In support of this, perhaps, there
will also be a discovery of the secrets of dark matter.

The mass of the universe, taking into account all of its past, is bigger and bigger. This
is at first glance independent of the possible departure of its “horizon events” from the
beginning of the “big bang”, from slowing down the time, slowing down the speed of light,
or accelerating the spread. But maybe it is not.

Waiting as some experiments resolve these doubts, note that not all the options of the
above-mentioned theories will equally agree with the basic one here. Stronger gravity of
the body isolated in the present is accompanied by a slower course of time. Thus, the time
on the observed galaxy runs slower than ours, because we see its past when the universe
was denser. Its units of length are observed shorter, the speed of light in a vacuum smaller.
The paradox of the horizon of the universe is more pronounced. If the actual expansion of
the universe was constant, the observed would be slowing down.

However, by counting the past into the present gravity, the time in the past would have
been faster, with a higher light speed and a better fund of the theory itself that I expose
here. To the extent that cosmological “problems” become “confirmations” of the theory. I’ll
add one more confirmation that is not listed here, and you can find the rest in my popular
book166 about these topics, which should be pressed in the year before this.

166Manifolds, see [63]
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We know that more likely things happen more often, and I have called it the principle
of probability in previous works. As the more likely events are less informative, from the
previous come conclusion that nature is skimp with the disclosure of information, and this
should be the main guiding idea in the generalization of the known (Hartley and Shannon)
definitions of information. It opens out a very wide area of the definitions, and therefore
I do not run too fast to choose some too precise, but mostly I hold to the information in
principle. And that tells us that the space evolves into less informative states. It becomes
more certain, as if trying to dilute its materiality.

All parallel realities are moving toward that same future, slowing down the flow of time
(because time is created by the realization of uncertainty), and the disappearance of time.

Refraction of waves

Refraction, or bending the wave path, coupled with a change in velocity and wavelength, is
described in detail in my attachment [64], from which I will convince you a few details here.
This is because a similar phenomenon is called on to the still actual (but unverified) theories
of gravity and cosmology, which in the indirect way we have seen here as complement to
the basics of quantum mechanics.

We know that waves when they move from the medium in which they move faster in the
medium in which they move more slowly turn, we say that they are refracting to the normal
at the border of those mediums. With outing from a slower, waves break up, increasing
their angle to the normal. This can be demonstrated in the teaching of physics by soldiers
(students) arranged in rows with equal distance between them, which are allowed to march
across a boundary of two different environments, as in the figure 1.67. Like photons that
interfere and we said that this means that they do not act one on another, the marching
soldiers do not have to hold hands or to be interconnected to made the turn.

Figure 1.67: Refracting the wave through two mediums.

If the surfaces are the same, the soldiers can go in one medium (quickly) with even
longer steps, and in the second (slower) shorter. The similarly is get, as if the soldiers are
marching equally across the unequal soil, for example: solid-mud-solid. Their trace looks
like in the previous picture.
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Figure 1.68: Refracting the wave across a border.

When the first soldier in a line comes to the border of the mediums, the speed of his
march changes, but the others from his line go for some time at an early speed, which
makes the whole line turn for some angle. If it goes from a faster to a slower medium, it
will continue with a smaller angle to the normal to the boundary of the mediums. It will
be exactly the opposite, if the wave goes from slower to a quicker medium. Thus, on the
next, image 1.68, the lower medium is slower to move, we say denser167.

If the input wave velocity v1 is greater than the output v2, then the input angle α1 to
the normal at the border is greater than the output (to the same normal) α2

v1 > v2 ⇒ α1 > α2. (1.500)

The distance between the lines of the marching soldiers decreases (the wavelength decreases),
thus we justify the name “denser” for the medium of slower speed. Let’s look at one such
line AB in the figure 1.68. While a student A travels AC in a denser environment, at the
same period of time ∆t the student B crosses the distance BD in the scarcer medium, so
the distances are:

AC = v2∆t, BD = v1∆t. (1.501)

Angles with mutually perpendicular hands are the same, so:

∠DAB = α1, ∠ADC = α2. (1.502)

From these equations we obtain:

AC = AD sinα2, BD = AD sinα1, (1.503)

and then proportions:

AC ∶ BD = sinα2 ∶ sinα1. (1.504)

v2 ∶ v1 = sinα2 ∶ sinα1. (1.505)

167In “denser” medium is the velocity of wave propagation slower than in “scarcer”.
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This latter one is called Snell’s168 law. Hence

v2 ∶ v1 ∶ v = sinα2 ∶ sinα1 ∶ 1, (1.506)

for the velocity v = AD/∆t of the wave front advancement along the boundary of the
medium.

For example, if v1 = c is the light speed, the speed of the front “set down” on the
boundary of the mediums is

v =
c

sinα1
, (1.507)

where it is still α1 the angle between the direction of light and normal to the boundary
of the mediums. For each α1 > 0 is v > c, where v → ∞ when α1 → 90○. Thus, this
fictitious velocity is unlimited in size when the light arrives vertically at the boundary of
the mediums.

In the same article, in the end, it has been proven that the wave breaks in Snell’s way
due to the principle of least action. The wave transits from one side of the border to the
other for the shortest possible time considering the given speeds. I’ll retell this evidence for
the importance of this principle for considering of information. Before that we note that
the wavelengths in the denser medium are shorter, but that the frequencies of the waves
are the same. As for quantum mechanics, this means that the (Born) probability of wave
measurement before and after reflection is the same that the wave energy does not change,
but the momentum changes.

Let’s observe the movement of the waves in Cartesian plane Oxy, taking the abscissa
for the boundary of the mediums, the upper velocity v1, and the down v2. Let the starting
point is T1(0, y0) with an arbitrary ordinate y0 > 0, so let us look for the arrival point at
the symmetric depth T2(x0,−y0), determining the unknown abscissa x0 > 0. Let T (x,0) be
the point of wave passing through abscissa. The path T1T wave travels during time t1, and
the path TT2 for t2.

For fixed T1 and T2 we ask x so that the time t = t1 + t2 is minimal:

t =
T1T

v1
+
TT2

v2
,

t(x) =
1

v1

√

x2
0 + y

2 +
1

v2

√

(x0 − x)2 + y2
0.

It has an extreme value when the derivation of the function t(x) on x is zero. Hence:

1

v1

x
√
x2 + y2

0

−
1

v2

x0 − x
√

(x0 − x)2 + y2
0

= 0,

1

v1

y0 tanα1

y0/ cosα1
−

1

v2

y0 tanα2

y0/ cosα2
= 0,

1

v1
sinα1 −

1

v2
sinα2 = 0,

which is Snell’s law (1.505).
This proof is more important to us than the previous one, from the figure 1.68, because

we know that physical phenomena (now we say non-living matter) never violate the principle
of the smallest action.
168Willebrord Snellius (1580-1626), Dutch mathematician.
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1.4.4 Uncertainty principle

We know that the dependent processes of quantum mechanics are non-commutative opera-
tors. Let ρx and ρy rotate around x and y-axis for 90○ of the right Cartesian system Oxyz
in the figure 1.69 and the K cuboid is shown in first picture left. Then Kyx is the cuboid in
the figure in the middle, obtained by the composition ρy ○ ρx ∶ K → Kyx, and on the right
image the cuboid is ρx ○ ρy ∶K →Kxy. Obviously, Kyx ≠Kxy, or ρy ○ ρx ≠ ρx ○ ρy. Thus, the
rotation composition in 3-D is not commutative.

Figure 1.69: Rotations of the cuboid around x and y axis.

According to the previous, this means that non-commutative operators represent depen-
dent observable or quantum-entangled events. This follows from the observation in which
this book insists that quantum entanglement is due to the rotation of the base vectors,
or that any information transfer is accompanied by some action, and then from the next
steps. For this purpose, let’s first look at how Heisenberg’s relations of uncertainty can be
introduced under the uncertainty principle.

The average, middle or mean values of the numbers x1, x2, . . . , xn, then p1, p2, . . . , pn are
often indicated by lines above, so we write:

x̄ =
x1 + x2 + ⋅ ⋅ ⋅ + xn

n
, p̄ =

p1 + p2 + ⋅ ⋅ ⋅ + pn
n

, (1.508)

in contrast to Dirac’s notation that would write the same values as ⟨x⟩ and ⟨p⟩. The amounts
of errors or uncertainties in determining these numbers are:

∆x = x − x̄, ∆p = p − p̄. (1.509)

The mean value of these deviations is zero:

∆x = x − x̄ = x̄ − x̄ = 0, ∆p = p − p̄ = p̄ − p̄ = 0, (1.510)

which is obvious. The mean square deviation is called dispersion:

{
(∆x)2 = [(x1 − x̄)

2 + (x2 − x̄)
2 + ⋅ ⋅ ⋅ + (xn − x̄)

2]/n

(∆p)2 = [(p1 − p̄)
2 + (p2 − p̄)

2 + ⋅ ⋅ ⋅ + (pn − p̄)
2]/n,

(1.511)

that is σ2(x) = (∆x)2, σ2(p) = (∆p)2, so for measurements errors are taken

σ(x) =
√

(∆x)2, σ(p) =
√

(∆p)2. (1.512)

In this way, the Heisenberg’s relations of uncertainty become

σ(x) ⋅ σ(p) ≥
~
2
, (1.513)
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which is in accordance with (1.472). The abscissa is default. This result was also obtained
by Heisenberg (see [65]) in a slightly different way.

For a mean square deviation, take:

(∆x)2 = (x − x̄)2 = x2 − 2xx̄ + x̄2
= x2 − x̄2, (∆p − p̄)2 = p2 − p̄2,

when the coordinate origin is at the point x̄, and then p̄ = 0, we have:

(∆x)2 = x2, (∆p)2 = p2. (1.514)

For the mean values in quantum mechanics, we obtain:

⎧⎪⎪
⎨
⎪⎪⎩

x2 =
´∞
−∞

ψ∗(x)x2ψ(x)dx,

p2 =
´∞
−∞

ψ∗(x)p2ψ(x)dx = −~2
´∞
−∞

ψ∗(x)
d2ψ(x)
dx2

dx.
(1.515)

These are the original values obtained by Heisenberg and Weyl, then Pauli and others.
From the lower integral we obtain:

ˆ ∞

−∞

ψ∗
d2ψ

dx2
dx =

ˆ ∞

−∞

ψ∗ d(
dψ

dx
) = ψ∗

dψ

dx
∣

∞

−∞

−

ˆ ∞

−∞

dψ

dx
dψ∗ =

= −

ˆ ∞

−∞

dψ

dx

dψ∗

dx
dx = −

ˆ ∞

−∞

∣
dψ

dx
∣

2

dx,

and hence

p2 = ~2

ˆ ∞

−∞

∣
dψ

dx
∣

2

dx. (1.516)

Heisenberg continues with the obvious inequality:

∣
x

2(∆x)2
ψ(x) +

dψ(x)

dx
∣

2

≥ 0,

x2∣ψ∣2

4[(∆x)2]2
+

xψ

(∆x)2
⋅
dψ

dx
+ (

dψ

dx
)

2

≥ 0,

∣
dψ

dx
∣

2

≥ −
xψ

(∆x)2
⋅
dψ

dx
−

x2∣ψ∣2

4[(∆x)2]2
.

But because of:
d

dx
[
x∣ψ∣2

2(∆x)2
] =

xψ

(∆x)2
⋅
dψ

dx
+

∣ψ∣2

2(∆x)2
,

−
xψ

(∆x)2
⋅
dψ

dx
= −

d

dx
[
x∣ψ∣2

2(∆x)2
] +

∣ψ∣2

2(∆x)2
,

by the substitution we get:

∣
dψ

dx
∣

2

≥
∣ψ∣2

2(∆x)2
−
d

dx
[
x∣ψ∣2

2(∆x)2
] −

x2

4

∣ψ∣2

[(∆x)2]2
.

By multiplying with ~2 and integrating, we recognize

p2 = (∆p)2 ≥
~2

4
⋅

1

(∆x)2
[2

ˆ ∞

−∞

∣ψ∣2 dx −

ˆ ∞

−∞

x2∣ψ∣2dx

[(∆x)2]2
] −

x∣ψ∣2

2(∆x)2
∣

∞

−∞

.
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Next, from ˆ ∞

−∞

x2
∣ψ∣2 dx = x2 = (∆x)2,

we get

p2 ≥
~2

4
⋅

1

(∆x)2
,

and hence √

(∆x)2 ⋅

√

(∆p)2 ≥
~
2
. (1.517)

This is equivalent to (1.513). The same can be written in the form

∆x ⋅∆p ≥
~
2
, (1.518)

which is a slightly inaccurate the previous term.

Heisenberg’s uncertainty principle quickly found its way into chemistry. Orbits filled
with electrons cannot be precisely drawn. We get them from the probability of electron
distribution. At best, an electron orbit can be drawn with a 90% chance that an electron
is in a given volume at a given time. The rest of its time is somewhere else. On the figure
1.70 are the typical orbits.

Figure 1.70: Electrons’ orbits in the atom.

The electrons are the parts that make the atom, and the orbits of atoms are the places
where electrons are most likely to be found. The word “orbit” came with Bohr’s model of
atoms by which electrons move around a nucleus similar to planets around the sun. The
first sphere, 1s, is the closest nucleus of atoms with at most two electrons having the lowest
level of energy. For helium (He) with two electrons, the first orbit is sufficient. However,
lithium (Li) has three electrons and the third electron must go to the next sphere, 2s orbit,
to a higher energy level. Beryllium (Be) has two electrons in the first sphere (1s) and two
electrons in the second sphere (2s).

The boron (B) that has five electrons begins to fill the third orbit. Its three orbits
are mutually perpendicular and are marked with 2p. Orbit, which is spread as 3-D eights,
or balloons along the abscissa, denotes 2px. In analogy with 2py and 2pz we mean the
orbit along the ordinate and the application. The shape of the orbit is determined by the
most probable positions of finding the electron. Atoms with even more electrons also have
spherical and vertical orbits. Thus neon (Ne) has orbits 1s2 2s2 2p6, because it has ten
electrons (2 + 2 + 6).

The distant spherical orbit, 3s, takes over the next two electrons of even higher energies.
Thus sodium (Na) can have 11 electrons, two in the first two spherical orbits (1s and 2s),
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two in vertical orbits (2px, 2py and 2pz) and one in the spherical orbit 3s. Atoms can then
have five d-orbits, each with up to two electrons each. The shape of each orbit is still such
that the probability of finding an electron in it is about 90%. Behind them there are seven
f-orbits, which can also contain up to two electrons.

The explanation of the orbits of atoms is one of the most important confirmations of
Heisenberg’s uncertainty principle. There is almost no serious doubt about this principle
in physics today, but there are more accurate measurements that make this principle more
avoidable. With the recent work of the Photon Institute (see [66]), a special technique
similar to the gyroscopic effect of the atoms was successfully directed to the spin of an
electron and a nucleus to obtain information on the position of the body of the atoms
and avoided the uncertainty principle. The trick comes from the notion that the spin has
not only one but two angles of direction, one north-east-south-west, and the other with an
elevation above the horizon. The team of researchers showed that almost all uncertainty
should be placed in an angle that is not measured by the instrument. In this way, they
still hold Heisenberg’s request for uncertainty, but they hide the uncertainty that does not
suit them. The result is a measurement of angular amplitude with unprecedented precision,
which is not disturbed by quantum uncertainty.

Participant of this experiment, prof. Michel says the principle of uncertainty is very
frustrating for scientists: “We would know everything, but Heisenberg says it is not possi-
ble”. However, we have found a way to find out everything that matters to us. As in The
Rolling Stones poem: “You can’t always get what you want / but if you try sometimes /
well, you might find / you get what you need”.

Example 1.4.4. Accomplish the uncertainty relations (1.517) starting from inequality

ˆ ∞

−∞

∣λxψ +
dψ

dx
∣

2

≥ 0,

as obvious, so further treated it as a square inequality of λ.

Solution. Calculate in a row:ˆ ∞

−∞

(λxψ∗ +
dψ∗

dx
)(λxψ +

dψ

dx
) ≥ 0,

ˆ ∞

−∞

λ2x2ψ∗ψ dx +

ˆ ∞

−∞

λx(ψ∗
dψ

dx
+ ψ

dψ∗

dx
) dx +

ˆ ∞

−∞

dψ∗

dx
⋅
dψ

dx
dx ≥ 0,

λ2x2 + λx(ψ∗ψ)∣
∞

−∞
− λ

ˆ ∞

−∞

ψ∗ψ dx +
p2

~2
≥ 0,

(∆x)2λ2
− λ +

(∆p)2

~2
≥ 0.

In order for the inequality to be true, for the discriminant of the square equation it is valid:

1 − 4 ⋅ (∆x)2 ⋅
(∆p)2

~2
≤ 0,

(∆x)2 ⋅ (∆p)2 ≥
~2

4
,

and hence requested (1.517).
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At the time of the establishment of quantum mechanics, in the first half of the 20th
century were searched various proofs of the principle of uncertainty. This in the example is
based on the mean values squares of the uncertainty:

⎧⎪⎪
⎨
⎪⎪⎩

x2 = (∆x)2 =
´∞
−∞

x2∣ψ∣2 dx

p2 = (∆p)2 = ~2
´∞
−∞

∣
dψ
dx ∣

2
dx

(1.519)

and on a square equation. The following is based on Hölder’s inequality

ˆ
X

∣f ∣2 dx ⋅

ˆ
X

∣g∣2 dx ≥ ∣

ˆ
X
f∗g dx∣

2

, (1.520)

which in this form is also called Bunyakovsky169-Schwarz’s inequality.
Let’s proceed from two linear operators Â and B̂, from the expression:

(∆A)2 =

ˆ
X
ψ∗∣Â − Ā∣

2ψ dx, (∆B)2 =

ˆ
X
ψ∗∣B̂ − B̄∣

2ψ dx, (1.521)

and put Â − Ā = â and B̂ − B̄ = b̂. We have:

(∆A)2 =

ˆ
X
ψ∗∣â∣2ψ dx =

ˆ
X
â∗ψ∗âψ dx =

ˆ
X

∣âψ∣2 dx, (∆B)2 =

ˆ
X

∣̂bψ∣2 dx,

(∆A)2 ⋅ (∆B)2 =

ˆ
X

∣âψ∣2 dx ⋅

ˆ
X

∣̂bψ∣2 dx,

(∆A)2 ⋅ (∆B)2 ≥ ∣

ˆ
X
ψ∗âb̂ψ dx∣

2

,

which follows from (1.520). How it is

âb̂ =
âb̂ + b̂â

2
+
âb̂ − b̂â

2
,

that is:

(∆A)2 ⋅ (∆B)2 ≥ ∣

ˆ
X
ψ∗ (

âb̂ + b̂â

2
+
âb̂ − b̂â

2
)ψ dx∣

2

,

(∆A)2 ⋅ (∆B)2 ≥ ∣

ˆ
X
ψ∗
âb̂ + b̂â

2
ψ dx +

ˆ
X
ψ∗
âb̂ − b̂â

2
ψ dx∣

2

,

(∆A)2 ⋅ (∆B)2 ≥ ∣

ˆ
X
ψ∗
âb̂ − b̂â

2
ψ dx∣

2

.

Operators under integrals are self-conjugated, meaning that the mean values can be consid-
ered as even numbers, for example 2m and 2n where I ≥m2+n2 and I ≥ n2. This inequality
becomes equality when the functions are proportional when it is

b̂ψ = Câψ,

and then the substitution gives
(C∗

+C)â2 = 0,

169Viktor Bunyakovsky (1804-1889), Russian mathematician.
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so C∗ = −C, because â2 is not equal to zero. Therefore, C is a purely imaginary constant
and we can put C = iβ where β is a real constant.

In addition, we calculate the commutator:

[â, b̂] = âb̂ − b̂â = ⋅ ⋅ ⋅ = ÂB̂ − B̂Â = [Â, B̂].

We have:

(∆A)2 ⋅ (∆B)2 ≥ ∣

ˆ
X
ψ∗
ÂB̂ − B̂Â

2
ψ dx∣

2

= ∣
ÂB̂ − B̂Â

2
∣

2

. (1.522)

This is a very important result for understanding the uncertainty principle!
The product of the uncertainty of the linear operators cannot be less than the absolute

value of the half of their commutator

√

(∆A)2 ⋅

√

(∆B)2 ≥ ∣
[Â, B̂]

2
∣ . (1.523)

From this general term, which can be further called the uncertainty principle, follows Heisen-
berg’s relations of uncertainty, then also the known discovery that they come from the
non-communicativeness of the process, and that they are also an expression of quantum
entanglement. For this latter we can note that the excessive involvement of physics back-
ground laws in the measurement process impedes the ultimate accuracy of the measurement
itself. Therefore, that the material world is the secondary in relation to the abstract.

The first example are the position and momentum operators (1.496). Now:

√

(∆x̂)2 ⋅

√

(∆p̂)2 ≥ ∣
[x̂, p̂]

2
∣ = ∣

i~
2
∣ =

~
2
,

and these are the well-known Heisenberg relations of uncertainty (1.517).
The second example are the operators of energy and time:

[Ê, t̂]ψ = (Êt̂ − t̂Ê)ψ = i~
∂

∂t
(tψ) − ti~

∂

∂t
ψ = i~ψ,

and hence the term for the commutator

[Ê, t̂] = i~. (1.524)

Then from (1.523) we get
√

(∆Ê)2 ⋅

√

(∆t̂)2 ≥
~
2
, (1.525)

i.e. known relationships for uncertainty of energy and time.
A very interesting explanation of this relationship can be found in the popular documen-

tary “All and nothing” by Professor Al-Khalili170. He takes two files with the same number
of data, the first one that represents the image of the billiards table and the other with the
movie on which the balls are rolling. The first is a sharp picture of a large resolution of
fixed balls for which we do not see where they go and with what energy, and the other is a
picture of the same balls in motion but low resolution, blurry when we try to increase it.

Uncertainty (1.525) allows vacuum to be “dynamic empty”. In sufficiently short time
interval ∆t in the vacuum, virtual particle of energy ∆E can occur in a random way,

170Jim Al-Khalili, 1962 in Iraq, British physicist.
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provided that ∆E∆t < ~/2 for which all maintenance laws apply. The appearance of these
particles was experimentally confirmed by the movement of the actual particles as they pass
through a vacuum.

At this point, we do not know where the further development of physics of uncertainty
will go, but we can guess that sooner or later this will happen. One speculation is that
it could be the discovery of parts of photons, or waves whose photon is interference. For
example, due to the properties of these particles of electromagnetic radiation to be decom-
posed into electron and positron or vice versa its appear in collisions, or due to the fact that
the least action, on the right in inequality (1.525), is less than the action of photons. This
inequality, ~/2 < h, indicates the existence of less information171 than the one transmitted
by photon, and the uncertainty relations itself – that the information is quantified.

Similar is the speculation that light is carrying gravitons, hypothetical particles of a
much weaker gravitational field than electromagnetic and much less energy than photons.
Then there could be a new definition of Planck’s constant using a collection of smaller
values, so that the uncertainty relations, for example, for energy and time measured by the
gravitons, are more precise than here derived.

The less speculative is the principle of information, but it also has critical points. The
development of the universe to less informative states, and, on the other hand, the possibility
of the reversed direction of analogous movement of events due to the characteristics of
quantum operators does not promise symmetry. As the collapsed superposition are reduced
to ever smaller quantities of options, in return time backwards the taking out all outcomes
from all parallel realities seems insufficient for the valid principle of information. This would
also appertain to the information paradox mentioned earlier, due to its decrease.

It is clear that different events, A and B, can and do not have the same opportunities,
the same outcomes. For example, yesterday I could enroll in college, but it’s already late
today. Or, the students Alice and Bob had passed the same exam, but they did not show
the same knowledge. It is also clear that the possibilities of the same events change with
time, with the circumstances, of their actions.

The common possibilities of the given events are their intersection, A ∩ B, and the
results, say impossible for A, are in the set difference B/A. Evolution of quantum states,
in accordance with uncertainty relations, also changes these chances. It is strange, but not
beyond that, the assertion that the transition from the past to the future of the universe
becomes less informative. If the universe gradually loses all its amount of uncertainty over
time, if it also comes to a zero state in which it will no longer have anything to be realized
and when relative time stands, and even if it may go further – into the world of growing
antimatter.

However, the changes in quantum states, quantum evolution, are the representations of
the unitary operators (1.186). Uncertainty relations now speak not only about the non-
commutativity of the order of change, where the “damage” made by the first change will
be irreversible to the other and vice versa, but also on the reversal of the course of change.
In the order of A then B of an event, there is a surplus of action in relation to the order of
B then A of the same. In this sense, the uncertainty relations are a direct confirmation of
the principle of information!

171Consider generalized information.
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1.4.5 Simple particle-wave

We continue to solve the Schrödinger equation with the example 1.3.74. We just sketched
some of the few results that follow, and which we now solve in more detail, in known ways
(see [67]).

Time independent one-dimensional Schrödinger equation is

d2ψ(x)

dx2
+

2m

~2
[E −U(x)]ψ(x) = 0, (1.526)

where E and U(x) are total (non-relativistic) and potential energy of the mass m. If
E > U(x), then kinetic energy is positive (bound state and dissipation), and if E < U(x)
then kinetic energy is negative and classically allowed (unbound state and tunneling).

Figure 1.71: Total and potential energy.

In the figure 1.71 the particles of energy E in the potential field of U(x) are displayed.
To the left, in domains I and III is E < U(x), kinetic energy is negative (unbound state),
and in domain II is E > U(x) which means that kinetic energy is positive (bound state).
Right, in domains I and III is E > U(x) where kinetic energy is positive, and in domain II
where E < U(x) kinetic energy is negative (unbound state). The solutions of the equation
for E = U(x) are the turning points corresponding to the movements of classical physics.

To solve the Schrödinger equation, for short texts, it is convenient to use the Dirac delta
function defined by the following relations:

δ(t) = {
0 t ≠ 0
∞ t = 0

,

ˆ ε

−ε
δ(t)dt = 1 (∀ε > 0). (1.527)

Its graph has an infinite spike at t = 0 with a unit area in the environment, which can be
represented as the limit value of the Gaussian bell172

δ(t) = lim
σ→0

1
√

2πσ
e−t

2/2σ2

, (1.528)

or the Lorentzian function173

δ(t) = lim
ε→0

1

π

ε

t2 + ε2
. (1.529)

172Gaussian Function: http://mathworld.wolfram.com/GaussianFunction.html
173Lorentzian Function: http://mathworld.wolfram.com/LorentzianFunction.html
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It’s easy to see that Dirac’s delta function is equality

ˆ
f(t)δ(t)dt = f(0), (1.530)

for an arbitrary function f(t). Namely, δ(t) vanishes everywhere except when t = 0, so it
is possible to write f(t)δ(t) = f(0)δ(t), and f(0) can be drawn in front of the integral as a
constant. Relation ˆ

f(t)δ(t − t0)dt = f(t0), (1.531)

is the generalization of the previous one. In mathematical terms, the Dirac delta is not a
function. It is too singular, but it can be considered a distribution or operator.

To solve the Schrödinger equation, we also use Fourier transform. This is the general-
ization of the complex Fourier series by passing from the period L = π to limes L→∞. We
replace discrete Fn with continuous F (q)dq while n/L→ q. Then the sum becomes integral,
with equations:

ψ̃(ξ) =

ˆ ∞

−∞

ψ(x)e−2πixξ dx, ψ(x) =

ˆ ∞

−∞

ψ̃(ξ)e2πixξ dξ. (1.532)

These are the direct and inverse Fourier transforms of the function f ∶ R→ C. For example,
if an independent variable x represents time, then ξ frequency is measured in circles per
second. Therefore, the substitution ω = 2πξ is quite common.

First, we are looking the solutions for basic or ground state. In quantum mechanics, this
is the state of the lowest energy; It is taken as a state of zero-energy system. The ground or
baseline state is usually called a vacuum state or just a vacuum in the field of quantum field
theory. If there is more than one ground state, they are called degenerated. Many systems
have degenerate ground states, and they occur when there is a unitary operator that acts
non-trivial to the ground state and commutes with the Hamiltonian of the system. Unlike
the primary, the excited state is any state with energy greater than the energy of the ground
state.

Solved tasks

Example 1.4.5. Solve the Schrödinger equation (1.526) for the ground state.

Solution. Let x1 and x2 are roots of the equation E − U(x) = 0. Area from the potential
U(x) to (see figure 1.71) abscissa on the interval [x1, x2] is

µ =

ˆ x2

x1

U(x)dx, (1.533)

so we can put U(x) = µδ(x−x0), where δ Dirac function. Let x0 = (x1+x2)/2 and d = x2−x1,
from where x1 = x0−d/2 and x2 = x0+d/2. With these substitutions the Schrödinger equation
becomes

d2ψ

dx2
+

2m

~2
Eψ =

2m

~2
µδ(x − x0)ψ. (1.534)

To calculate ψ(x) in the point x = x0, integrate on the interval (x0 − ε, x0 + ε) and find the
limes ε→ 0. We get

ψ′(x0 + ε) − ψ
′
(x0 − ε) =

2m

~2
µψ(x0). (1.535)
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Although the wave function ψ(x) is continuous in the point x = x0, the last term shows
that the derivation of this function is not continuous at that point.

Let F [ψ(x)] = ψ̃(ω) is the Fourier transformation of ψ(x). Then (1.534) becomes:

F [
d2ψ(x)

dx2
] +

2m

~2
EF [ψ(x)] =

2m

~2
µF [ψ(x)δ(x − x0)],

−ω2ψ̃(ω) +
2m

~2
E ψ̃(ω) =

2m

~2
µ

1
√

2π

ˆ ∞

−∞

e−iωxψ(x)δ(x − x0)dx,

−ω2ψ̃(ω) +
2m

~2
E ψ̃(ω) =

2m

~2
µ

1
√

2π
e−iωx0ψ(x0).

Hence

ψ̃(ω) =
a2e−iωx0

ω2 + k2
0

, (1.536)

where:

k2
0 = −

2m

~2
E, a2

= −
2m

~2
µ

1
√

2π
ψ(x0).

The function ψ(x) we can get as inverse Fourier transform of ψ̃(ω):

ψ(x) = F −1
[ψ̃(ω)] =

a2

√
2π

ˆ ∞

−∞

e−iωx0

ω2 + k2
0

eiωxdω =

=
a2

√
2π

{

ˆ ∞

−∞

cos[ω(x − x0)]

ω2 + k2
0

dω + i

ˆ ∞

−∞

sin[ω(x − x0)]

ω2 + k2
0

dω} ,

ψ(x) =
a2

∣k0∣

√
π

2
e−∣k0∣∣x−x0∣.

That is the asked general solution we write shortly

ψ(x) = Ae−k∣x−x0∣, (1.537)

where:

A =
a2

k

√
π

2
, k = ∣k0∣.

Without absolute values, the solution (1.537) is written longer:

ψ(x) = {
A exp[k(x − x0)] x < x0

A exp[k(x0 − x)] x > x0
(1.538)

Substitution in (1.535) gets

k =
m

~2
µ, E = −

m

2~2
µ2. (1.539)

To find the constant A, the ψ(x) function should be normalized to the unit

ˆ x0

−∞

A∗Ae2k(x−x0) dx +

ˆ ∞

x0

A∗Ae−2k(x−x0) dx = 1,

and hence

∣A∣ =
√
k =

√
mµ

~
. (1.540)
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Finally, by adding and subtracting (1.538), we get solutions:

ψ(x)→ {
ψ1(x) =

1
2A [ek(x−x0) + e−k(x−x0)] ,

ψ2(x) =
1
2A [ek(x−x0) − e−k(x−x0)] .

(1.541)

This can be written using hyperbolic cosine and sinus.

This and the following solution can be considered as the case of E > U(x), positive
kinetic energy, bound state, and dissipation. The obtained result denote with f(x) = ψ(x),
so write it below

f(x)→ {
f1(x) = A cosh[k(x − x0)]

f2(x) = A sinh[k(x − x0)],
(1.542)

therefore, by special code f(x) and hyperbolic trigonometric functions, which we call cosine,
sine and tangent hyperbolic:

⎧⎪⎪
⎨
⎪⎪⎩

coshα = eα+e−α
2 = eiφ+e−iφ

2 =
(cosφ+i sinφ)+(cosφ−i sinφ)

2 = cosφ,

sinhα = eα−e−α
2 = eiφ−e−iφ

2 =
(cosφ+i sinφ)−(cosφ−i sinφ)

2 = i sinφ,
(1.543)

for α = iφ, and then tanhα = sinhα/ coshα = i tanφ.

Example 1.4.6. Solve the equation (1.526) for the free excited state.

Solution. Use (1.542), and ask the wave function ψ(x) as

ψ(x) = f(x)eig(x).

This substitute in equation (1.526) and use marks m1 = 2m/~2, k2 = −2mE/~2. We get

f ′′(x) − f(x)[g′(x)]2
− k2f(x) −m2

1U(x)f(x) + i[2f ′(x)g′(x) + f(x)g′′(x)] = 0.

Divide the real from imaginary part:

{
f ′′(x) − f(x)[g′(x)]2 − k2f(x) −m2

1U(x)f(x) = 0
2f ′(x)g′(x) + f(x)g′′(x) = 0.

(1.544)

To find the function g(x), use f(x) = A cosh[k(x − x0)], derivate:

f ′(x) = kA sinh[k(x − x0)], f ′′(x) = k2A cosh[k(x − x0)] = k
2f(x),

so by substitution back, find

k2f(x) − f(x)[g′(x)]2
− k2f(x) −m2

1U(x)f(x) = 0.

As f(x) ≠ 0, dividing by f(x) we get:

[g′(x)]2
= −m2

1U(x),

g′(x) = ±im1

√
U(x),

g(x) = ±im1

ˆ
√
U(x)dx +C,
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where C is constant we have to find. On the other side, derivate of the square derivate we
get:

2g′(x)g′′(x) = −m2
1U

′
(x),

g′′(x) = −
m2

1

2g′(x)
U ′

(x).

Changing this g′′(x) in the first (1.544) we find

2f ′(x)g′(x) − f(x)
m2

1

2g′(x)
U ′

(x) = 0,

and as f ′(x) = kA sinh[k(x − x0)], we get:

[g′(x)]2
=
m2

1

4k
cosh[k(x − x0)]U

′
(x),

g′(x) = ±
m1

2
√
k

√
U ′(x) cosh[k(x − x0)],

g(x) = ±
m1

2
√
k

ˆ
√
U ′(x) cosh[k(x − x0)]dx +C.

Multiplying the second (1.543) with f(x) we get:

d

dx
[f2

(x)g′(x)] = 0,

f2
(x)g′(x) = b = const.

g′(x) =
b

f2(x)
,

g(x) =
b

kA2
th[k(x − x0)] +C,

where th[k(x − x0)] is tangent hyperbolic, fraction of sine hyperbolic and cosine of the
same argument. Finally, substitute f ′(x) = kA sinh[k(x − x0)] in the first (1.544) and by
integration we get

g(x) = th[k(x − x0)] +C.

By comparing this with the previous one, we find that b = kA2. Therefore, we have three
functions for g(x). Those are:

g(x)→

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

g1(x) = ±m1

´ √
U(x)dx +C

g2(x) = ±
m1

2
√
k

´ √
U ′(x) cosh[k(x − x0)]dx +C

g3(x) = th[k(x − x0)] +C.

(1.545)

Hence, with (1.542) and with two constants A and B, we form a wave function

ψ(x) = f(x)[Aeig(x) +Be−ig(x)]. (1.546)

This is the solution requested.
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In the case of E < U(x), when the kinetic energy is negative and in classical physics is
not acceptable, when we have unbound state, then in the previous solution we replace −k2

with k2 and also −m2
1 with m2

1 (or ik with k and im1 with m1).
To define boundary conditions let’s turn our attention to the figure 1.71. In each domain,

let’s look at the functions ψ1(x), ψ2(x) and ψ3(x). The same wave functions and their
derivations should be continuous. From the above assumptions the following conditions are
required:

ψ1(x1) = ψ2(x1) ψ′1(x1) = ψ
′
2(x1)

ψ2(x2) = ψ3(x2) ψ′2(x2) = ψ
′
3(x2)

(1.547)

The condition of the norm of these functions requires that they disappear in infinity, that
is, ψ(x) → 0 when x → ±∞. With these boundary conditions it is possible to find the
constants A and B and the energy of the E excited bound state. In the basic state, we do
not need the Schrödinger equation solution, it is sufficient to know the classic points of the
sign change, x1 and x2, and here’s why.

The kinetic energy of a particle is

T =
p2

2m
= E −U(x).

Hence, by integrating

I =

ˆ x2

x1

p2

2m
dx =

ˆ x2

x1

[E −U(x)]dx = (x2 − x1)E − µ.

For positive kinetic energy (bound state) is I > 0, for negative I < 0. As can be seen from
the above figure, for bound states in the interval [x1, x2], the kinetic energy is positive,
outside this interval is negative. The minimum potential point corresponds to the ground
state. Therefore, for the minimum potential is valid

(x2 − x1)E0 − µ = 0,

so we find µ = E0(x2 − x1).
The same follows from the given figure on the left, from:

E(x2 − x1) − µ =

ˆ
T dx,

for domain II, since in the ground state the kinetic energy is zero (T = 0), and we find
E0(x2 − x1) = µ. If we replace this µ in (1.539) we get:

E = −
m

2~2
E2

(x2 − x1)
2, E0 = −

2~2

m(x2 − x1)
2
= −

2~2

md2
. (1.548)

The base state energy is E0, where the negative sign signifies that the condition is bound
and it can be avoided in the account with a positive one.

Example 1.4.7. Find the ground solution of the harmonic oscillator.

Solution. For a harmonic oscillator we have, in a rows:

U(x) =
1

2
mω2x2,
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E = U(x) =
1

2
mω2x2,

x1 = −

√
2E

mω2
, x2 =

√
2E

mω2
,

x2 − x1 = 2

√
2E

mω2
, (x2 − x1)

2
= d2

= 4
2E

mω2
,

E0 =
2~2

m

1

(x2 − x1)
2
=

2~2

m

mω2

2 ⋅ 4E0
=
~2ω2

4E0
,

E2
0 =

1

4
~2ω2, E0 =

1

2
~ω,

and it is (E0) the energy of the ground state of the harmonic oscillator that we also get in
the example 1.3.75.

Complex information

Analogously to the transition from real to complex plane, we will switch from classical to
complex information. Hartley’s information L = lnN , where N is the number of equally
probable options, becomes complex information. A complex equivalent to the number of
options is now the logarithm of a free wave function, or simply a physical action. This is
a direct consequence of the form of solution (1.541) and (1.546). Shannon’s information
becomes the superposition and it generalized information

L = ∆p1∆q1 +∆p2∆q2 +∆p3∆q3 + . . . , (1.549)

especially the vitality or “freedom”.
However, the repetition of the form reiφ in solutions of the Schrödinger wave equation

has a deeper meaning. I remind, our objective reality here is roughly divided into matter
and the rest. The first is always in the final gatherings, and the other can be in infinite.
Both are true. Material is the part where physical coincidence and physical information is
applicable; the non-material is a part of which is pseudo-random and pseudo-information.
The probability theorems apply equally to both. This means that we can speak about
the principle of pseudo-probability, and consistently also about the principle of pseudo-
information.

In both cases, in the world of material realizations as well as abstract truths, nature
does not like to reveal itself. She would hide its options whenever possible. In the case
of mathematics, more freely speaking, nature is lazy and is repetitive. That is what we
distinguish in the principles of objective and subjective information

From that point of view, understanding the repetition of the form reiφ can come from
the ”pure” geometry (see [55]). We know that all geometric isometry, a mapping that does
not change the distance of the pairs of points (reflection, translation, rotation), can be
represented only by rotations. The central symmetry in relation to the given point of the
plane is the rotation around that point for 180○. Axis symmetry is a rotation of 180circ
around the given axis. Mirror reflection is also a rotation (in an additional dimension of
space) around the plane of the mirror. We can construct each translation using two central
symmetries. Analogously in algebra, multiplication by complex numbers eiφ are rotations.
In addition, the multiplication by the real number r is homothetic, i.e. contractions and
dilatations. The nature of truth is infinite, but it would repeat, first in the abstract region
of vector and metric spaces, and then in their representations in quantum mechanics.
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1.4.6 Potential obstacles

We continue to solve the tasks started in the section “1.3.8. Waves of matter” where we
derived Schrödinger’s equation and only indicated some solutions, and then from the pre-
vious section where we saw two detailed solutions of the time-independent one-dimensional
Schrödinger equation. An example 1.3.74 particles in a box, bounded by infinite potentials
from which it cannot be exited, is a special case of the next case when before the particle
is just one step and it is not too high. This is the simplest form of potential obstacles.

Example 1.4.8 (Potential step). Find the solutions of the Schrödinger equation (1.526),
if there is potential energy U = 0 when x < 0, and U = U0 when x ≥ 0, where U0 is a positive
constant.

Figure 1.72: Step potential.

Solution. Regions I for x < 0 and II for x ≥ 0 are on the figure 1.72. Schrödinger’s equation

dψ

dx
+

2m

~2
(E −U)ψ = 0

in the first has solution ψ = ψ1(x), in second ψ = ψ2(x). We are looking for them. We mark
the wave numbers of the first and second areas in sequence with k1 and k2, so we have:

2mE

~2
= k2

1,
2m

~2
(E −U0) = k

2
2,

where m is mass of the particle.
If E ≥ U0, we can write:

ψ1(x) = Ae
ik1x +Be−ik1x, ψ2(x) = Ce

ik2x, (1.550)

where A,B,C unknown constants. Limit conditions gives:

ψ1(0) = ψ2(0), ψ′1(0) = ψ
′
2(0),

A +B = C, ik1A − ik1B = ik2C,

A = A0, B =
k1 − k2

k1 + k2
A0, C =

2k1

k1 + k2
A0.

On the potential barrier the particle can be reflected (rejected) back to region I, or trans-
ported (transferred) to region II. Coefficients of reflection and transmission are the following
fractions:

R =
∣B∣2

∣A∣2
, T =

k2∣C ∣2

k1∣A∣2
,
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R = (
k1 − k2

k1 + k2
)

2

, T =
4k1k2

(k1 + k2)
2
, R + T = 1,

On figure 1.73 the reflection coefficients (R) and the transmission (T ) are shown for the
hydrogen atom on the barrier U0 = 2 meV.

Figure 1.73: Coefficients of reflection and transmission.

If 0 ≤ E < U0, the solutions we search in the form:

ψ1 = Ae
ik1x +Be−ik1x, ψ2 = Ce

ik2x +De−ik2x. (1.551)

For x→∞, to ψ2 be finite, must be C = 0, and that is why the coefficient of penetration is
zero, T = 0. This shows that the particle must be rejected. And indeed, we get it directly:

ψ1∣0 = ψ2∣0,
dψ1

dx
∣
0

=
dψ2

dx
∣
0

,

A +B =D, ik1(A −B) = −k2D,

A = A0, B =
ik1 + k2

ik1 − k2
A0, D =

2ik1

ik1 − k2
A0,

R =
∣B∣2

∣A∣2
= 1, T = 0.

The particle is rejected completely and quantum physics in this case results in the same
result as the classical one.

However, unlike classical physics, the wavy function for x > 0 is not zero, but it exists
as exponentially decreasing with the increase in apscise. The density of the probability of
finding a particle in another area is

ρ2 = ∣ψ2∣
2
= ∣D∣

2e−2k2x.

In classical physics, this probability would be zero.
If E < 0, then there is no solution.
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Example 1.4.9 (Potential threshold). Find the solutions for the potential in the figure
1.74, with positive constants a and U0. When x ∈ [0, a] then the potential U(x) = 0, and
when x ∈ [0, a] then U(x) = U0. Kinetic energy E > U0

Figure 1.74: Potential threshold E > U0.

Solution. We have three areas, with the solutions of the Schrödinger equation:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

I ∶ ψ1(x) = A1e
ik1x +B1e

−ik1x, x < 0,

II ∶ ψ2(x) = A2e
ik2x +B2e

−ik2x, x ∈ [0, a]

III ∶ ψ3(x) = A3e
ik1x, x > a

(1.552)

with unknown constants. The first summation in ψ1 (ψ2) represents a wave that goes to the
step x = 0 (x = a), and the other is a wave that reflects from that step. In the ψ3 function,
there is no other summand, because it represents a wave that no longer has an obstacles in
the region x > 0, there are no more discontinuities or jumps.

We can write immediately:

k2 =

√
2m(E −U0)

~
, T =

∣A3∣
2

∣A1∣
2
, (1.553)

where k2 is the wave number of the second domain and the T coefficient of penetration. We
calculate:

ψ1 = A1 cosk1x +B1 cosk1x + i(A1 sink1x −B1 sink1x),

ψ1 = (A1 +B1) cosk1x + i(A1 −B1) sink1x,

ψ1 = A cosk1x + iB sink1x.

We get it similar:
ψ2 = C cosk2x + iD sink2x,

ψ3 = Fe
ik1x,

where:
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

A1 =
A+B

2 , B1 =
A−B

2 ,

A2 =
C+D

2 , B2 =
C−D

2 ,
A3 = F.

(1.554)

Then the coefficient of penetration

T =
∣F ∣2

∣A∣2
=

4∣F ∣2

∣A +B∣2
. (1.555)
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On border x = 0 we have:

ψ1(0) = ψ2(0),
dψ1

dx
∣
0

=
dψ2

dx
∣
0

,

C = A, Bk1 =Dk2.

On border x = a it is:

{
C cosk2a + iD sink2a = Fe

ik1a = f

−k2C sink2a + ik2D cosk2a = ik1Fe
ik1a = ik1f,

or:

{
C cosk2a + iD sink2a = f

−C sink2a + iD cosk2a = i
k1
k2
f.

Hence we get:

{
C = (cosk2a − i

k1
k2

sink2a)f

D = −i(sink2a + i
k1
k2

cosk2a)f.
(1.556)

Then:

A +B = C +
k1

k2
D = [2 cosk2a − i(

k1

k2
+
k2

k1
) sink2a] f.

As ∣(a + ib)(c + id)∣2 = (a2 + b2)(c2 + d2), it is

∣A +B∣
2
=

⎡
⎢
⎢
⎢
⎢
⎣

4 cos2 k2a + (
k2

1 + k
2
2

k1k2
)

2

sin2 k2a

⎤
⎥
⎥
⎥
⎥
⎦

∣f ∣2,

∣A +B∣
2
= 4∣F ∣

2
⎡
⎢
⎢
⎢
⎢
⎣

1 + (
k2

1 − k
2
2

2k1k2
)

2

sin2 k2a

⎤
⎥
⎥
⎥
⎥
⎦

.

Thus, the final expression for the coefficient of penetration is

T =

⎡
⎢
⎢
⎢
⎢
⎣

1 + (
k2

1 − k
2
2

2k1k2
)

2

sin2 k2a

⎤
⎥
⎥
⎥
⎥
⎦

−1

, (1.557)

or
T = 4k2

1k
2
2 [4k2

1k
2
2 + (k2

1 − k
2
2) sin2 k2a]

−1
.

In accordance with (1.552), with the substitution p = k~ we find this coefficient in the
function of the momentum, and by putting p =

√
2m(E −U0) we get T in the function of

energy.

According to classical physics, the particles would simply cross over this threshold be-
cause it has a higher kinetic energy than the barrier (E > U0). As we have seen, quantum
mechanics shows a different result here. No matter how small the barrier is, the particle
will not go over with 100% confidence, except when T = 1, or sin2 k2a = 0. Thus

T = 1 ⇐⇒ a = n ⋅
λ

2
, n = 0,1,2, . . . (1.558)

Therefore, the energy particle E > U0 penetrate without interference when the length of this
rectangular obstacle is equal to the integer value of half the wavelength of the associated
particle wave. The reflection coefficient is R = 1 − T .
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Minimum penetration values

minT =
4k2

1k
2
2

(k2
1 + k

2
2)

2
, k2a = (2n + 1)

π

2
, (1.559)

are obtained from (1.556) for sin2 k2a = 1, and sink2a = ±1.
The following example is similar to the previous one. This is now a potential threshold

with a kinetic energy of a particle smaller than the potential energy of threshold (E < U0).
In classical physics, penetration of a particle through such an obstacle would be impossible,
but in the microscope it happens with a certain probability and is called the tunnel effect.
This penetration occurs not only on rectangular obstacles. For example, it happens during
radioactive decomposition or in the cold emission of electrons from the metal.

Example 1.4.10 (High threshold). Find the coefficient of penetration for the potential
in the figure 1.75 for E < U0. When x ∉ [0, a] then U(x) = 0, and when x ∈ [0, a] then
U(x) = U0.

Figure 1.75: Potential threshold E < U0.

Solution. Kinetic energy is now less than the potential of the obstacle, E < U0, and the
only change compared to the previous example is the new wave number K2 in the domain
II. Instead of the previous k2, now we have K2 and relations:

K2 =
1

~
√

2m(U0 −E), k2 = iK2. (1.560)

Hence the coefficient of penetration

T =

⎡
⎢
⎢
⎢
⎢
⎣

1 + (
k2

1 +K
2
2

2k1K2
)

2

sinh2K2a

⎤
⎥
⎥
⎥
⎥
⎦

−1

, (1.561)

expressed by the sinus hyperbolic (1.543).

How is sinh2K2a ≥ 0, that is 0 < T ≤ 1, where T = 1 if and only if K2a = 0. The
penetration coefficient rapidly decreases with the width of the obstacle a, and also with the
barrier height U0, as can be seen from the approximate expression

T ≈ 16(
k1

K2
+
K2

k1
)

−2

e−2K2a, K2a >> 1, (1.562)

and expressions (1.560). In the figure 1.76 we see the form of penetration of a particle of
less kinetic energy (E) through a higher potential U0. Passing through the threshold, the
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previous sinusoid left, that represents the amplitude of the energy of the particle, decreases
in the form of an exponential function, so that at the exit on the right, the wave function
of the particle again proceeds in the form of a sinusoid, but now with smaller amplitudes.

Note that according to Born’s law, the lower amplitude of the wave function means less
probability of finding a particle at a given site, but this also entails the decrease in the
kinetic energy of the particle. In other words, on the right side of the device represented by
the figure 1.76 we will find the same particle, but less probable than on the left. Smaller
energy of the tunneling, according to Louis de Broglie, would mean greater wavelengths, or a
smears of probability density on a larger path, which would mean increasing the uncertainty
of the position. However, wavelengths before and after the obstacle are the same.

Figure 1.76: Penetration through the threshold E < U0.

The following is an example of the rectangular potential hole when the potentials for x ∈
[0, a] disappear U(x) = 0, and beyond, for x ∉ [0, a] are positive constant values U(x) = U0,
equal to both sides of the “pit”. In the first case, the energy of the encountered particle is
greater than the potential, E > U0. In classical physics, such a particle would pass through
barriers one hundred percent, or barriers could not keep it in the cave. In quantum theory
such a thing cannot be, because there is a chance that the particle will be rejected.

Figure 1.77: Potential pit E > U0.

Example 1.4.11 (Potential pit). Find the penetration coefficient for the figure 1.77, where
E > U0. When x ∈ [0, a] then U(x) = 0, and when x ∉ [0, a] then U(x) = U0.

Solution. Wavelengths in the first and third regions (I and III - in the figure) are equal to
k1, and the wave number of the middle region (II) is k2, so we have:

k1 =
1

~
√

2m(E −U0), k2 =
1

~
√

2mE, (1.563)
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The corresponding wave functions are:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ψ1(x) = A1e
ik1x +B1e

−ik1x,

ψ2(x) = A2e
ik2x +B2e

−ik2x,

ψ3(x) = A3e
ik1x,

(1.564)

similar to case (1.552). If it was a particle that came from the right to the left, the fig-
ure would be the same, but the ψ1 function would have only one summand, and ψ3 two.
Symmetrically (1.557), we get a penetration coefficient

T =

⎡
⎢
⎢
⎢
⎢
⎣

1 + (
k2

1 − k
2
2

2k1k2
)

2

sin2 k2a

⎤
⎥
⎥
⎥
⎥
⎦

−1

. (1.565)

Replacing wavelengths with energy, we get

T = [1 +
U2

0

4E(E −U0)
sin2

(
1

~
√

2mE ⋅ a)]

−1

, (1.566)

which is just mentioned in the example 1.4.9.

Example 1.4.12 (Deep cave). Find the wave function for the figure 1.78, when E < U0.
Again, when x ∈ [0, a] then U(x) = 0, and when x ∉ [0, a] then U(x) = U0.

Figure 1.78: Deep cave E < U0.

Solution. Wave numbers for the first and third areas are the same again:

k1 = k3 =
i

~
√

2m(U0 −E), k2 =
1

~
√

2mE, (1.567)

where the number U0 −E is positive, as well as the mass m and the kinetic energy of the E
particle. Thereby the “wave number”

κ =
1

~
√

2m(U0 − e) (1.568)

is real, and numbers k1 = k3 = iκ are imaginary. Corresponding Schrödinger’s equations for
the given domains are:

d2ψ1,3

dx
− κ2ψ1,3 = 0,

d2ψ2

dx2
+ k2

2 = 0. (1.569)
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With these numbers, κ and k2, goes the solutions in the form:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ψ1(x) = A1e
−κx +B1e

κx,

ψ2(x) = A2e
ik2x +B2e

−ik2x,
ψ3(x) = A3e

−κx +B3e
κx.

(1.570)

In areas I and III, the wave function, ψ1 and ψ3, has no sinusoidal but exponential form,
and in the domain II it is sinusoidal.

To avoid ψ3 →∞ when x →∞, it must be B3 = 0. In the case x → −∞ similarly comes
A1 = 0. Accordingly, the previous equations (1.570) are:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ψ1(x) = B1e
κx,

ψ2(x) = A2e
ik2x +B2e

−ik2x,
ψ3(x) = A3e

−κx.
(1.571)

From the continuity of the wave functions and their first derivatives and at the points x = 0
and x = a follows:

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

A2 +B2 = B1,
ik2(A2 −B2) = κB1,

A2e
ik2a +B2e

−ik2a = A3e
−κa,

ik2(A2e
ik2a −B2e

−ik2a) = −κA3e
−κa.

(1.572)

In order to have the consistence of this linear system of equations, in the unknown order
B1,A2,B2,A3, the system determinant must be zero. Hence the equality

e−κa[(κ + ik2)
2eik2a − (κ − ik2)

2e−ik2a] = 0, (1.573)

and then the equation

2 cotk2a − (
k2

κ
−
κ

k2
) = 0. (1.574)

We obtain the same result by solving (1.571) without determinant, first finding:

A2 =
1

2
(1 −

iκ

k2
)B1, B2 =

1

2
(1 +

iκ

k2
)B1.

Substitution A3e
−κa from the fourth equation in third, gives

A2 (1 +
ik2

κ
) eik2a +B2 (1 −

ik2

κ
) e−ik2a = 0,

and then A2 and B2 Here, and arranging, we find (1.574).
By simple resolution of the functions in symmetric and antisymmetric terms with respect

to κ, from (1.574) we find two solutions:

cotk2a =
k2

κ
, cotk2a = −

k

k2
. (1.575)

The first solution corresponds to symmetric, the second to antisymmetric functions, and
their sum is (1.574). Similarly, by decomposing or from the quadratic equation on tan 1

2k2a,
equations can be obtained:

tan
1

2
k2a = −

k2

κ
, tan

1

2
k2a =

κ

k2
. (1.576)
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The third way to get the same results is by defining

ψ2 = A cosk2x +B sink2x,

and putting ψ1 = B1e
κa and ψ3 = A3e

−κa we have:

A = B1, B =
κ

k2
B1,

and from boundary conditions (x = a):

A2 cosk2a +B2 sink2a = A2e
−κa,

−k2A2 sink2a + k2B2 cosk2a = −κA3e
−κa.

Substitution gives

A2(cosk2a −
k2

κ
sink2a) +B2(sink2a +

k2

κ
cosk2a) = 0,

and from there again (1.574).
Transcendent equations, such as (1.574), are most often solved graphically. Nonetheless,

it is also coarse from (1.571) seen that the wave functions of the region II are sinusoids, and
beyond the exponential functions that fall with the distance from the hole. Namely, the
density of probability of finding is

ρ→ {
ρ1 = ∣ψ1∣

2 = ∣B1∣
2 ⋅ e2κx x < 0,

ρ3 = ∣ψ3∣
2 = ∣A3∣

2 ⋅ e−2κx x > a.
(1.577)

Whatever the constants B1 and A3 are, and we know that they are not zero, we see that
the density ρ, and therefore the probability of finding a particle outside the well, is greater
than zero. They fall exponentially with the factor on the right.

This quantum bound state and periodic motion corresponds to discrete energy levels
that are quantum states of energy. For such, there is a discrete energy spectrum, not a
continuous one, as would be the case for the free particle. Namely, each energy value E > 0
of the free particle corresponds to a wave function, that is, to a quantum state, which does
not apply to a non-free particle. For the non-free particle the number of energy levels is
final!

In classical physics, particles that enter into a potential hole of greater energy, as was
the case in the previous example, will remain limited, bound in that cave from which they
can no longer come out. In quantum mechanics, as we see from (1.577), there are chances
of finding the particle and in states in which in the conventional case it could not be. This
also applies to the next potential hole, in the figure 1.79, which we’ll call the well.

Example 1.4.13 (Potential well). Potential energy from the well is:

U(x) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

0 x < 0,
−U0 x ∈ [0, a],

0 x > a.
(1.578)

Both energies, the particle E and constant U0, are positive numbers. Find the coefficient of
penetration T .
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Figure 1.79: Potential well.

Solution. Wave numbers are:

k1 =

√
2mE

~
= k3, k2 =

1

~
√

2m(E +U0). (1.579)

The corresponding wave functions are sinusoidal, so the coefficient of penetration is analo-
gous to the earlier, now in the form

T = [1 +
U2

0

4E(E +U0)
sin2

(
1

~
√

2m(E +U0) ⋅ a)]

−1

. (1.580)

This coefficient is always greater than zero, and has a maximum value of one if the sine has
a value of zero. This is when the sinus argument is nπ for integer n, from which we also
recognize a discrete energy spectrum inside the pit.

Figure 1.80: Energies of the hole.

If the particulate energy of this example was negative, E < 0, its kinetic energy Ek would
be less than U0. Namely, from E = Ek + U(x) = Ek − U0 follows Ek < U0. Because E < 0,
when we put E = −W with positive W , the wave number (1.579) in the first area will be

k1 =
i

~
√

2mW = iκ. (1.581)
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In area II, the wave number is then

k2 =
1

~
√

2mEk =
1

~
√

2m(U0 −W ). (1.582)

By further calculations we get results similar to the previous ones.
In the figure 1.80, wavelength functions for several energies of different potential holes are

shown. Starting from the bottom, the lowest energy E1 particles with only one wavelength
and maximum uncertainty of the position, and upward, the number of vibrations increases,
and the wavelengths are reduced along with the uncertainty of the position.

Two perchance

Note that quantum mechanics works with two types of perchance, one that grows with the
wavelength of a particle and one that decays with the amplitude. For example, after passing
the particle over the potential threshold (figure 1.74), its wave number k = 2π/λ returned
to the initial value (1.552), which means that the wavelength λ is again the same, but the
shape of the wave and amplitude (1.554) has changed. A larger wavelength would tell us
about the larger scattering of the particles, we say about the greater uncertainty of the
position, and the larger amplitude points to a higher probability of finding a particle by
measuring. The first one is important for uncertainty relations, the second for Born law.

Compton effect (figure 1.28) which leads to formula (1.76) about the change in the
wavelength of the photon for ∆λ = λ2 − λ1 and the change of its direction of motion for
the angle θ in its collision with an electron, we supplement by the otherwise known formula
λν = c, where ν is the light frequency and c its (constant) speed. The frequency defines
color of light, and the amplitude intensity of light. The effect of Compton is one of the ways
of scattering light, and it is again only one kind of change in direction of motion of particles
in general.

Roughly speaking, the larger angle of scattering corresponds to a greater change in
wavelength, greater uncertainty of position, but also less probability of finding in a given
place, less amplitude. Particle scattering is the basis of many physical measurements, and
as they appear in too many ways, we can never be sufficiently detailed about everything.

Doppler effect is a special type of change in wavelength and frequency. These are due
to the relative movement of the source of the waves and their emitted particles. Mean
wavelength174, in the departure and arrival of the source, changes the same as the time
dilation. A consistent (hypothetical) interpretation of the “exit” of such particles partly
into a parallel reality is now measured as their “disappearance” by increasing wavelengths,
or the uncertainty of their position. Analogue phenomenon exists in the gravitational field.

Unlike the above examples, after the tunneling the particles do not “disappear”, except
that its ability to interact with measuring devices decreases.

174see [1], formulas (1.153) and (1.154)
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1.4.7 Penetrating through obstacles

As we know from classical physics, the electric impedance is the measure of total resistance
of the circuitry, or of its part. Impedance includes direct and reactive electrical current re-
sistance. Direct resistance is caused by collisions of electric charge particles in the structure
of the conductor, and the reactive is generated additionally from the movement of electric
charges due to changes in the magnetic and electric field in the carrier of the variable current
circuits. The impedance is reduced to direct resistance in stable DC currents.

The measure of electrical impedance (Z) is

Z =
W

I
, (1.583)

where W (volt) is the maximum value of the potential difference along the circuit, and I
(amperes) is the maximum value of the current flowing through the circuit. The impedance
unit, ohm (Ω), is the same as for resistance.

The acoustic impedance (Z) of the medium that transmits sound amounts

Z =
p

V
, (1.584)

where p is the pressure of the sound wave, V is the acoustic volume flow. Similar to electrical
impedance, the sound is also a measure of resistance to wave propagation, which depends
on the medium.

In particular, the specific acoustic impedance (z), which is the ratio of sound pressure
and particle velocity, is also an internal feature of the environment as well as the nature of
the wave. Acoustic impedance, ratio of pressure and volume flow is equal to the specific
acoustic impedance per unit area. Specific acoustic impedance is useful in wavelength
observations in limited media such as tubes and horns. In the simplest case of a flat wave,
the specific acoustic impedance (z) is the product of the medium density (ρ) and the velocity
(v) of the sound

z = ρv. (1.585)

The unit of acoustic impedance is pascal second per meter, often called rayl, according to
Baron Rayleigh175. The unit of acoustic impedance is pascal seconds per cubic meter, which
is called acoustic ohm.

Figure 1.81: Penetration of waves.

Broadly speaking, impedance is a kind of wave-resistance. In the figure 1.81 left, there
is an obstacle for penetration of the wave of the sound; the right is a potential step (figure
1.72) that blocks the penetration of Louis de Broglie waves. The corresponding penetration
coefficients are in the order:

T =
4z1z2

(z1 + z2)
2
, T =

4p1p2

(p1 + p2)
2
, (1.586)

175Baron Rayleigh (1842-1919), English physicist.
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and reflection coefficients:

R = (
z1 − z2

z1 + z2
)

2

, R = (
p1 − p2

p1 + p2
)

2

. (1.587)

Analogy is obvious. It also exists in the case of a rectangular potential barrier width a.
Then the coefficients of penetration are, respectively:

T = [1 + (
z2

1 − z
2
2

2z1z2
) sin2 k2a]

−1

, T = [1 + (
k2

1 − k
2
2

2k1k2
) sin2 k2a]

−1

. (1.588)

This coefficient, as well as the reflection coefficient in classical physics, is the coefficient of
wave energy, penetrating and encountering. Analogy also occurs in the case of a tunnel
effect, when the corresponding sizes are imaginary.

Let’s go back to the particle in box example 1.3.74. The energy of the particle is E,
along the abscissa is the potential U = U(x) so that U = 0 for x ∈ [0, a] for the constant
a ∈ R+, where U = ∞ for x ∉ [0, a]. Then we have the solutions of Schrödinger’s equation
and their orthogonality, and now we will find it.

For the movement of a particle in the potential pit with infinitely high walls, the
Schrödinger equation is

d2ψ

dx2
+

2mE

~2
ψ = 0, (1.589)

where m is the mass of the particle, ~ = h/2π is the reduced Planck constant. From a wider
consideration we know that the general solution must be

ψ = A sinkx +B coskx. (1.590)

In particular, due to the infinitely large potential energy at the boundaries x = 0, x = a and
the finiteness of all parts of the wave function, it must be:

ψ(0) = 0, ψ(a) = 0, (1.591)

and this is the condition that the cosine term cannot satisfy. That is why the solution of
the Schrödinger equation is given by

ψ = A sinkx. (1.592)

Hence, and due to the previous condition, we obtain sinka = 0, that is ka = nπ, or

k =
nπ

a
, n = 1,2,3, . . . (1.593)

The wave number defines energy. Here’s how.
First, emphasize:

k2
=
n2π2

a2
,

2mE

~2
=
n2π2

a2
,

and then render

En =
~2

2m
(
nπ

a
)

2

=
~2n2π2

2ma2
, n = 1,2,3 . . . (1.594)

This is the previously mentioned particle energy in an infinitely deep potential cave, for
which for n = 1,2,3, . . . we get:

E1 = −
~2π2

2ma2
, E2 = 4E1, E3 = 9E1, . . . (1.595)
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These are the inherent energy values (eigenvalues).

Finally, determining the wavelength function is achieved by norm:

ˆ a

0
ψ∗ψ dx = 1,

ˆ a

0
∣A∣

2 sin2 nπx

a
dx = 1,

∣A∣
2

ˆ a

0

1

2
(1 − cos

2nπx

a
)dx = 1,

∣A∣
2
=

2

a
,

and hence

ψn =

√
2

a
sin

nπx

a
, (1.596)

which agrees with the previous solution. Drawing the sinusoid ψn shown in the figure 1.60
I leave to the reader, as well as proof of the orthogonality.

The same can be obtained from the example 1.4.12 with a deep cave, putting U0 →∞.
Then the functions (1.571) are out of the interval [0, a], and remains only ψ2 = B sink2x,
where k2 =

√
2mE/~, which is reduced to (1.592) and further. Therefore, there is no

amplitude beyond the given interval and there is no chance of finding a particle at those
places.

Example 1.4.14. Check the relations of uncertainty on (1.596).

Solution. We seek the mean values of the uncertainty of the position and momentum:

(∆x)2 = x2 − x̄2, (∆p)2 = p2 − p̄2.

By definition, the mean value of the position is:

x̄ =

ˆ a

0
ψ∗nxψn dx =

2

a

ˆ a

0
x sin2 nπx

a
dx =

=
2

a

ˆ a

0

x

2
(1 − cos

2nπx

a
) dx =

1

a
[
x2

2
−

ˆ
x cos

2πnx

a
dx]

a

0

=
1

a
[
x2

2
− x

a

2nπ
sin

2nπx

a
+

a

2nπ

ˆ
sin

2nπx

a
dx]

a

0

=
a

2
,

x̄ =
a

2
, x̄2

=
a2

4
.

In a similar way, for the mean value of the square of the position we find:

x2 =
2

a

ˆ a

0
x2 sin2 nπx

a
dx =

1

a

ˆ a

0
x2

(1 − cos
2nπx

a
) dx =

=
1

a
⋅
x3

3
∣

a

0

−

ˆ a

0
x2 cos

2nπx

a
dx =

a2

3
−

1

a
⋅

ˆ a

0
x2 cos

2nπx

a
dx
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=
a2

3
−

1

a
⋅
a

2nπ

ˆ a

0
x2 d sin

2nπx

a
=
a2

3
−

1

2nπ
[x2 sin

2nπx

a
−

ˆ
sin

2nπx

a
⋅ 2xdx]

a

0

=
a2

3
+

1

nπ

ˆ a

0
x sin

2nπx

a
dx =

a2

3
−

1

nπ
⋅
a

2nπ

ˆ a

0
xd cos

2nπx

a

=
a2

3
−

a

2n2π2
[x cos

2nπx

a
−

ˆ
cos

2nπx

a
dx]

a

0
=
a2

3
−

a2

2n2π2
,

x2 =
a2

3
−

a2

2n2π2
.

Hence the square of the uncertainty of the position:

(∆x)2 = x2 − x̄2
=
a2

12
−

a2

2n2π2
.

The mean value of the momentum is zero because:

p̄ =
2

a

ˆ a

0
sin

nπx

a
(−i~

d

dx
) sin

nπx

a
dx =

= −
2i~
a

ˆ a

0
sin

nπx

a
d sin

nπx

a
= −

2i~
a

⋅
1

2
sin2 nπx

a
∣

a

0

= 0.

Also, the mean value of each odd degree of momentum is zero, but it is:

p2 =
2

a

ˆ a

0
sin

nπx

a
(−i~

d

dx
)

2

sin
nπx

a
dx =

2~2

a

ˆ a

0
(
nπ

a
)

2

sin2 nπx

a
dx =

2~2

a
⋅
n2π2

a2

ˆ a

0

1

2
(1 − cos

2nπx

a
) dx,

p2 = (
nπ~
a

)

2

.

Hence the square of the uncertainty of the position:

(∆p)2 = p2 − p̄2
= (

nπ~
a

)

2

.

In general, the mean value for each even exponent is equal to this value.
Finally, for the n-th quantum state, that is, for the inherent (eigen) function ψn, we get

the uncertainty relations:

√

(∆x)2 ⋅

√

(∆p)2 =
~
2

√
n2π2

3
− 2.

The expression under the root is obviously greater than one, which means that (1.472) is
true. Therefore, uncertainty relations apply to the solutions (1.596).

The unlimited potential of the pit walls, U0 →∞, is treated as really infinite, although we
know that there is no such thing in the material world (the principle of finality). Therefore,
this example is at the boundary between the material and immaterial world, between closed
and open sets, and therefore belongs to that special type of sets that are adherent points of
both, which we call border. Border is always a closed set.
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On the other side of the border there are abstract truths that do not communicate
with this as the material world, but as pseudo-information. We find that the mathematical
truths are pseudo-information, because we cannot change them, but they can change us.
Hence, the teaching is some kind of transmission of pseudo-information which results in
material (rewards). Pseudo-information is a part of payment systems; they can also be
obtained from material things (gold) or intangible (money). In doing so, it is worth noting
that money is a fiction, an idea we all believe in and which therefore works. And the same
thing is economy, as exchange of material and non-material goods and services, the kind of
“physics” of a part of the material and immaterial world.

How are abstract truths objective? Everything flows and changes, except the laws of
nature – said Heraclitus more than two millenniums ago. Is water or matter more persisting
than law? When we eat an apple, today we know that our brain forms the idea of shape
and taste based on physical interactions obtained through the senses, which again receive
information from atoms and even smaller parts. And those smaller parts and even atoms
do not exist, argued Ernst Mach (one of the leading physicists and philosophers of the 19th
century), because they cannot touch, smell, have no form, we do not see them, and therefore
are not physically objective.

And indeed, atoms even today can be considered physically non-existent for our observa-
tions, but just as much as physically non-existent and attitude is precisely proven. Indeed,
and vice versa, the physical substance is as objective as much as the law of nature, or the
corresponding truth. And that is that!

Example 1.4.15 (Triangular barrier). Find the wavy function for the figure 1.82.

Figure 1.82: Triangular barrier.

Solution. Potential energy is U(x) = 0 for x ∉ [−a, a], then U(x) = U0 + µx for x ∈ [−a,0],
then U(x) = U0−µx for x ∈ [0, a], where the constants µ, a and U0 are positive. The particle
of positive energy E < U0 moves along the abscissa.

From the analytical geometry, or simply from the figure, we recognize the proportions:

µ =
U0

a
=
U0 −E

a − b
.

Hence the Schrödinger equations, on intervals:

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

I ∶ d2

dx2
ψ1 +

2mE
~2 ψ1 = 0, x ≤ −a,

II ∶ d2

dx2
ψ2 +

2m
~2 (E −U0 − µx)ψ2 = 0, −U0

µ ≤ x ≤ 0,

III ∶ d2

dx2
ψ3 +

2m
~2 (E −U0 + µx)ψ3 = 0, 0 ≤ x ≤ U0

µ ,

IV ∶ d2

dx2
ψ4 +

2mE
~2 ψ4 = 0, x ≥ a.

(1.597)
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Quantum Mechanics

The solution of the first and fourth equations is obtained in the previous ways:

ψ1 = A1e
ik1x +B1e

−ik1x, ψ4 = A4e
ik4x, (1.598)

where

k2
1 =

2mE

~2
= k2

4. (1.599)

With the second and third function will go a little harder. That’s why we use changes:

2m

~2
(U0 −E) =K2,

2mµ

~
= λ, (1.600)

so the middle two equations become:

{
II ∶ d2

dx2
ψ2 − (K2 + λx)ψ2 = 0,

III ∶ d2

dx2
ψ3 − (K2 − λx)ψ3 = 0.

(1.601)

An even more simple form of these equations is obtained by change

K2
+ λx = Cξ, (1.602)

hence

dx =
C

λ
dξ,

the second equation is:

d2ψ2

C2dξ2
⋅ λ2

−Cξψ2 = 0, or
d2ψ2

dx2
−
C2

λ2
ξψ2 = 0.

Putting C2/λ2 = 1, or

C =
3
√
λ2, (1.603)

equation II becomes
d2ψ

dξ2
= ξψ. (1.604)

To get the solutions, we develop the wave function in the series:

ψ = a0 + a1ξ + a2ξ
2
+ ⋅ ⋅ ⋅ =

∞

∑
ν=0

aνξ
ν . (1.605)

The equation has no singularities, so there are sufficient (infinite) polynomials without
negative exponents. We find:

dψ

dξ
= a1 + 2a2ξ + 3a3ξ

2
+ ⋅ ⋅ ⋅ =

∞

∑
ν=1

νaνξ
ν−1,

d2ψ

dξ2
= 2a2 + 3 ⋅ 2a3ξ + 4 ⋅ 3a4ξ

2
+ ⋅ ⋅ ⋅ =

∞

∑
ν=2

ν(ν − 1)ξν−2.

Substitution (1.604) gives:

∞

∑
ν=2

ν(ν − 1)aνξ
ν−1

=
∞

∑
ν=0

aνξ
ν+1. (1.606)
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In the developed form, this equality is

2a2 + 3 ⋅ 2a3ξ + 4 ⋅ 3a4ξ
2
+ 5 ⋅ 4a5ξ

3
⋅ ⋅ ⋅ = a0ξ + a1ξ

2
+ a2ξ

3
+ . . . , (1.607)

from where the comparison of the coefficients comes out:

2a2 = 0, 3 ⋅ 2a3 = a0, 4 ⋅ 3a4 = a1, 5 ⋅ 4a5 = a2, . . . ,

or by organizing on similarity:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

a2 = 0, a3 =
a0
3⋅2 , a4 =

a1
4⋅3 ,

a5 = 0, a6 =
a0

6⋅5⋅3⋅2⋅1 , a7 =
a1

7⋅6⋅4⋅3 ,
a8 = 0, a9 =

a0
9⋅8⋅6⋅5⋅3⋅2 , c10 =

a1
10⋅9⋅7⋅6⋅4⋅3⋅ ,

. . . ,

(1.608)

where we see the next scheme
an =

an−2

n(n − 1)
. (1.609)

Every third coefficient is zero, a3n+2 = 0, for n = 0,1,2, . . . , and all others can be reduced to
only a0 and a1

ψ = a0 (1 +
ξ3

3 ⋅ 2
+

ξ6

6 ⋅ 5 ⋅ 3 ⋅ 2
+

ξ9

9 ⋅ 8 ⋅ 6 ⋅ 5 ⋅ 3 ⋅ 2
+ . . .)+ (1.610)

+a1 (ξ +
ξ4

4 ⋅ 3
+

ξ7

7 ⋅ 6 ⋅ 4 ⋅ 3
+

ξ10

10 ⋅ 9 ⋅ 7 ⋅ 6 ⋅ 4 ⋅ 3
+ . . .) .

Constants a0 and a1 it is not easy to calculate accurately.

A detailed and correct solution of this problem is possible using the Airy176 function of
the first type, which is denoted by Ai(x). This function and the added function Bi(x) are
linearly independent solutions of the differential equation

d2y

dx2
− xy = 0, y = y(x), (1.611)

which is called Airy or Stokes equation. It is the simplest linear differential equation of the
second order with a turning point, where the solution function changes from periodic to
exponential.

The most commonly used method of solving the Schrödinger equation for triangular
potential barriers is by means of the WKB (Wentzel–Kramers–Brillouin) approximation. It
is a method of seeking approximate solutions of linear differential equations that have vari-
able coefficients. Typical use is the development of exponential wave functions of quantum
mechanics in forms with slow amplitudes.

176George Biddell Airy (1801-1892), English mathematician and astronomer.
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1.4.8 Harmonic oscillator

Let’s go back to the example 1.3.75 of the linear harmonic oscillator, whose solutions we just
specified. In classical theory, the harmonic oscillator consists of a particle and a force that
pulls it towards the center. It is a system in which the motion of a particle is oscillatory,
and its position changes harmoniously over time. Distance from the center is a sinus or
cosine function of time.

We start from a relationship in shape

F = −kr, (1.612)

where the force F and the position r are vectors, and k is a positive constant. This relation
can represent the movement of the ball at the end of the springs, but also the circular,
torsion as well as many other periodic movements. Their Lagrange function is

L = Ek −Ep =
mv2

2
−
kr2

2
, (1.613)

with Ek and Ep in the order of the kinetic and potential energy of the particle, the velocity
intensity v. The definition of the force using the Lagrange function gives:

F =
∂L

∂r
= −kr, (1.614)

therefore, the starting equation.

The width of the harmonic oscillator application gives us the opportunity to look at
the theses from the book “Space-time” (see [1]). In this book, generalized information and
the Lagrangian L is established. This information and action are proportional. Hence, for
example, the inertial system is equivalent to the state of constant information, and the
change of information needs the force. Consequently, the information of a closed physical
system is a constant quantity. Here I quote the order of deductions in reverse order, to
emphasize the equivalence of the terms.

Vacuum

In the second case, in the presence of external forces or an open physical system, the
collection of information and uncertainty is preserved. We can understand this as well. The
moving particle vacuum brings exactly as much information to the given site at a given
moment as there is less uncertainty at that vacuum location. Briefly, the moving particle
pushes the uncertainty from the events of space-time to its path. Because information comes
from uncertainty, so we can expect that the vacuum saturated with substances produces
less information.

Realization of uncertainty arises the present. Hence, the time of the system is going
relatively slower if space-time-matter reduces the producing of information. This is consis-
tent with the observation of the system in inertial motion where the higher relative velocity
is the cause of a higher relative mass. Analogously, in the case of a gravitational field: a
larger mass causes more intense gravity and a relatively slower flow of time.

Observing the vacuum in the described way, that the body takes part of the uncertainty
replacing it with the same amount of information, we come to another strange conclu-
sion that the vacuum has (almost) unlimited possibilities of emitting information because
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otherwise it can receive the corresponding large masses. This is in line with the new (hypo-
thetical) thesis that material things correspond to closed sets, and that open ones can only
be immaterial. It goes along with the principle of the finiteness of matter, as well as the
view that an empty set and all space are the only sets that are simultaneously closed and
open.

This observation is related to the 1.4.1 section. Positive and negative mass, matter and
antimatter, as well as positive and negative flow of time, are balanced in the vacuum. We
would say that the absence of vacuum gravitation is the result of canceling an attractive
force of matter with a deflection of antimatter, but we will not now. On this in another
occasion, I hope, if experimental physics comes to some knowledge of the dark matter and
dark energy that support such expectations.

Lagrangian

The second part of the above description, that the information of the body is larger if
its energy is greater, is also derived from the dependence of the generalized information
and the Lagrangian. From the same relationship, the principle of information follows,
that the nature is stingy with the information but cannot stop its production (principle of
probability), nor can it easily be revoked (conservation laws). From the same follows the
need for force to change the information. In the absence of an objective coincidence the
absence of any force is seen, as we have seen using Urysohn’s definition of the dimension
(in the mentioned book) as well.

The force F is proportional to the change in value of the Lagrangian ∆L = L2 − L1 on
the path ∆r, in accordance with (1.614), and the change of ∆L is proportional to changing
information. When the (negatively charged) electron approaches the negative charge, the
current of the virtual photons between them increases. That intensify the communication
between the particles and weaken the information of the given place, add to it, which is
then in accordance with the reduction of Lagrangian (increment ∆L is negative), and by
emerging up the repulsive force fields (Coulomb’s law). We see the same from (1.613),
because then the electron velocity decreases, its kinetic energy decreases, and the potential
increases, so Lagrangian decreases, also in accordance with the Coulomb’s law. Something
similar to this happens in the gravitational field.

In general, the decline in body information, equivalent to the Lagrangian decrease, is a
sign of the presence of a repulsive force in a given direction of space. In this direction, the
“capacity” of the space itself to receive information increases, so rejection is in accordance
with the principle of information, with “desire” for concealing information.

Dimensions

The introduced parallel realities are the result of the definition based on Urysohn dimen-
sions, which I managed to avoid in the book Space-time. From the objective coincidence
and definition of the dimension it follows that there are (at least) three dimensions of time.
For example, if the throwing of the coin is ”objectively” accidental, and I decide that after
the fall of the heads I will do A, and after the tails fall, I will do B, then after throwing
coins there will be two parallel realities, one in to whom I work A and the other one in
which I work B. Between these ”realities” there is no transfer of physical information due to
conservation laws, nor communications, so they are one for another relative pseudo-reality.
Such questions are just raised and partly discussed in this book.
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Consequently, we see the popular story of Schrödinger’s cat in the following way. In
the box is a cat that is alive or dead with the same likelihood and only by opening the box
the one of these two possibilities is realized. Opening the box, I actually chose one of two
parallel realities, in which the states of the cat are different, without the later possibility
that one of these can communicate with the other. In addition, I note, I was one person until
the moment t0 of opening the box. Then there were two who no longer have a completely
identical past, even at the time of t < t0 before opening the box, and wither after (t > t0).
The moment of opening the box has also determined various events from the past, which
led to the uncovered state of the cat!

For one Me, the cat is alive, for the other is dead, so not all My current past is precisely
determined, it depends on My future realizations of random events. My first-I and the
other-I created by the separation into parallel reality have a different future and a common
past to the moment of separation, but also some not quite equal parts of the past.

Urysohn definition of dimensions requires such a splitting of reality. How is it then
possible for us to see the slowed down of the time of the system in relative motion? To
see space and three dimensions of time leaning towards all three possible directions of
movement, and all six dimensions in one 4-dimensional space-time? There is an answer
that is physically hypothetical, but formally acceptable. The acceptance or rejection of this
answer, the splitting of reality, becomes the granting or the failure the very idea of the
existence of an objective coincidence in the world of physics.

We only see fragments of time! We only see the present and never something more
durable. Moreover, we see only the fragments of the present moment of the second inertial
system in relative motion, which makes the time relative to ours slower. It is objectively
slower, because we do not see the rest of it (our own time), for that’s not real but pseudo-
information. What the observer in the system in motion can see and what can be remem-
bered, in the way that he can report us, is not the complete the proper information. When
such a person passes into our own system, he cannot remember the reality that would be
a pseudo-reality for us. It then become also a pseudo-reality for him. These events (more)
do not belong to his past.

In accordance with this, we interpret the popular paradox twins of the special theory of
relativity. We have two twin brothers A and B. One of them, A, stays idle in an inertial
system, and the other, B, with a great constant speed swings away, turns and returns back
to the first brother. Traveler B was relatively slowly aging relative to A at rest, but the
opposite was also true because the principle of relativity. We can say that the other was in
a state of rest, except in “short-term” time of acceleration and deceleration, so that brother
A slowly aged in relation to B. Yet, we know, when B returns to the initial system to A,
only one of them can appear younger. It is considered that it will be brother B. What really
happened?

When B is moving away, the time flow is slower relatively to A, so B lags in time of
A. He is more and more in the past of brother A, which makes his journey longer. At the
end of that delay, B turns and returns back. He is then in the future, returning back and
coming into the nearer present to the time of A, so that at the time of arriving at system A
the events of the two brothers become concurrent. Formally, the temporal axis of brother
B was inclined towards the direction of departure, in relation to the time axis of brother A,
which caused A to see a relative slowdown in the time of the system B. This slowing down
of time B is the deficiency of time as seen by A. By changing the speed, in order to return
B, the angle of the time axes also changed. The jump B happened, from the past into the
future of system A, which also have missing events from the standpoint of A. All this time,
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B’s own time has always been in the same even flow.

The difference in time, the delay of time B in relation to A, comes from staying B
partially in a parallel reality, which is unreachable to A. If B could recall all the details of
his journey, which were more than A could perceive, then he could told it to brother A,
and that would be a contradiction to claim that it is not possible to transfer information
between parallel reality. The relative slowdown of time B is due to the impossibility of
transferring all data from system B to system A, that is, those that belong to a parallel
reality in relation to that system.

These observations, including the latter, are especially relevant to the harmonic oscilla-
tor. Quantum oscillations are changes in information that can take place through several
parallel realities. The substance that vibrates is “unconscious” of this. In particular, ac-
cording to Heisenberg’s relations of uncertainty, particles can randomly interpose and leave
local pseudo-realities, if these phenomena are short-lived enough.

Hamiltonian

Let us now return to the equation (1.614) applied to x-axis in the form

mẍ + kx = 0. (1.615)

For the force constant k > 0, the solution of this differential equation is a sinusoidal function.
In classical physics it is known that

k =mω2, (1.616)

where m is the mass of the oscillating particle, and ω is the angular oscillation frequency.
The expression for the total energy of a harmonic linear oscillator is

E =
p2
x

2m
+

1

2
kx2

=
p2
x

2m
+

1

2
mω2x2. (1.617)

In classical physics, this energy can be any value.

In quantum mechanics, this energy is represented by Hamiltonian, the operator:

Ĥ =
p̂2
x

2m
+

1

2
kx̂2

=
p̂2
x

2m
+

1

2
mω2x̂2, (1.618)

where the position operator x̂ and the momentum p̂x of abscissa in the coordinate repre-
sentation are defined by their action on the wave function ψ = ψ(x):

x̂ψ = xψ, p̂xψ = −i~
d

dx
ψ. (1.619)

The first Hamiltonian addend (1.618) represents the kinetic energy of the particle-wave and
the second its potential energy. The purpose to the Hamiltonian operator gives is applying,
again on the wave function

Ĥψ = Eψ, (1.620)

where E is the particle-wave energy.
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Hermite polynomials

Equality (1.620) is a differential equation of the second order. As indicated in the example
1.3.75, its solutions are:

ψn(x) =
1

√
2nn!

⋅ (
mω

~π
)

1/4

⋅ e−mωx
2/2~

⋅Hn (

√
mω

~
⋅ x) , n = 0,1,2, . . . , (1.621)

and the corresponding levels of energy are

En = ~ω (n +
1

2
) = (2n + 1)

~
2
ω. (1.622)

The functions Hn are called Hermitian or Hermit polynomials.

Hermitian polynomials can be obtained as solutions of the general differential equation
of the second order

y′′ + f(x)y′ + g(x)y = 0, (1.623)

where the required function is y = y(x), and its derivative of the first order y′ = dy
dx and the

second order y′′ = d2y
dx2

. By substitution

y = z exp(−
1

2

ˆ
f(x)dx) (1.624)

this equation is reduced to a canonical form

z′′ + [g(x) −
1

2
f ′(x) −

1

4
f2

(x)] z = 0. (1.625)

In particular, putting f(x) = 2x, the substitution (1.624) becomes

y = ze−
1
2
x2 ,

and the expression (1.625) is reduced to

z′′ + [g(x) − 1 − x2
]z = 0. (1.626)

This is a differential equation that we recognize in the form (1.620). In this form, we
recognize the following differential equation, and these two forms together with the following
are called the Hermitian differential equation.

Example 1.4.16. Show that equation

d2ψ

dξ2
+ (λ − ξ2

)ψ = 0 (1.627)

by substitution

ψ = f(ξ)e−
1
2
ξ2 (1.628)

becomes
d2f

dξ2
− 2ξ

df

dξ
+ (λ − 1)f = 0. (1.629)
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Solution. The first and second derivative of the function (1.628) are orderly:

dψ

dξ
= −ξfe−

1
2
ξ2
+
df

dξ
e−

1
2
ξ2 ,

d2ψ

dξ2
= −fe−

1
2
ξ2
+ ξ2fe−

1
2
ξ2
− ξ

df

dξ
e−

1
2
ξ2
+
d2f

dξ2
e−

1
2
ξ2
− ξ

df

ξ
e−

1
2
ξ2 .

Substitution in (1.627) gives

d2f

dξ2
− 2ξ

df

dξ
+ (ξ2

− 1)f + (λ − ξ2
)f = 0,

and hence (1.629).

The first is Chebyshev177 in 1864 defined polynomial Hn(x) to solve this equation. He
otherwise worked with the normal Gaussian probability distributions, which are reduced to
the function e−t

2
, and of course with the inevitable exponential function of the form e2xt,

where 2x is the parameter and t variable. On the West is more famous Hermit, which in
1864 defined the same polynomials named after him. The basic idea is that the function

G(x) = e2tx−t2
=

∞

∑
n=0

Hn(x)
tn

n!
, (1.630)

which is called generatrix, we develop into Taylor’s order around the point t = 0. The
development coefficients of this generatrix are Hermitian polynomials.

Proposition 1.4.17. Prove that

Hn(x) = (−1)nex
2 dn

dxn
(e−x

2

).

Proof. From the definition (1.630) follows:

Hn(x) =
∂n

∂tn
e2tx−t2

∣
t=0

=
∂n

∂tn
ex

2−(x−t)2
∣
t=0

=

= ex
2 ∂n

∂tn
e−(x−t)

2

∣
t=0

= (−1)ex
2 dn

dxn
(e−x

2

),

and that was to be proved.

Using the result of the last proposition, we find:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H0(x) = (−1)0ex
2
e−x

2
= 1,

H1(x) = (−1)ex
2 d
dxe

−x2 = 2x,

H2(x) = (−1)nex
2 d2

dx2
(e−x

2
) = 4x2 − 2,

H3(x) = ⋅ ⋅ ⋅ = 8x3 − 12x,
H4(x) = 16x4 − 48x2 + 12,
H5(x) = 32x5 − 160x3 + 120x,
. . .

(1.631)
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Figure 1.83: Hermitian polynomials H3, H4 and H5.

In the figure 1.83 three polynomials are represented: H3, H4 and H5. In general, Hn has n
zeros, so its graph is a curved line that crosses the abscise n times, reminding us of energy
oscillations in a potential cave.

Polynomials defined with

H∗
n(x) = (−1)ex

2/2 d
n

dxn
e−x

2/2, (1.632)

They are also called Hermitian polynomials, and between these two there is the connection

Hn(x) = 2n/2H∗
n(x

√
2), H∗

n(x) = 2−n/2Hn(x
√

2). (1.633)

The first five polynomials H∗
n are:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H∗
0 (x) = 1,

H∗
1 (x) = x,

H∗
2 (x) = x

2 − 1,
H∗

3 (x) = x
3 − 3x,

H∗
4 (x) = x

4 − 6x2 + 3,
H∗

5 (x) = x
5 − 10x3 + 15x,

. . .

(1.634)

Check this out, so keep moving. The differential equation of the following example is called
Hermit equation. Notice that it is mentioned (1.629).

Proposition 1.4.18. The differential equation

y′′ − 2xy′ + 2ny = 0. (1.635)

has a solution y =Hn(x).

177 Pafnuty Lvovich Chebyshev (1821-1894), Russian mathematician.
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Proof. When we differentiate the generatrix (1.630) by x, we get:

2te2xt−t2
=

∞

∑
n=0

H ′
n(x)

tn

n!
,

2t
∞

∑
n=0

Hn(x)
tn

n!
=

∞

∑
n=0

H ′
n(x)

tn

n!
,

and hence
2tHn−1(x) =H

′
n(x). (1.636)

If we differentiate the generatrix by t, we get:

2(x − t)e2xt−t2
=

∞

∑
n=1

Hn(x)
tn−1

(n − 1)!
,

2(x − t)
∞

∑
n=0

Hn(x)
tn

n!
=

∞

∑
n=1

Hn(x)
tn−1

(n − 1)!
.

So
2xHn(x) − 2tHn−1(x) =Hn+1(x). (1.637)

By eliminate Hn−1 from the previous (1.636), we go on:

2xHn(x) =Hn+1(x) +H
′
n(x),

2xH ′
n(x) + 2Hn(x) =H

′
n+1(x) +H

′′
n(x),

H ′′
n(x) − 2xH ′

n(x) + 2nHn(x) = 0.

This is the given equation.

The Hermitian equation (1.635) can be obtained and in the following way:

z = e−x
2

, z′ = −2xe−x
2

,

z′ + 2xz = 0,

differentiating n + 1 times

z(n+2)
+ 2xz(n+1)

+ 2(n + 1)z(n) = 0,

by substitution z(n) = u
u′′ + 2xu′ + 2(n + 1)u = 0,

and substitution u = e−x
2
v we get

v′′ − 2xv′ + 2nv = 0,

which means that v = (−1)ex
2 dn

dxn (e
−x2) is a particular solution of (1.635).

Proposition 1.4.19. Hermitian polynomial can be expressed in the form

Hn(x) =
[n/2]

∑
k=0

(−1)kn!

k!(n − 2k)!
(2x)n−2k,

where [n/2] means rounding to a larger integer, for example [4/2] = 2 and [5/2] = 3.
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Proof. Suppose that the differential equation (1.635) has some particular solution in the
form of a polynomial

Pk(x) = a0x
k
+ a1x

k−1
+ ⋅ ⋅ ⋅ + ak (a0 ≠ 0).

If we substitute this polynomial into this equation and equate the oldest coefficient of the
new polynomial with zero, we get k = n. Therefore, if there is a polynomial solution of the
equation (1.635), it must be a polynomial of degree n.

That is why we place in this differential equation

y = Pn(x) =
n

∑
k=0

akx
n−k

(a0 ≠ 0).

Further we find

n−2

∑
k=0

(n − k)(n − k − 1)akx
n−k−2

− 2
n

∑
k=0

(n − k)akx
n−k

+ 2n
n

∑
k=0

akx
n−k

= 0,

n

∑
k=2

(n − k + 2)(n − k + 1)ak−2x
n−k

+ 2
n

∑
k=0

kakx
n−k

= 0,

2a1x
n−1

+
n

∑
k=2

[(n − k + 2)(n − k + 1)ak−2 + 2kak]x
n−k

= 0,

a1 = 0, ak = −
(n − k + 2)(n − k + 1)

2k
ak−2, (k = 2,3, . . . ).

Therefore, all coefficients ak with an odd index are zero.

Coefficients with an even index will be determined using a recurrent relation:

a2 = −
n(n − 1)

2 ⋅ 2
a0, a4 = −

(n − 2)(n − 3)

2 ⋅ 4
a2, . . . , a2k = −

(n − 2k + 2)(n − 2k + 1)

2 ⋅ 2k
a2k−2,

then multiply in order, we get

a2k = (−1)k
n!

k!(n − 2k)!
2n−2k.

Return these coefficients in the polynomial:

Pn(x) =
n

∑
k=0

akx
n−k

=

[n/2]

∑
k=0

a2kx
n−2k

=

[n/2]

∑
k=0

(−1)k
n!

k!(n − 2k)!
(2x)n−2k,

and that’s what it was supposed to prove.

Proposition 1.4.20. For Hermit polynomials Hm and Hn are valid

ˆ ∞

−∞

e−x
2

Hm(x)Hn(x)dx = 2nn!
√
πδmn, (1.638)

which means they are orthogonal functions.
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Proof. Let m ≤ n, and let the integral be solved by partial integration:

Imn =

ˆ ∞

−∞

e−x
2

Hm(x)Hn(x)dx = (−1)n
ˆ ∞

−∞

Hm(x)
dn

dxn
(e−x

2

)dx =

= (−1)nHm(x)
dn−1

dxn−1
(e−x

2

)∣

x→∞

x→−∞

− (−1)n
ˆ ∞

−∞

dHm(x)

dx
⋅
dn−1(e−x

2
)

dxn−1
dx,

Imn = (−1)n+1

ˆ ∞

−∞

dHm(x)

dx
⋅
dn−1(e−x

2
)

dxn−1
dx.

Using the relation (1.636) we find

Imn = (−1)n+12m

ˆ ∞

−∞

Hm−1(x)
dn−1(e−x

2
)

dxn−1
dx.

When we re-apply partial integration, it will be

Imn = (−1)n+222m(m − 1)

ˆ ∞

−∞

Hm−2(x)
dn−2(e−x

2
)

dxn−2
dx.

After m partial integrations we obtain

Imn = (−1)n+m2mm!

ˆ ∞

−∞

H0(x)
dn−m(e−x

2
)

dxn−m
dx. (1.639)

If m < n, after another partial integration, we find

Imn = (−1)n+m2mm!
dn−m−1(e−x

2
)

dxn−m−1
∣

x→∞

x→−∞

= 0.

If m = n, then (1.639) gives

Inn = 2nn!

ˆ ∞

−∞

e−x
2

dx = 2nn!
√
π.

With this the proof is over.
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1.4.9 Oscillator operators

Let’s go back to Hamiltonian (1.618), now written

Ĥ =
~ω
2

(p̂2
+ q̂2

) (1.640)

using two one-dimensional momentum and position operators:

p̂ =
p̂x

√
mω~

, q̂ =
x̂

√
mω/~

. (1.641)

We define two non-Hermitian operators

â =
1

√
2
(q̂ + ip̂), â†

=
1

√
2
(q̂ − ip̂), (1.642)

which will prove to represent a decrease and an increase of the index n→ n ∓ 1.
First of all, note that:

â†â =
1

2
(q̂ − ip̂)(q̂ + ip̂) =

1

2
(q̂2

+ p̂2
+ iq̂p̂ − ip̂q̂) = â†â =

1

2
(q̂2

+ p̂2
) +

i

2
[q̂ + p̂],

which because (1.640) and [x̂, p̂x] = i~ gives

â†â =
1

2
(q̂2

+ p̂2
) −

1

2
. (1.643)

Hence

Ĥ = ~ω (N̂ +
1

2
) , N̂ = â†â, (1.644)

where N̂ is a new operator, obviously Hermite, we call number operator.
Note that the Hermitian operator is linear with the number operator and that they

commute. That is why they have a set of common proper (eigen) states, we note them in
Dirac’s notation, with ∣n⟩, and call their own energy states, so we have:

N̂ ∣n⟩ = n∣n⟩, Ĥ ∣n⟩ = En∣n⟩. (1.645)

From the previous follows

En = (n +
1

2
)ω~, (1.646)

and we will soon confirm that n is an integer.
The commutators of the new operators with Hamiltonian are easy to calculate:

[â, Ĥ] = ~ωâ, [â†, Ĥ] = −~ωâ†. (1.647)

Next we find:

{
Ĥ(â∣n⟩) = (âĤ − ~ωâ)∣n⟩ = (En − ~ω)(â∣n⟩),
Ĥ(â†∣n⟩) = (â†Ĥ + ~ωâ†)∣n⟩ = (En + ~ω)(â†∣n⟩).

(1.648)

Therefore, â∣n⟩ and â†∣n⟩ are the eigenstates of the operator Ĥ with its eigenvalues in the
order (En + ~ω) and (En − ~ω). As a result, the operators â∣n⟩ and â†∣n⟩ are called the
operators lowering and raising, or the annihilation and creation operators . Also, they are
also known as ladder operators.
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The commutators of â and â† with the operator number are:

[N̂ , â] = −â, [N̂ , â†
] = â†, (1.649)

so N̂ â = â(N̂ − 1) and N̂ â† = â†(N̂ + 1). Then we have:

{
N̂(â∣n⟩) = â(N̂ − 1)∣n⟩ = (n − 1)(â∣n⟩),

N̂(â†∣n⟩) = â†(N̂ + 1)∣n⟩ = (n + 1)(â†∣n⟩).
(1.650)

These relations show that â∣n⟩ and â†∣n⟩ are eigenstates N̂ with its eigenvalues (n− 1) and
(n+1) in a row. When â and â† operate on ∣n⟩, in a row, reduce and increase n for one, so

â∣n⟩ = cn∣n − 1⟩, (1.651)

where cn is a constant to be determined, which is easiest to do with the requirement that
∣n⟩ be normed for all n.

In that direction, note that from the previous one:

(⟨n∣â†
) ⋅ (â∣n⟩) = ⟨n∣â†â∣n⟩ = ∣cn∣

2
⟨n − 1∣n − 1⟩ = ∣cn∣

2, (1.652)

and from (1.645) first, then

(⟨n∣â†
) ⋅ (â∣n⟩) = ⟨n∣â†â∣n⟩ = n⟨n∣n⟩ = n. (1.653)

Combined, the last two equations give

∣cn∣
2
= n, (1.654)

which means that the n, which is equal to the â∣n⟩, cannot be negative. We find by
substitution

â∣n⟩ =
√
n∣n − 1⟩. (1.655)

This equation shows that the repeated use of the operator â to ∣n⟩ generates a series of
eigenvectors ∣n − 1⟩, ∣n − 2⟩, ∣n − 3⟩, ..., and as n ≥ 0 and â∣0⟩ = 0, this string is terminated
at n = 0, which is possible only if we start with an integer n.

When we start with a non-integer n, this series would continue in eigenvectors with
negative eigenvalues, which is impossible. Hence the announced conclusion, along with
(1.646), that n is a nonnegative integer!

Now it’s easy to show that

â†
∣n⟩ =

√
n + 1∣n + 1⟩, (1.656)

and the repeated application â† to ∣n⟩ generates an infinite series of its eigenvectors ∣n+ 1⟩,
∣n+2⟩, ∣n+3⟩, ..., and as n is a positive integer, the energy spectrum of a harmonic oscillator
is discrete

En = (n +
1

2
)~ω, n = 0,1,2,3, . . . (1.657)

as is previously announced. We do not deal with the details of these well-known parts of
quantum mechanics, but merely notice the main points.

For example, we have:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∣1⟩ = â†∣0⟩,

∣2⟩ = 1√
2
â†∣1⟩ = 1√

2!
(â†)2∣0⟩,

∣3⟩ = 1√
3
â†∣2⟩ = 1√

3!
(â†)3∣0⟩,

. . . ,

∣n⟩ = 1√
n
â†∣1⟩ = 1√

n!
(â†)n∣0⟩.

(1.658)

The excited eigenvalue ∣n⟩ is obtained by n-times â† at ∣0⟩.
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Coordinate representation

Below we look for a coordinate (position) representation of the wave function of the harmonic
oscillator. In the coordinate representation, the non-dimensional p̂ = p̂x/

√
m~ω momentum

operator is

p̂ = −
i~

√
m~ω

d

dx
= −ix0

d

dx
, (1.659)

where x0 =
√
~/(mω) is the constant of length dimension, which determines the unit’s length

of the oscillator. In the same representation:

⎧⎪⎪
⎨
⎪⎪⎩

â = 1√
2
( x̂
x0
+ x0

d
dx) =

1√
2x0

(x̂ + x2
0
d
dx

) ,

â† = 1√
2
( x̂
x0
− x0

d
dx) =

1√
2x0

(x̂ − x2
0
d
dx

) ,
(1.660)

so we can write:

⟨x∣â∣0⟩ =
1

√
2x0

⟨x∣x̂ + x2
0

d

dx
∣0⟩ =

1
√

2x0

(xψ0(x) + x
2
0

dψ0(x)

dx
) = 0,

and hence
dψ0(x)

dx
= −

x

x2
0

ψ0(x), (1.661)

where ψ0(x) = ⟨x∣0⟩ represents the ground state of the wave function.

The solution of the differential equation (1.661) is the ground state

ψ0(x) = A exp(−
x2

2x2
0

) , (1.662)

where A is the constant to be determined. Norm is given by:

I =

ˆ ∞

−∞

∣ψ0(x)∣
2 dx = ∣A∣

2

ˆ ∞

−∞

exp(−
x2

2x2
0

) dx = ∣A∣
2√πx0,

and hence A = 4
√
mω/(π~) = 1/

√√
πx0. The ground state is

ψ0(x) =
1

√√
πx0

e−x
2/2x20 , (1.663)

which is a Gaussian, normal distribution probability. The wave function of any excited
state is obtained by successive applications of the â† operator to the ground state.

For example, the first excited state:

ψ1(x) = ⟨x∣1⟩ = ⟨x∣â†
∣0⟩ =

1
√

2x0

(x − x2
0

d

dx
) ⟨x∣0⟩ =

=
1

√
2x0

[x − x2
0 (−

x

x2
0

)]ψ0(x) =

√
2

x0
xψ0(x),

ψ1(x) =

√
2

√
π x3

0

x exp(−
x2

2x2
0

) . (1.664)
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By successively applying â† to the basic, we get the second and third excited state:

ψ2(x) = ⟨x∣2⟩ =
1

√
2!

⟨x∣(â†
)

2
∣0⟩ =

1
√

2!x0

(
1

√
2!x0

)

2

(x − x2
0

d

dx
)ψ0(x), (1.665)

ψ3(x) = ⟨x∣3⟩ =
1

√
3!

⟨x∣(â†
)

3
∣0⟩ =

1
√

3!x0

(
1

√
2!x0

)

3

(x − x2
0

d

dx
)ψ0(x). (1.666)

In the figure 1.84 left-sketched 178 are wave functions ψk = ψk(x) and the right are proba-
bility densities ∣ψk∣

2, for k = 0,1,2,3.

Figure 1.84: Harmonic oscillator.

Consistently, we run the n-th excited eigenstate:

ψn(x) = ⟨x∣n⟩ =
1

√
n!

⟨x∣(â†
)
n
∣0⟩ =

1
√
n!

(
1

√
2x0

)

n

(x − x2
0

d

dx
)

n

ψ0(x),

or in another form

ψn(x) =
1

√√
π 2nn!

⋅
1

x
n+1/2
0

(x − x2
0

d

dx
)

n

exp(−
x2

2x2
0

) . (1.667)

This form also leads to Hermitian polynomials.
Namely, using the operators identity

e−x
2/2

(x −
d

dx
) ex

2/2
= −

d

dx
, (1.668)

178Quantum H. Oscillator: http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/hosc5.html
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It’s easy to check:

(x − x2
0

d

dx
)

n

e−x
2/2x20 = (−1)nxn0e

x2/2x20
dn

dxn
e−x

2/x20 = e−x
2/2x20Hn (

x

x0
) , (1.669)

and Hn(y) is the Hermitian polynomial of n-th order

Hn(y) = (−1)ey
2 dn

dyn
e−y

n

. (1.670)

This is a form from the proposition 1.4.17. The wavelength function of the oscillator is now
being written

ψn(x) =
1

√√
π 2nn!x0

e−x
2/2x20Hn (

x

x0
) . (1.671)

For Hn we know that they oscillate around the abscise intercepting it n times (see figure
1.83), and now we see that moving away from the source ψn it becomes exponentially
dimmer. This attenuation has the form of the Gaussian bell distribution, from the theory
of probability.

Matrix form

States ∣n⟩ are joined orthonormal eigenstates of the operator Ĥ and N̂ , so the representa-
tions of the operators in that base are infinite diagonal matrices:

(N̂) =

⎛
⎜
⎜
⎜
⎝

1 0 0 . . .
0 2 0 . . .
0 0 3 . . .
. . .

⎞
⎟
⎟
⎟
⎠

, (Ĥ) =
~ω
2

⎛
⎜
⎜
⎜
⎝

1 0 0 . . .
0 3 0 . . .
0 0 5 . . .
. . .

⎞
⎟
⎟
⎟
⎠

. (1.672)

But, the operators â, â†, x̂ and p̂x do not commute with N̂ , so n-representations of their
matrices are not diagonal. From (1.656) we get the first two mentioned:

(â) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
√

1 0 0 . . .

0 0
√

2 0 . . .

0 0 0
√

3 . . .
0 0 0 0 . . .
. . .

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (â†
) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 . . .
√

1 0 0 0 . . .

0
√

2 0 0 . . .

0 0
√

3 0 . . .
. . .

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (1.673)

The representations of the operator position and momentum we’ll find using (1.642).
From definitions of â, â†, we find:

x̂ =

√
~

2mω
(â + â†

), p̂x = i

√
m~ω

2
(â†

− â). (1.674)

Their matrix coefficients are:

⟨n′∣x̂∣n⟩ =

√
~

2mω
(
√
nδn′,n−1 +

√
n + 1δn′,n+1), (1.675)

⟨n′∣p̂x∣n⟩ = i

√
m~ω

2
(−

√
nδn′,n−1 +

√
n + 1δn′,n+1). (1.676)
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Especially ⟨n∣x̂∣n⟩ = ⟨n∣p̂x∣n⟩ = 0. Hence the matrices:

(x̂) =

√
~

2mω

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
√

1 0 0 . . .
√

1 0
√

2 0 . . .

0
√

2 0
√

3 . . .

0 0
√

3 0 . . .
. . .

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (â†
) = i

√
m~ω

2

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 −
√

1 0 0 . . .
√

1 0 −
√

2 0 . . .

0
√

2 0 −
√

3 . . .

0 0
√

3 0 . . .
. . .

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Operator of momentum is Hermitian, but it is not equal to itself conjugated. That is p̂†
x = p̂x,

but p̂∗x = −p̂x. However, the operator of position is Hermitian and x̂† = x̂∗ = x̂.

Mean values

In the n-representation we calculate mathematical expectations, so called mean values, the
square of operator position and momentum:

{
x̂2 = ~

2mω [â
2 + (â†)2 + ââ† + â†â] = ~

2mω [â
2 + (â†)2 + 2â†â + 1],

p̂2
x = −

m~
2 [â2 + (â†)2 − ââ† − â†â] = −m~ω

2 [â2 + (â†)2 − 2â†â + 1].
(1.677)

It is used the equality ââ† + â†â = 2â†â + 1. Expectation of the operators â2 and (â†)2 are
zeros, ⟨â2∣n⟩ = ⟨n∣(â†)2∣n⟩ = 0, and ⟨n∣â†â∣n⟩ = n, that is:

⟨n∣ââ†
+ â†â∣n⟩ = ⟨n∣2â†â + 1∣n⟩ = 2n + 1, (1.678)

so we have:

⟨n∣x̂2
∣n⟩ =

~
2mω

(2n + 1), ⟨n∣p̂2
x∣n⟩ =

m~ω
2

(2n + 1). (1.679)

Accordingly, the expected values of the potential and kinetic energy of the oscillator are the
same and equal to the half of total energy:

mω2

2
⟨n∣x̂2

∣n⟩ =
1

2m
⟨n∣p̂2

x∣n⟩ =
1

2
⟨n∣Ĥ ∣n⟩. (1.680)

This result is known as viral theorem.
The uncertainties of the position and momentum we calculate as follows, according the

definition:
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∆x =
√

⟨x̂2⟩ − ⟨x̂⟩2 =
√

⟨x̂2⟩ =

√
~

2mω (2n + 1),

∆px =
√

⟨p̂2
x⟩ − ⟨p̂x⟩2 =

√
⟨p̂2
x⟩ =

√
m~ω

2 (2n + 1),
(1.681)

because ⟨x̂⟩ = ⟨p̂x⟩ = 0. Hence

∆x∆px = (n +
1

2
)~ ≥

~
2
, (1.682)

which means that the Heisenberg relation of uncertainties are valid.
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1.4.10 Angular momentum

Angular momentum, also called “moment of momentum” or “rotational momentum”, is
the physical size that measures the effort of the material body to continue to rotate. It is
formally defined with:

L⃗ = r⃗ × p⃗ = (ypz − zpy )⃗i + (zpx − xpz)j⃗ + (xpy − ypx)k⃗, (1.683)

where r⃗ = xi⃗ + yj⃗ + zk⃗ and p⃗ = pxi⃗ + py j⃗ + pzk⃗ position and momentum vectors, and i⃗, j⃗ and
k⃗ unit vectors (orts) ordinate and applicate of Cartesian rectangular system of coordinates
Oxyz.

The angular momentum operator ˆ⃗L is obtained by replacing r⃗ and p⃗ with corresponding
operators defined by the equations:

ˆ⃗rψ = r⃗ψ, ˆ⃗pψ = −i~∇ψ, (1.684)

where ψ = ψ(x, y, z) is a wave function, and

∇ = i⃗
∂

∂x
+ j⃗

∂

∂y
+ k⃗

∂

∂z
(1.685)

is nabla operator. That’s how we define

ˆ⃗L = ˆ⃗r × ˆ⃗p = −i~ ˆ⃗r ×∇, (1.686)

with Cartesian components:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

L̂x = ŷp̂z − ẑp̂y = −i~ (ŷ ∂
∂z − ẑ

∂
∂y) ,

L̂y = ẑp̂x − x̂p̂z = −i~ (ẑ ∂
∂x − x̂

∂
∂z

) ,

L̂z = x̂p̂y − ŷp̂x = −i~ (x̂ ∂
∂y − ŷ

∂
∂x) .

(1.687)

The angular momentum does not exist in a single-dimensional space.

Example 1.4.21. Show that for commutators is valid

[L̂x, L̂y] = i~L̂z, [L̂y, L̂z] = i~L̂x, [L̂z, L̂x] = i~L̂y,

where L̂x, L̂y and L̂z angular momentum components.

Solution. Knowing that x̂, ŷ and ẑ mutual commute, as p̂x, p̂y, p̂z too, and that is [x̂, p̂x] = i~
and analogously to other coordinates, we find:

[L̂x, L̂y] = [ŷp̂z − ẑp̂y, ẑp̂x − x̂p̂z] =

= [ŷp̂z, ẑp̂x] − [ŷp̂z, x̂p̂z] − [ẑp̂y, ẑp̂x] + [ẑp̂y, x̂p̂z]

= ŷ[p̂y, ẑ]p̂x + x̂[ẑ, p̂z]p̂y = i~(x̂p̂y − ŷp̂x),

[L̂x, L̂y] = i~L̂z.

This proved the first equality. The proof of the other two is similar.

Rastko Vuković 350
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From the results of this example and the uncertainty principle (1.523), we can see that
it is not possible to simultaneously measure the two components of the angular momentum
if there is a third. In particular, if the application is a rotational axis, then the angular
momentum vector L is parallel with s, as in the figure179 1.85. In classical physics, the
moment intensity is equal to the area opened by the radius and momentum vectors, ∣L∣ =

∣r∣∣p∣ sin∠(r,p), so that Lx = Ly = 0 and Lz = ∣L∣. However, in quantum mechanics, due
to the principle of uncertainty, and because the Planck’s reduced constant ~ is no longer a
negligible size, it will not be possible to determine by measurement that the components
Lx and Ly are zero.

Figure 1.85: Angular momentum.

On the other hand, the only non-zero commutator that includes x̂ and the various
components of the operators L̂x, L̂y and L̂z is [x̂, p̂x] = i~. Hence:

[x̂, L̂x] = 0, [x̂, L̂y] = i~ẑ, [x̂, L̂z] = −i~ŷ,
[p̂x, L̂x] = 0, [p̂x, L̂y] = i~p̂z, [p̂x, L̂z] = −i~p̂y,

(1.688)

and the others are calculated analogously. We also find:

[x̂, ˆ⃗L2
x] = i~(L̂y ẑ + ẑL̂y − L̂z ŷ − ŷL̂y)

[p̂x,
ˆ⃗L2] = i~(L̂yp̂z + p̂zL̂y − L̂z p̂y − p̂yL̂y)

(1.689)

and analogous to other position and momentum components.

General formalism

Starting with the results of the example 1.4.21, in the quantum mechanics we define the
general operator of the angular moment:

[Ĵx, Ĵy] = i~Ĵz, [Ĵy, Ĵz] = i~Ĵx, [Ĵz, Ĵx] = i~Ĵy, (1.690)

or equivalent
ˆ⃗J × ˆ⃗J = i~ ˆ⃗J. (1.691)

179Angular momentum: https://socratic.org/questions/what-is-angular-momentum
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Since Ĵx, Ĵy and Ĵz mutually do not commute, they cannot be diagonalized at the same
time, or they have no common eigenvectors. Square angular moment

ˆ⃗J2
= Ĵ2

x + Ĵ
2
y + Ĵ

2
z (1.692)

is a scalar, because it commutes with components

[
ˆ⃗J2, Ĵk] = 0, ∀k ∈ {x, y, z}. (1.693)

For example, for k = x we find:

[
ˆ⃗J2, Ĵx] = [Ĵ2

x , Ĵx] + Ĵy[Ĵy, Ĵx] + [Ĵy, Ĵx]Ĵy + Ĵz[Ĵz, Ĵx] + [Ĵz, Ĵx]Ĵz =

= Ĵy(−i~Ĵz) + (−i~Ĵz)Ĵy + Ĵz(i~Ĵy) + (i~Ĵy)Ĵz = 0,

because [Ĵ2
x , Ĵx] = 0, [Ĵy, Ĵx] = −i~Ĵx and [Ĵz, Ĵx] = i~Ĵy.

How ˆ⃗J2 commutates with the components Ĵx, Ĵy and Ĵz of the vector ˆ⃗J , each of these

components can be separately diagonalized with ˆ⃗J2. But since these components do not

commute between each other, we can only choose one by one to diagonalize with ˆ⃗J2. Usually
it’s Ĵz and there is nothing special about choosing z-axes.

In addition, it is common to define both raising and lowering operators:

Ĵ+ = Ĵx + iĴy, Ĵ− = Ĵx − iĴy. (1.694)

It is obvious that these Hermitian operators are conjugated

(Ĵ+)
†
= J− (1.695)

but because of

Ĵx =
1

2
(Ĵ+ + Ĵ−), Ĵy =

1

2i
(Ĵ+ − Ĵ−) (1.696)

we see similarities with non-Hermitian operators (1.642).
It’s easy to check the following:

Ĵ+Ĵ− = Ĵ
2
x + Ĵ

2
y − i[Ĵx, Ĵy],

and hence:
Ĵ+Ĵ− = Ĵ

2
x + Ĵ

2
y + ~Ĵz, Ĵ−Ĵ+ = Ĵ

2
x + Ĵ

2
y − ~Ĵz, (1.697)

then
ˆ⃗J2
= Ĵ+Ĵ− + Ĵ

2
z − ~Ĵz = Ĵ−Ĵ+ + Ĵ2

z + ~Ĵz, (1.698)

that is
ˆ⃗J2
=

1

2
(Ĵ+Ĵ− + Ĵ−Ĵ+) + Ĵ

2
z . (1.699)

The operators Ĵk and ˆ⃗J2 commute, so it is also

[Ĵ±,
ˆ⃗J2
] = 0, [Ĵ+, Ĵ−] = 2~Ĵz, [Ĵz, Ĵ±] = ±~Ĵz. (1.700)

This is another similarity to harmonic commutators [N̂ , â†] = â† and [N̂ , â] = −â, if we
recognize N̂ as Ĵz.
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Eigenvalues

Below we consider the eigenvalues ∣α,β⟩ of associated operators ˆ⃗J and Ĵz:

ˆ⃗J2
∣α,β⟩ = ~2α∣α,β⟩, Ĵx∣α,β⟩ = ~β∣α,β⟩. (1.701)

The action ~, of the dimension (energy) × (time) is here so the numbers α and β could be
dimensionless, since the angular momentum is of the same dimension. At the same time,
we assume that these eigenstates are orthonormal, i.e.

⟨α′, β′∣α,β⟩ = δα′αδβ′β. (1.702)

But, because Ĵ± does not commute with Ĵz state ∣α,β⟩ is not an eigenstate Ĵ±.
Starting from (1.700) we find:

Ĵz(Ĵ±∣α,β⟩) = (Ĵ±Ĵz ± ~Ĵ±)∣α,β⟩ = ~(β ± 1) Ĵ±∣α,β⟩, (1.703)

because the vector Ĵ±∣α,β⟩ is eigen form Ĵz with eigenvalues ~(β ± 1). As Ĵz and ˆ⃗J2

commute, that Ĵ±∣α,β⟩ must be the eigenvector of ˆ⃗J2. The eigenvalue of the operator ˆ⃗J2

when it acts on Ĵ±∣α,β⟩ define commutator [
ˆ⃗J2, Ĵ±] = 0, because the vector Ĵ±∣α,β⟩ is eigen

for ˆ⃗J2 with eigenvalue ~2α:

ˆ⃗J2
(Ĵ±∣α,β⟩) = Ĵ±

ˆ⃗J2
∣α,β⟩ = ~2α(Ĵ±∣α,β⟩). (1.704)

From these equations we can see that the use of the operator Ĵ± on ∣α,β⟩ does not affect
the first quantum number α, but another, β, is raised or lowered by one. In other words,
Ĵ±∣α,β⟩ is proportional to ∣α,β ± 1⟩, i.e.

Ĵ±∣α,β⟩ = C
±
αβ ∣α,β ± 1⟩, (1.705)

where constant C±
αβ yet to be determined.

For the given eigenvalue α of the operator ˆ⃗J2 there is an upper limit of the quantum

number β, since the operator ˆ⃗J2 − Ĵ2
z is positive. Namely, ˆ⃗J2 − Ĵ2

z = Ĵ
2
x + Ĵ

2
y ≥ 0, so:

⟨α,β∣ ˆ⃗J2
− Ĵ2

z ∣α,β⟩ = ~2
(α − β2

) ≥ 0 ⇒ α ≥ β2. (1.706)

As β has the upper limit of βmax, it must have a state ∣α,βmax⟩ that cannot be raised more

Ĵ+∣α,βmax⟩ = 0. (1.707)

Further, from Ĵ−Ĵ+ =
ˆ⃗J2 − Ĵ2

z − ~Ĵz we find Ĵ−Ĵ+∣α,βmax⟩ = 0 that is

(
ˆ⃗J2
− Ĵ2

z − ~Ĵz)∣α,βmax⟩ = ~2
(α − β2

max − βmax)∣α,βmax⟩, (1.708)

and hence
α = βmax(βmax + 1). (1.709)

After n consecutive applications of Ĵ− to ∣α,βmax⟩, the ∣α,βmin⟩ state is reached, it cannot
go down further

Ĵ−∣α,βmin⟩ = 0. (1.710)
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Analogously to the previous one, now we get

α = βmin(βmin − 1). (1.711)

Equating α in the last expressions, we find easily

βmax = −βmin. (1.712)

How βmin is reached after n applying Ĵ− to ∣α,βmax⟩, it is

βmax = βmin + n, (1.713)

and because of the previous one, that means

βmax =
n

2
. (1.714)

Therefore, βmax is an integer or a half of an integer depending on whether n is an odd or
even number.

We continue to use the usual tags j and m, orderly for βmax and β. So:

j = βmax =
n

2
, m = β, −j ≤m ≤ j, (1.715)

with its eigenvalue α of operator ˆ⃗J2

α = j(j + 1). (1.716)

Thus, the eigenvalues of the operator ˆ⃗J2 and Ĵz that go with the corresponding eigenvector
∣j,m⟩ are orderly ~2j(j + 1) and ~m, bound by equations:

ˆ⃗J2
∣j,m⟩ = ~2j(j + 1)∣j,m⟩, Ĵz ∣j,m⟩ = ~m∣j,m⟩, (1.717)

where the number j = 0, 1
2 ,1,

3
2 , . . . , and the number m = −j,−(j − 1), . . . , j − 1, j. For every

j there are 2j + 1 values for m. Thereby

⟨j′,m′
∣j,m⟩ = δj′jδm′m, (1.718)

because the angular momentum spectrum is discrete, and its various own states are orthog-
onal vectors.

Let’s now consider the eigenvalues of the operator Ĵ± in the basis of the ∣j,m⟩ vector,
which we know are not the eigenstates of that operator. The relation (1.705) is written:

Ĵ±∣j,m⟩ = C±
jm∣j,m ± 1⟩, (1.719)

(Ĵ+∣j,m⟩)
†
(Ĵ+∣j,m⟩) = ∣C+

jm∣
2
⟨j,m + 1∣j,m + 1⟩ = ∣C+

jm∣
2,

∣C+
jm∣

2
= ⟨j,m∣Ĵ−Ĵ+∣j,m⟩,

and because Ĵ−Ĵ+ equals ˆ⃗J2 − Ĵ2
z − ~Ĵz, and assuming that the phase C+

jm is zero

C+
jm =

√

⟨j,m∣
ˆ⃗J2 − Ĵ2

z − ~Ĵz ∣j,m⟩ = ~
√
j(j + 1) −m(m + 1). (1.720)
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Analogously we conclude that it is

C−
jm = ~

√
j(j + 1) −m(m − 1). (1.721)

The eigenvalues for Ĵ+ and Ĵ− are given by the equations:

{
Ĵ±∣j,m⟩ = ~

√
j(j + 1) −m(m ± 1) ∣j,m ± 1⟩,

Ĵ±∣j,m⟩ = ~
√
j(j ∓m)(j ±m + 1) ∣j,m ± 1⟩.

(1.722)

Hence the following two relations:

Ĵx∣j,m⟩ =
1

2
(Ĵ+ + Ĵ−)∣j,m⟩, Ĵy ∣j,m⟩ =

1

2i
(Ĵy ∣j,m⟩,

we get:

⎧⎪⎪
⎨
⎪⎪⎩

Ĵx∣j,m⟩ = ~
2 [

√
(j −m)(j +m + 1) ∣j,m + 1⟩ +

√
(j +m)(j −m + j) ∣j,m − 1⟩] ,

Ĵy ∣j,m⟩ = ~
2i [

√
(j −m)(j +m + 1) ∣j,m + 1⟩ +

√
(j +m)(j −m + j) ∣j,m − 1⟩] .

(1.723)

Mathematical Expectations Ĵx and Ĵy are zeros:

⟨j,m∣Ĵx∣j,m⟩ = ⟨j,m∣Ĵy ∣j,m⟩ = 0. (1.724)

It’s easy to check, as well:

⟨Ĵ2
x⟩ = ⟨Ĵ2

y ⟩ =
1

2
[⟨j,m∣

ˆ⃗J2
∣j,m⟩ − ⟨j,m∣Ĵ2

x ∣j,m⟩] =
~2

2
[j(j + 1) −m2

]. (1.725)

These are expectations Ĵ2
x and Ĵ2

y .

Matrix form

The presented formalism applies to any representation, even to the matrix. Here, too, we

choose an orthonormal basis ∣j,m⟩ of common eigenvectors of the operator ˆ⃗J2 and Ĵz, which
exists because they commute, and later we’ll see the matrix forms in a coordinate (position)
basis. In this base it is

j

∑
m=−j

∣j,m⟩⟨j,m∣ = Î , (1.726)

where Î denoted the unit matrix.
The operators ˆ⃗J2 and Ĵz are diagonal in the basis of their eigenstates:

⎧⎪⎪
⎨
⎪⎪⎩

⟨j′,m′∣
ˆ⃗J2∣j,m⟩ = ~2j(j + 1)δj′jδm′m,

⟨j′,m′∣Ĵz ∣j,m⟩ = ~mδj′jδm′m.
(1.727)

Since Ĵ± does not commute with Ĵz, the matrix representation of this operator in the ∣j,m⟩

database is not diagonal

⟨j′,m′
∣Ĵ±∣j,m⟩ = ~

√
j(j + 1) −m(m ± 1) δj′jδjm′,m±1. (1.728)

Hence we run the following two matrices:

⟨j′,m′
∣Ĵx∣j,m⟩ =

~
2
[
√
j(j + 1) −m(m + 1) δm′,m+1 +

√
j(j + 1) −m(m − 1) δm′,m−1]δj′j ,
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⟨j′,m′
∣Ĵy ∣j,m⟩ =

~
2i

[
√
j(j + 1) −m(m + 1) δm′,m+1 −

√
j(j + 1) −m(m − 1) δm′,m−1]δj′j .

Finally, let’s look at the examples.
We consider the case j = 1. Then for m the allowed values are −1, 0 and 1. The common

eigenstates of the operators ˆ⃗J2 and Ĵz are ∣1,−1⟩, ∣1,0⟩ and ∣1,1⟩. The matrix display of
these operators are

(
ˆ⃗J2
) = 2~2

⎛
⎜
⎝

1 0 0
0 1 0
0 0 1

⎞
⎟
⎠
, (Ĵz) = ~

⎛
⎜
⎝

1 0 0
0 0 0
0 0 −1

⎞
⎟
⎠
, (1.729)

as follows from (1.727). Behind them are the equations of matrix displays:

(Ĵ+) = ~
√

2
⎛
⎜
⎝

0 1 0
0 0 1
0 0 0

⎞
⎟
⎠
, (Ĵ−) = ~

√
2
⎛
⎜
⎝

0 0 0
1 0 0
0 1 0

⎞
⎟
⎠
. (1.730)

In the same base we calculate the matrices of the operators Ĵx = (Ĵ+ + Ĵ−)/2 and Ĵy =

i(Ĵ− − Ĵ+)/2, we get:

(Ĵx) =
~
√

2

⎛
⎜
⎝

0 1 0
1 0 1
0 1 0

⎞
⎟
⎠
, (Ĵy) =

~
√

2

⎛
⎜
⎝

0 −i 0
i 0 −i
0 i 0

⎞
⎟
⎠
. (1.731)

Now let’s move on to the representation of common eigenvectors.
The known equality Ĵz ∣j,m⟩ =m~∣j,m⟩ we write matrix

~
⎛
⎜
⎝

1 0 0
0 0 0
0 0 −1

⎞
⎟
⎠

⎛
⎜
⎝

a
b
c

⎞
⎟
⎠
=m~

⎛
⎜
⎝

a
b
c

⎞
⎟
⎠
,

and hence it arises ~a = m~a, 0 = m~b and −~c = m~c. Normalization for (a, b, c) gives the
solutions: (1,0,0), (0,1,0) and (0,0,1), that is:

∣1,1⟩ =
⎛
⎜
⎝

1
0
0

⎞
⎟
⎠
, ∣1,0⟩ =

⎛
⎜
⎝

0
1
0

⎞
⎟
⎠
, ∣1,−1⟩ =

⎛
⎜
⎝

0
0
1

⎞
⎟
⎠
. (1.732)

It is easy to verify that these vectors are orthonormed:

⟨1,m′
∣1,m⟩ = δm′m, m′,m ∈ {−1,0,1}.

They also make a complete base:

1

∑
m=−1

∣1,m⟩⟨1,m∣ =
⎛
⎜
⎝

0
0
1

⎞
⎟
⎠
(0 0 1) +

⎛
⎜
⎝

0
1
0

⎞
⎟
⎠
(0 1 0) +

⎛
⎜
⎝

1
0
0

⎞
⎟
⎠
(1 0 0) =

⎛
⎜
⎝

1 0 0
0 1 0
0 0 1

⎞
⎟
⎠
.

We got the relation (1.726).
The reader can check the definition equations for commutators (1.690) by directly mul-

tiplying the corresponding matrices listed here. Similarly, the direct multiplicity of the
matrices shows that Ĵ3

z = ~2Ĵz and Ĵ3
± = 0 .

Calculate the corresponding matrices for j = 3
2 when we have four possible states: ∣32 ,

3
2⟩,

∣32 ,
1
2⟩, ∣32 ,−

1
2⟩ and ∣32 ,−

3
2⟩. Find the appropriate matrices for j = 2, when there are five

states: ∣2,2⟩, ∣2,1⟩, ∣2,0⟩, ∣2,−1⟩ and ∣2,−2⟩.
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Spin theory

Analogously with the angular moment vector operator ˆ⃗J , spin is also represented as the

operator of the ˆ⃗S vector with the components Ŝx , Ŝy and Ŝz. Analog (1.690), for the spin
are valid the formulas:

[Ŝx, Ŝy] = i~Ŝz, [Ŝy, Ŝz] = i~Ŝx, [Ŝz, Ŝx] = i~Ŝy. (1.733)

In particular, ˆ⃗S2 and Ŝz commute, and have common eigenvectors:

ˆ⃗S2
∣s,ms⟩ = ~2s(s + 1)∣s,ms⟩, Ŝz ∣s,ms⟩ = ~ms∣s,ms⟩, (1.734)

where ms = −s,−s + 1, . . . , s − 1, s. Similar to the previous one, we get

Ŝ±∣s,ms⟩ = ~
√
s(s + 1) −ms(ms ± 1) ∣s,ms ± 1⟩, (1.735)

where Ŝ± = Ŝx ± iŜy and mean values:

⟨Ŝ2
x⟩ = ⟨Ŝ2

y⟩ =
1

2
(⟨

ˆ⃗S2
⟩ − ⟨Ŝ2

z ⟩) =
~2

2
[s(s + 1) −m2

s], (1.736)

where ⟨Ŝ⟩ = ⟨s,ms∣Ŝ∣s,ms⟩. Spin states make an orthonormed and complete base:

⟨s′,m′
s∣s,ms⟩ = δs′sδm′

sms ,
s

∑
ms=−s

∣s,ms⟩⟨s,ms∣ = Î , (1.737)

where Î is a unit matrix.

Figure 1.86: Spin particles.

In the figure 1.86 we see the spin 1
2~ and the observation of the turning of silver atoms

in a magnet in the famous Stern–Gerlach experiment, in 1922, demonstrating the quantum
nature of the spin of a particle.

For a spin particle 1
2 , the quantum number ms has only two values −1

2 or 1
2 . Therefore,

it can be in one of only two states ∣s,ms⟩ ∈ {∣12 ,−
1
2⟩,

1
2 , ∣

1
2⟩}. The eigenvalues of the first two

operators are:
ˆ⃗S2

∣
1

2
,±

1

2
⟩ =

3

4
~2

∣
1

2
,±

1

2
⟩, Ŝz ∣

1

2
,±

1

2
⟩ = ±

~
2
∣
1

2
,±

1

2
⟩. (1.738)
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Graphically, the spin is shown as in the figure 1.86 to the left, by the intensity vector
∣S⃗∣ =

√
3~/2 with the head on the circle radius

√
3~/2, which rotates sweeping a cone

surface whose half of the vertex angle is

θ = arccos
∣ms∣

√
s(s + 1)

= arccos
~/2

√
3~/2

= arccos
1

√
3
= 54,73○. (1.739)

The projection ˆ⃗S to z-axis is reduced to only two values ±~/2 that correspond to “spin-up”
and “spin-down”.

The matrix representations of spin particles for the first operators are:

(
ˆ⃗S2

) =
⎛

⎝

⟨1
2 ,

1
2 ∣

ˆ⃗S2∣12 ,
1
2⟩ ⟨1

2 ,
1
2 ∣

ˆ⃗S2∣12 ,−
1
2⟩

⟨1
2 ,−

1
2 ∣

ˆ⃗S2∣12 ,
1
2⟩ ⟨1

2 ,−
1
2 ∣

ˆ⃗S2∣12 ,−
1
2⟩

⎞

⎠
=

3~2

4
(

1 0
0 1

) , (1.740)

(Ŝz) =
~
2
(

1 0
0 −1

) . (1.741)

From (1.728) we further get:

(Ŝ+) = ~(
0 1
0 0

) , (Ŝ−) = ~(
0 0
1 0

) , (1.742)

and from Ŝx =
1
2(Ŝ+ + Ŝ−) and Ŝy = −

i
2(Ŝ+ − Ŝ−) we calculate:

(Ŝx) =
~
2
(

0 1
1 0

) , (Ŝy) =
~
2
(

0 −i
i 0

) . (1.743)

Here obtained the Pauli matrices we already mentioned in the task 1.2.35, then in (1.180)
and further. The eigenvectors of these matrices are (1.182).

Example 1.4.22. Find the energy levels of spin s = 3
2 Hamiltonian particles

Ĥ =
α

~2
(Ŝ2

x + Ŝ
2
y − 2Ŝ2

z) −
β

~
Ŝz,

with the α and β constants. Are these levels degenerated?

Solution. Hamiltonian we can write

Ĥ =
α

~2
(

ˆ⃗S2
− 3Ŝ2

z) −
β

~
Ŝz,

from where we see that Ĥ is diagonal in the base ∣s,m⟩, where:

Em = ⟨s,m∣Ĥ ∣s,m⟩ =
α

~2
[~2s(s + 1) − 3~2m2

] −
β

~
~m =

15

4
α −m(3αm + β),

with values m = −3
2 ,−

1
2 ,

1
2 ,

3
2 . The energy levels of this particle are thus four-fold degener-

ated.
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1.4.11 In spherical coordinates

Spherical coordinates (r, θ, φ) as they are commonly used in physics, according to the ISO
convention, are shown in the figure 1.87. The radial distance is r, the polar angle θ and the
azimuth angle φ. Instead of r, ρ is often used.

Figure 1.87: Spherical coordinates.

The point T (r, θ, φ), on the sphere on the given figure on the left, has a vertical projection
at the point T ′ on z-axis, and the vertical projection at the point T ′′ on Oxy plane, written
in the order of Oxyz right-angled Cartesian coordinates:

T ′(0,0, r cos θ), T ′′(r sin θ cosφ, r sin θ sinφ,0). (1.744)

When the point T ′′ is projected on abscissa and ordinate, x and y axes, we complete the
transformation of Cartesian spherical coordinates and vice versa:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

x = r sin θ cosφ
y = r sin θ sinφ
z = r cos θ,

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

r =
√
x2 + y2 + z2

θ = arccos(z/r)
φ = arctan(y/x),

(1.745)

and this was done earlier (1.197).

The infinitesimal element of the function f = f(x, y, z), which we call the differential of
this function, is calculated according to the

df =
∂f

∂x
dx +

∂f

∂y
dy +

∂f

∂z
dz. (1.746)
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For transformed coordinates, we get:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

dx = sin θ cosφdr + r cos θ cosφdθ − r sin θ sinφdφ
dy = sin θ sinφdr + r sin θ sinφdθ + r sin θ cos θ dφ
dz = cos θ dr − r sin θ dθ,

(1.747)

or matrix
⎛
⎜
⎝

dx
dy
dz

⎞
⎟
⎠
=
⎛
⎜
⎝

sin θ cosφ r cos θ cosφ −r sin θ sinφ
sin θ sinφ r sin θ sinφ r sin θ cosφ

cos θ −r sin θ 0

⎞
⎟
⎠

⎛
⎜
⎝

dr
dθ
dφ

⎞
⎟
⎠
, (1.748)

and we write shortly dx = Jds. The matrix J is called Jacobi180 matrix, and its determinant

detJ =

RRRRRRRRRRRRRR

sin θ cosφ r cos θ cosφ −r sin θ sinφ
sin θ sinφ r sin θ sinφ r sin θ cosφ

cos θ −r sin θ 0

RRRRRRRRRRRRRR

= r2 sin θ, (1.749)

is called Jacobian, here for transformations of Cartesian spherical coordinates.
Squared and collected differentials (1.747) give:

dl2 = dx2
+ dy2

+ dz2
= dr2

+ r2 dθ2
+ r2 sin2 θ dφ2. (1.750)

This is Pythagorean theorem written in the Cartesian and spherical coordinates, in a form
called metric tensor. In Cartesian, when there is no shift in height (z-axis), the length of
the hypotenuse of a right-angled triangle whose lengths are dx and dy is dl. The absence of
mixed products (dxdy) indicates to the perpendicularity of the coordinate axes (Ox ⊥ Oy),
which also have spherical coordinates.

Going on the sphere r = const, we get dl2 = r2(dθ2 + sin2 θ dφ2), and this is the square
of the length (infinitesimal) circles of the sphere. Therefore, in the sphere of radius r, the
infinitesimal curvilinear rectangle is bounded by lines from the polar angle θ to θ + dθ and
from the azimuth angle φ to φ + dφ. Its surface is dσ = r2 sin θ dθdφ. The infinitesimal
volume element of this sphere is dV = drdσ and amounts to

dV = r2 sin θ sinφdrdθdφ. (1.751)

This is seen in the figure 1.87 on the right. Otherwise, it’s not a coincidence that Jacobian
(1.749) is in front of the coordinate differentials, but about that another time.

Let’s return to the observation of the mutual perpendicularity of the coordinates of each
of the systems, Cartesian and spherical. The unit vectors of the first are denoted by e⃗x, e⃗y
and e⃗z, and the other with e⃗r, e⃗θ and e⃗φ. Note that e⃗x × e⃗y = e⃗z and e⃗r × e⃗θ = e⃗φ, that is,
both are the right systems. From the coordinate transformation (1.745) it follows:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

e⃗r =
r⃗
r =

xe⃗x+ye⃗y+ze⃗z
r = sin θ cosφ e⃗x + sin θ sinφ e⃗y + cos θ e⃗z

e⃗θ = e⃗φ × e⃗r = cos θ cosφ e⃗x + cos θ sinφ e⃗y − sin θ e⃗z,

e⃗φ =
e⃗z×e⃗r
sin θ = − sinφ e⃗x + cosφ e⃗y,

(1.752)

where we first calculate e⃗φ and then e⃗θ. We then find partial derivate:

∂e⃗r
∂r

= 0,
∂e⃗θ
∂r

= 0,
∂e⃗φ

∂r
= 0. (1.753)

180Carl Gustav Jacobi (1804-1851), the German mathematician.
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The derivatives of unit vectors in the second coordinate are:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∂θe⃗r = cos θ cosφ e⃗x + cos θ sinφ e⃗y − sin θ e⃗z = e⃗θ,
∂θe⃗θ = − sin θ cosφ e⃗x − sin θ sinφ e⃗y − cos θ e⃗z = −e⃗r,
∂θe⃗φ = 0,

(1.754)

and derives of the third:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∂φe⃗r = − sin θ sinφ e⃗x + sin θ cosφ e⃗y = (− sinφ e⃗x + cosφ e⃗y) sin θ = sin θ e⃗φ,
∂φe⃗θ = − cos θ sinφ e⃗x + cos θ cosφ e⃗y = cos θ e⃗φ,
∂φe⃗φ = − cosφ e⃗x − sinφ e⃗y = − sin θ e⃗r − cos θ e⃗θ.

(1.755)

For the sake of transparency, we use abbreviated labels ∂ξf = ∂
∂ξf =

∂f
∂ξ .

Example 1.4.23. Find the increase of the path dr⃗ in the spherical coordinates.

Solution. Calculate differential dr⃗ in spherical coordinates:

dr⃗ = d(re⃗r) = e⃗r dr + r de⃗r = e⃗r dr + r(∂re⃗r dr + ∂θe⃗r dθ + ∂φe⃗r dφ),

and hence

dr⃗ = e⃗r dr + e⃗θr dθ + e⃗φr sin θ dφ. (1.756)

Check: scalar product dr⃗ ⋅ dr⃗ = dl2 is really the metric (1.750).

We write vectors in bold letters too, instead of v⃗ we write v for transparency.

Example 1.4.24. Check the expression for velocity

v = erṙ + eθrθ̇ + eφrφ̇ sin θ, (1.757)

Solution. The velocity is a change of position in time:

v =
d

dt
r = ṙ = ėrr + erṙ,

and hence the required expression.

Example 1.4.25. Check the expression for acceleration

a = er(r̈ − rθ̇
2
− rφ̇2 sin2 θ) + eθ(rθ̈ + 2ṙθ̇ − rφ̇2 sin θ cos θ)+ (1.758)

+eφ(rφ̈ sin θ + 2rθ̇φ̇ cos θ + 2ṙφ̇ sin θ).

Solution. The acceleration is a change of velocity in time:

a = v̇ = ṙrṙ + rrr̈ + ėθrθ̇ + eθrθ̈ + ėφrφ̇ sin θ + eφṙφ̇ sin θ + eφrφ̈ sin θ + eφrφ̇θ̇ cos θ =

= (eθθ̇ + eφφ̇ sin θ)ṙ + err̈ + (−erθ̇ + eφφ̇ cos θ)rθ̇ + erṙθ̇ + eθrθ̈+

+[−(er sin θ + eθ cos θ)φ̇]rφ̇ sin θ + eφṙφ̇ sin θ + eφrφ̈ sin θ + eφrφ̇θ̇ cos θ,

and hence (1.758).
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If we had generalized coordinates we would work similarly, with some restrictions. Trans-
formations (1.745) would be:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

x = x(q1, q2, q3)

y = y(q1, q2, q3)

z = z(q1, q2, q3),

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

q1 = q1(x, y, z)
q2 = q2(x, y, z)
q3 = q3(x, y, z),

(1.759)

assuming that the functions qk (k = 1,2,3) are continuous, differentiable, that they form
the right coordinate system and that the basis vectors are mutually perpendicular.

Of course it is possible to imagine transformations of coordinates that do not meet the
given conditions, but we have seen that they are valid for the spherical system. Recall that
the same assumptions also satisfy the cylinder coordinate system.

Figure 1.88: Cylindrical coordinates.

In the figure 1.88 we see the coordinates of the cylinder. In Cartesian coordinates,
the point T (x, y, z) is vertically projected to the plane Oxy at the point T ′(x, y,0). The
distance T ′ from the source, origin of the coordinates O, is r, and the angle ∠xOT ′ = φ.
The point T coordinates become (r, φ, z). On the figure we see the orthogonality of the
orths er, eφ and ez, then transformations:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

x = r cosφ
y = r sinφ
z = z,

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

r =
√
x2 + y2

φ = arctan y
x

z = z,

(1.760)

which are continuous and differentiable. Differentiation of coordinates, squaring and adding
yields the square of the interval, the metric

dl2 = dr2
+ r2dφ2

+ dz2, (1.761)

which is equivalent to (1.750) for the cylinder coordinates.
Let us return to the generalized coordinates (1.759) and observe the change of the radius

of the vector r =
Ð→
OT along the k-th coordinate. This change is a vector, is oriented along

the tangent to that line (qk) and amounts

∂r

∂qk
= ∣

∂r

∂qk
∣ek = hkek, (k = 1,2,3) (1.762)
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where hk ≥ 0 is the intensity of the vector of the change. The numbers hk, so called Lamé
coefficients are very important for curly systems in determining the variations of the radius
vector when calculating the coordinates of various points and their connections.

By comparing with (1.756) we see that:

hr = 1, hθ = r, hφ = r sin θ, (1.763)

Those are the Lamé coefficients for spherical coordinates. By working similarly (example
1.4.23), we find Lamé’s coefficients:

hr = 1, hφ = r, hz = 1, (1.764)

for cylinder coordinates. These coefficients for the right-angled Cartesian coordinates are
hx = hy = hz = 1, which is obvious.

In general, the radius-vector differential is a vector

dr =
∂r

∂q1
dq1 +

∂r

∂q2
dq2 +

∂r

∂q3
dq3, (1.765)

with coordinates dsk = hk dqk such that:

hk =
dsk
dqk

, (k = 1,2,3) (1.766)

are Lamé’s coefficients. The square of the line element is

dl2 = h2
1 dq

2
1 + h

2
2 dq

2
2 + h

2
3 dq

2
3, (1.767)

and the volume element

dV = ds1ds2ds3 = h1h2h3 dq1dq2dq3, (1.768)

because it can be viewed approximately as parallelepiped with edges dsk.
In particular, let us consider the scalar function f(q1, q2, q3) that characterizes the scalar

field. Let the vector grad f is the gradient181 of that field at the point T . To find the
components of the gradient, we calculate

∣grad f ∣k =
∂f

∂sk
=

3

∑
j=1

∂f

∂qj

dqj

dsk
. (1.769)

As dqk
dsk

= 1
hk

, we have:

(grad f)k =
1

hk

∂f

∂qk
,

respectively for k = 1,2,3, that is

grad f =
1

h1

∂f

∂q1
e1 +

1

h2

∂f

∂q2
e2 +

1

h3

∂f

∂q3
e3. (1.770)

The gradient is also written using Hamilton’s nabla operator grad f = ∇f , where

∇ = e1
1

h1

∂

∂q1
+ e1

1

h2

∂

∂q2
+ e3

1

h3

∂

∂q3
, (1.771)

181In [1] with (1.51) is proof that the gradient has the direction and orientation of the fastest growth of
the function f .
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which in the Cartesian coordinates has the aforementioned form (1.685), which is obvious
from this. In cylinder coordinates, from (1.764) follows

∇ = er
∂

∂r
+ eφ

1

r

∂

∂φ
+ ez

∂

∂z
. (1.772)

In spherical coordinates, from (1.763) we obtain

∇ = er
∂

∂r
+ eθ

1

r

∂

∂θ
+ ez

1

r sin θ

∂

∂φ
. (1.773)

Now we can return to the definition of an angular momentum operator in new coordinates,
which are more natural for rotating around z-axis.

Example 1.4.26. Using the transformations of the coordinates (1.745), the Cartesian into
the spheres, show that the exact formulas are:

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

∂
∂x = sin θ cosφ ∂

∂r +
1
r cos θ cosφ ∂

∂θ −
1
r

sinφ
sin θ

∂
∂φ ,

∂
∂y = sin θ sinφ ∂

∂r +
1
r cos θ sinφ ∂

∂θ +
1
r

cosφ
sin θ

∂
∂φ ,

∂
∂z = cos θ ∂∂r −

1
r sin θ ∂

∂θ .

(1.774)

Proof. First equation:

∂

∂x
=
∂r

∂x

∂

∂r
+
∂ cos θ

∂x

∂

∂ cos θ
+
∂ tanφ

∂x

∂

∂ tanφ
=

=
x

r

∂

∂r
+
−xz

r3

−1

sin θ

∂

∂θ
−
y

x2
cos2 φ

∂

∂φ

= sin θ cosφ
∂

∂r
+

1

r
sin θ cosφ cos θ

1

sin θ

∂

∂θ
−

1

r

sin θ sinφ

sin2 θ cos2 φ
cos2 φ

∂

∂φ

= sin θ cosφ
∂

∂r
+

1

r
cosφ cos θ

∂

∂θ
−

1

r

sinφ

sin θ

∂

∂φ
.

Second equation:
∂

∂y
=
∂r

∂y

∂

∂r
+
∂ cos θ

∂y

∂

∂ cos θ
+
∂ tan θ

∂y

∂

∂ tanφ
=

=
y

r

∂

∂r
+
−yz

r3

−1

sin θ

∂

∂θ
+

1

x
cos2 φ

∂

∂φ

= sin θ sinφ
∂

∂r
+

1

r
sin θ sinφ cos θ

1

sin θ

∂

∂θ
+

1

r

1

sin θ cosφ
cos2 φ

∂

∂φ

= sin θ sinφ
∂

∂r
+

1

r
sinφ cos θ

∂

∂θ
+

1

r

cosφ

sin θ

∂

∂φ
.

Third equation:
∂

∂z
=
∂r

∂z

∂

∂r
+
∂ cos θ

∂z

∂

∂ cos θ
+
∂ tanφ

∂z

∂

∂ tanφ
=

=
z

r

∂

∂r
+ (

1

r
−
z2

r3
)

−1

sin θ

∂

∂θ

= cos θ
∂

∂r
+

1

r
(1 − cos2 θ)

−1

sin θ

∂

∂θ

= cos θ
∂

∂r
−

1

r
sin θ

∂

∂θ
.

And it is it.
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For the checking, from (1.774) you can derive the term for the nabla operator in the
spherical coordinates (1.773). The angular momentum operator (1.686) is now becoming

ˆ⃗L = −i~ ˆ⃗r ×∇ = i~(e⃗θ
1

sin θ

∂

∂φ
− e⃗φ

∂

∂θ
) . (1.775)

From previous transformations we can perform:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

L̂x = i~ (sinφ ∂
∂θ + cot θ cosφ ∂

∂φ) ,

L̂y = i~ (− cosφ ∂
∂θ + cot θ sinφ ∂

∂φ) ,

L̂z = −i~ ∂
∂φ ,

(1.776)

and hence:
⎧⎪⎪
⎨
⎪⎪⎩

L̂+ = L̂x + iL̂y = ~eiφ ( ∂
∂θ + i cot θ ∂

∂φ) ,

L̂− = L̂x − iL̂y = −~e−iφ ( ∂
∂θ − i cot θ ∂

∂φ) .
(1.777)

It’s not the only way.

In the representation of spherical coordinates, the associated state of the operators ˆ⃗L2

and L̂z are denoted by ∣l,m⟩ and we have:

ˆ⃗L2
∣l,m⟩ = ~2l(l + 1)∣l,m⟩, L̂z ∣l,m⟩ = ~m∣l,m⟩. (1.778)

That’s it ˆ⃗L2 = −~2r2(ˆ⃗r ×∇) ⋅ (ˆ⃗r ×∇), or

ˆ⃗L2
= −~2r2

[∇
2
−

1

r2

∂

∂r
(r2 ∂

∂r
)] . (1.779)

Let’s remind you that Laplace operator, ∇2 = ∇⋅∇, is the scalar product of nabla operators,
and it can be reduced to

∇
2
=

1

r2
[
∂

∂r
(r2 ∂

∂r
) +

1

sin θ

∂

∂θ
(sin θ

∂

∂θ
) +

1

sin2 θ

∂2

∂φ2
] . (1.780)

Substitution of the Laplace operator in (1.779) and updating we get

ˆ⃗L2
= −~2

[
1

sin θ

∂

∂θ
(sin θ

∂

∂θ
) +

1

sin2 θ

∂2

∂φ2
] . (1.781)

That Laplacian (Laplace operator) can be written in the form:

∇
2
=

1

r2

∂

∂r
(r2 ∂

∂r
) −

1

~2r2

ˆ⃗L2
=

1

r

∂2

∂r2
−

1

~2r2

ˆ⃗L2. (1.782)

you see from (1.779).

Example 1.4.27. Check L̂z = −i~ ∂
∂φ .

Solution. From transformations (1.745) and example 1.4.26 we get

L̂z = −i~(x
∂

∂y
− y

∂

∂x
) = −i~

∂

∂φ
,

including in bracket and arranging.
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Example 1.4.28. Check the equations in (1.777).

Solution. We calculate the first, in the rows:

1

~
L̂+ = z

∂

∂x
+ iz

∂

∂y
− (x + iy)

∂

∂z
=

= r cos θ (sin θ cosφ
∂

∂r
+

1

r
cos θ cosφ

∂

∂θ
−

1

r

sinφ

sin θ

∂

∂φ
)+

+r cos θ (i sin θ sinφ
∂

∂r
+
i

r
cos θ sinφ

∂

∂θ
+
i

r

cosφ

sin θ

∂

∂φ
)

−r sin θ(cosφ + i sinφ) (cos θ
∂

∂r
−

sin θ

r

∂

∂θ
)

= r cos θ sin θ eiφ
∂

∂r
+ cos2 θ eiφ

∂

∂θ
+

cos θ

sin θ
ieiφ

∂

∂φ

−r sin θ cos θ eiφ
∂

∂r
+ sin2 θ eiφ

∂

∂θ

= eiφ (
∂

∂θ
+ i

cos θ

sin θ

∂

∂φ
) ,

and this is the first required equation.

Calculate the second, in the rows:

1

~
L̂− = −z

∂

∂x
+ iz

∂

∂y
+ (x − iy)

∂

∂z
=

= −r cos θ (sin θ cosφ
∂

∂r
+

1

r
cos θ cosφ

∂

∂θ
−

1

r

sinφ

sin θ

∂

∂φ
)+

+r cos θ (i sin θ sinφ
∂

∂r
+
i

r
cos θ sinφ

∂

∂θ
+
i

r

cosφ

sin θ

∂

∂φ
)

+r sin θ(cosφ − i sinφ) (cos θ
∂

∂r
−

sin θ

r

∂

∂θ
)

= −r cos θ sin θ e−iφ
∂

∂r
− cos2 θ e−iφ

∂

∂θ
+

cos θ

sin θ
ie−iφ

∂

∂φ
+

+r sin θ cos θ e−iφ
∂

∂r
− sin2 θ e−iφ

∂

∂θ

= −e−iφ (
∂

∂θ
− i

cos θ

sin θ

∂

∂φ
) ,

and this is the second required equality.

Both of these equations can be obtained differently, as in the following example.

Example 1.4.29. Check

L̂± = ±~e±iφ (
∂

∂θ
± i

cos θ

sin θ

∂

∂φ
) ,

using transformations (1.745).
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Solution. Substitute and calculate in the rows:

L̂± = L̂x ± iL̂y = −i~ [y
∂

∂z
− z

∂

∂y
± i(z

∂

∂x
− x

∂

∂z
)] =

= −i~ [(y ∓ ix)
∂

∂z
− z (

∂

∂y
∓ i

∂

∂x
)] = ~ [∓(x ± iy)

∂

∂z
± z (

∂

∂x
± i

∂

∂y
)]

= ~r [∓ sin θe±iφ
∂

∂z
± cos θ (

∂

∂x
± i

∂

∂y
)]

= ~ [∓ sin θe±iφ (r cos θ
∂

∂r
− sin θ

∂

∂θ
) ± cos θ (r sin θe±iφ

∂

∂r
+ cos θe±iφ

∂

∂θ
±
ie±iφ

sin θ

∂

∂φ
)]

= ~e±iφ [± sin2 θ
∂

∂θ
± (cos2 θ

∂

∂θ
±
i cos θ

sin θ

∂

∂φ
)]

= ~e±iφ (±
∂

∂θ
+ i cot θ

∂

∂φ
)

and that was supposed to be obtained.

Example 1.4.30. Starting from ˆ⃗L2 = L̂+L̂− + L̂
2
z − ~L̂z calculate ˆ⃗L2.

Solution. We calculate orderly:

ˆ⃗L2
= L̂+L̂− + L̂

2
z − ~L̂z =

= ~eiφ (
∂

∂θ
+ i

cos θ

sin θ

∂

∂φ
) [~e−iφ (−

∂

∂θ
+ i

cos θ

sin θ

∂

∂φ
)] + (−i~

∂

∂φ
)

2

+ i~2 ∂

∂φ

= −~2 cos θ

sin θ

∂

∂θ
+ i~2 cos2 θ

sin2 θ

∂

∂φ
− ~2 ∂

2

∂θ2
− i~2 cos θ

sin θ

∂2

∂φ∂θ
+ i~2

(−1 −
cos2 θ

sin2 θ
)
∂

∂φ
+

+i~2 cos θ

sin θ

∂2

∂θ∂φ
− ~2 cos2 θ

sin2 θ

∂2

∂φ2
− ~2 ∂

2

∂φ2
+ i~2 ∂

∂φ

= −~2 ∂
2

∂θ2
− ~2 cos θ

sin θ

∂

∂θ
− ~2

(1 +
cos2 θ

sin2 θ
)
∂2

∂φ2

+i~2
(−1 −

cos2 θ

sin2 θ
+ 1 +

cos2 θ

sin2 θ
)
∂

∂φ

= −~2
[

1

sin θ

∂

∂θ
(sin θ

∂

∂θ
) +

1

sin2 θ

∂θ2

∂φ2
] ,

which is exactly the same as (1.781).

Now let’s move on to presenting these terms using spherical harmonics. As we know from
mathematics, spherical harmonics are the angular part of the Laplace equation solution in
spherical coordinates.
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1.4.12 Spherical harmonics

Since operators L̂z and ˆ⃗L2 depend only on the angles θ and φ, their eigenstates depend only
on θ and φ. Let’s mark their associated eigenstate with

⟨θφ∣l,m⟩ = Ylm(θ, φ), (1.783)

where Ylm(θ, φ) is a continuous function of the arguments θ and φ. Now it’s possible to
write eigenvalues (1.775) in the form

ˆ⃗L2Ylm(θ, φ) = ~2l(l + 1)Ylm(θ, φ), L̂zYlm(θ, φ) = ~mYlm(θ, φ). (1.784)

Since L̂z depends only on φ, which can be seen from the first equation (1.776), the preceding
two equations indicate the separation of its eigenfunction Ylm(θ, φ), so we write

Ylm(θ, φ) = Θlm(θ)Φm(φ). (1.785)

We recognize that it is

L̂±Ylm(θ, φ) = ~
√
l(l + 1) −m(m ± 1)Yl,m±1(θ, φ), (1.786)

from (1.735), or the first in (1.722).

Example 1.4.31. Eigenfunctions and eigenvalues of L̂z are:

Φm(φ) =
1

√
2π
eimφ, m = −l,−l + 1, . . . , l − 1, l,

with integer l.

Solution. From previous equations follow L̂zΘlm(θ)Φm(φ) = m~Θlm(θ)Φm(φ), so because
L̂z = −i~∂φ we have:

−i~Θim(θ)
∂Φm(φ)

∂φ
=m~Θlm(θ)Φm(φ),

−i
∂Φm(φ)

∂φ
=mΦm(φ),

Φm(φ) =
1

√
2π
eimφ,

ˆ 2π

0
Φ∗
m′(φ)Φm(φ)dφ = δm′m.

This is a condition of the orthogonality of the solution with a constant of norming
√

2π.
Uniqueness requires that this function be periodic with a period 2π, that is Φm(φ + 2π) =
Φm(φ), and hence

eim(φ+2π)
= eimφ.

From the relationship it follows that the expected values lz = ⟨l,m∣L̂z ∣l,m⟩ operators L̂z are
discrete

lz =m~, m = 0,±1,±2, . . .

Therefore, the values m go from −l to l, in the following order:

m = −l,−l + 1,−l + 2, . . . ,0,1,2, . . . , l − 2, l − 1, l,

and the quantum number l must be integer. This is expected because the orbital angular
momentum must have integer values.
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Quantum Mechanics

The eigenfunctions Θlm(θ) for the operator ˆ⃗L2 we find in two ways. The first is by using
a differential equation whose solutions are the Legendre polynomial, and the second is an
algebraic method that works with L̂± operators and gives explicit solutions Ylm(θ, φ) in the
form of spherical harmonics.

The first way

For the first way, we start from (1.781) and the eigenfunctions

Ylm(θ, φ) =
1

√
2π

Θlm(θ)eimφ. (1.787)

We get:
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ˆ⃗L2Ylm(θ, φ) = −~2√
2π

[ 1
sin θ

∂
∂θ

(sin θ ∂
∂θ

) + 1
sin2 θ

∂2

∂φ2
]Θlm(θ)eimφ

ˆ⃗L2Ylm(θ, φ) =
~2l(l+1)
√

2π
Θlm(θ)eimφ,

(1.788)

which by eliminating the variable φ reduces to

1

sin θ

d

dθ
[sin θ

dΘlm(θ)

dθ
] + [l(l + 1) −

m

sin2 θ
]Θlm(θ) = 0. (1.789)

This is the Legendre differential equation. Solutions can be expressed using the associated
Legendre functions Pml (cos θ) in the form

Θlm(θ) = ClmP
m
l (cos θ), (1.790)

defined by

Pml (x) = (1 − x2
)
∣m∣/2 d

∣m∣

dx∣m∣
Pl(x). (1.791)

This writing means it is

P −m
l (x) = Pml (x), (1.792)

where Pl(x) is the l-th Legendre polynomial defined by the term

Pl(x) =
1

2ll!

dl

dxl
(x2

− 1)l, (1.793)

which is called Rodrigues’ formula, formerly called the Ivory–Jacobi formula.

The first few Legendre polynomials are:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P0(x) = 1,
P1(x) = x,

P2(x) =
1
2(3x

2 − 1),

P3(x) =
1
2(5x

3 − 3x),

P4(x) =
1
8(35x4 − 30x2 + 3),

P5(x) =
1
8(63x5 − 70x3 + 15x),

. . .

(1.794)

These polynomials are shown in the figure 1.89. Because of the separation of their zero, we
see them as “oscillating” around x-axes near the origin.
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After the arrangement of the trigonometric expressions, for the first Legendre functions
of the cosine we obtain:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P 1
1 (cos θ) = − sin θ,
P 1

2 (cos θ) = −3 cos θ sin θ,
P 2

2 (cos θ) = 3 sin2 θ,

P 1
3 (cos θ) = −3

2(5 cos2 θ − 1) sin θ,
P 2

3 (cos θ) = 15 cos θ sin2 θ,
P 3

3 (cos θ) = −15 sin3 θ,
. . .

(1.795)

Obviously, they also have waves similar shape.

Figure 1.89: Legendre polynomial.

Note that the Legendre polynomials satisfy the following relation

1

2

∞

∑
l=0

(2l + 1)Pl(x
′
)Pl(x) = δ(x − x

′
), (1.796)

where δ(t) is Dirac delta function (1.527), and that

Pl(−x) = (−1)lPl(x). (1.797)

Then we calculate the first few Legendre functions:

P 1
1 (x) = −

√
1 − x2, (1.798)
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P 1
2 (x) = −3x

√
1 − x2, P 2

2 (x) = 3(1 − x2
), (1.799)

P 1
3 (x) = −

3

2
(5x2

− 1)
√

1 − x2, P 2
3 (x) = −15x(1 − x2

), P 3
3 (x) = 15(1 − x2

)
3/2, (1.800)

and further according to formula (1.791). In addition, P 0
l (x) = Pl(x) for l = 0,1,2, . . . , and

these cosine polynomials are (1.795).
The constant Clm from (1.790) is found from the terms of orthonormality:

⟨l′,m′
∣l,m⟩ =

ˆ 2π

0
dφ

ˆ π

0
sin θ ⟨l′,m′

∣θφ⟩⟨θφ∣l,m⟩dθ = δl′lδm′m, (1.801)

which we can write in the form

ˆ 2π

0
dφ

ˆ π

0
sin θ Y ∗

l′m′(θ, φ)Ylm(θ, φ)dθ = δl′lδm′m, (1.802)

which is known as a condition for the normalization of spherical harmonics. Using (1.787),
we find further

ˆ 2π

0
dφ

ˆ π

0
sin θ ∣Ylm(θ, φ)∣2 dθ =

∣Clm∣2

2π

ˆ 2π

0
dφ

ˆ π

0
sin θ ∣Pml (cos θ)∣2 dθ = 1. (1.803)

Knowing the theory of the assigned Legendre functions we write

ˆ π

0
sin θ Pml (cos θ)Pml′ (cos θ)dθ =

2

2l + 1

(l +m)!

(l −m)!
δll′ , (1.804)

which is obtained from the normative conditions of these polynomials. With the previous,
we find

Clm = (−1)m

¿
Á
ÁÀ2l + 1

2

(l −m)!

(l +m)!
(m ≥ 0). (1.805)

Substituting (1.790), we have

Θlm(θ) = (−1)m

¿
Á
ÁÀ2l + 1

2

(l −m)!

(l +m)!
Pml (cos θ). (1.806)

Finally, by returning the substitutions, we get

Ylm(θ, φ) = (−1)m

¿
Á
ÁÀ2l + 1

2

(l −m)!

(l +m)!
Pml (cos θ) eimφ, (1.807)

and this result is called normalized spherical harmonics. Usually, the quantum mechanics
books do not include mathematical proves (see [3]) of known attitudes, in order to avoid
unnecessary extensiveness. You can also find such details about Legendre polynomials on
the Internet182, as well as about spherical harmonics183.

182Legendre polynomials: https://en.wikipedia.org/wiki/Legendre_polynomials
183Spherical harmonics: https://en.wikipedia.org/wiki/Spherical_harmonics
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The second way

Another way to search for eigenfunctions Θlm(θ) of the operator ˆ⃗L2 is the direct construction
Ylm(θ, φ). Let’s start with the case m = l, which is the maximum value of m, and then we
will work algebraically analogously to work with the general angular momentum before.

The applying of the operator L̂+ to Yll gives zero

⟨θφ∣L̂+∣l, l⟩ = L̂+Yll(θ, φ) = 0, (1.808)

because Yll cannot be raised further than Yl,mmax . Using (1.777), this equation is written
in the form

~eiφ
√

2π
(
∂

∂θ
+ i cot θ

∂

∂φ
)Θll(θ)e

ilφ
= 0, (1.809)

from where
∂Θll(θ)

∂θ
= l cot θ. (1.810)

The solution of this differential equation is a form

Θll(θ) = Cl sin
l θ, (1.811)

where Cl is the constant to be determined from the norming conditions (1.802) for Yll(θ, φ)

Yll(θ, φ) =
Cl

√
2π
eilφ sinl θ. (1.812)

We estimate that this constant has a form

Cl =
(−1)l

2ll!

√
(2l + 1)

2
, (1.813)

which is confirmed by substitution back.
Applying operator L̂+ on Yll gives

L̂−Yll(θ, φ) =
√

2πYl,l−1(θ, φ), (1.814)

and on the other side

L̂−Yll(θ, φ) =
(−1)l

2ll!

√
(2l + 1)!

4π
ei(l−1)φ sin1−l θ

d

d cos θ
sin2l θ, (1.815)

where are also used spherical writings (1.777).
Similarly it is possible to show that acting L̂l−m− on Yll(θ, φ) is given by

L̂l−m− Yll(θ, φ) = ~l−m
¿
Á
ÁÀ(2l)!(l +m)!

(l −m)!
Ylm(θ, φ), (1.816)

and from the other side

L̂l−m− Yll(θ, φ) = ~l−m
(−1)l

2ll!

√
(2l)!(2l + 1)!

4π
eimφ

1

sinm θ

dl−m

d cosl−m θ
sin2l θ, (1.817)

where m ≥ 0. Comparing these equations, for a spherical harmonic Ylm(θ, φ) with m ≥ 0 we
get the expression

Ylm(θ, φ) =
(−1)l

2ll!

¿
Á
ÁÀ2l + 1

4π

(l +m)!

(l −m)!
eimφ

1

sinm θ

dl−m

d cosl−m θ
sin2l θ. (1.818)
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Characteristics of spherical harmonics

The spherical harmonics Ylm(θ, φ) are the common eigenfunctions of the operators ˆ⃗L2 and
L̂z which, due to equality (1.802), made base of Hilbert space of square-integrable functions
θ and φ. The condition of the completeness of the base is

l

∑
m=−l

∣l,m⟩⟨l,m∣ = Î , (1.819)

that is ∑m⟨θφ∣l,m⟩⟨l,m∣θ′φ′⟩ =

=∑
m

Y ∗
lm(θ′, φ′)Ylm(θ, φ) = δ(cos θ − cos θ′)δ(φ − φ′) =

δ(θ − θ′)

sin θ
δ(φ − φ′),

where δ(t) is Dirac delta function.
The spherical harmonics are complex functions, and

[Ylm(θ, φ)]∗ = (−1)mYl,−m(θ, φ). (1.820)

is conjugated value Ylm(θ, φ).
Function Ylm(θ, φ) is eigenstate of parity operator P̂ ∶ r⃗ → −r⃗ with eigenvalue (−1)l,

namely:
P̂Ylm(θ, φ) = Ylm(π − θ, φ + π) = (−1)lYlm(θ, φ), (1.821)

because the parity operator represents a reflection of the positions around the origin, which
correspond to the mappings θ → π − θ and φ → π + φ, which leads to eimφ → eimπeimφ =

(−1)meimφ and Pml (cos θ)→ Pml (− cos θ) = (−1)l+mPml (cos θ).
The connection between spherical harmonics and Legendre polynomials is established

simply by obtaining m = 0. Equation (1.818) then becomes

Yl0(θ, φ) =
(−1)l

2ll!

√
2l + 1

4π

dl

d cosl θ
sin2l θ =

√
2l + 1

4π
Pl(cos θ), (1.822)

with

Pl(cos θ) =
1

2ll!

dl

d cosl θ
(cos2 θ − 1)l. (1.823)

From the expression for Ylm(θ, φ) we derive

Ylm(0, φ) =

√
2l + 1

4π
δm0. (1.824)

Hence the values of the spherical harmonics for l ∈ {0,1,2} are in the following table.

Y00 =
1√
4π

Y10 =

√
3

4π cos θ Y1,±1 = ∓

√
3

8π e
±iφ sin θ

Y20 =

√
5

16π (3 cos2 θ − 1) Y2,±1 = ∓

√
15
8π e

±iφ sin θ cos θ Y2,±2 =

√
15

32π e
±2iφ sin2 θ,

(1.825)

where Ylm = Ylm(θ, φ).
The values of Ylm(θ, φ) by transformations (1.745) are translated from spherical (Orθφ)

into Cartesian’s right-angled (Oxyz) coordinates. We only need:

sin θ cosφ =
x

r
, sin θ sinφ =

y

r
, cos θ =

z

r
(1.826)
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to substitute in Ylm(θ, φ).
For example, by substitution cos θ = z/r we find:

Y10(x, y, z) =

√
3

4π

z

r
=

√
3

4π

z
√
x2 + y2 + z2

. (1.827)

By substitutions sin θ cosφ = x/r and sin θ sinφ = y/r we find:

x ± iy

r
= sin θ cosφ ± i sin θ sinφ = sin θ e±iφ, (1.828)

and hence

Y1,±1(x, y, z) = ∓

√
3

8π

x ± iy

r
= ∓

√
3

8π
sin θ e±iφ. (1.829)

In this way, we get the terms in the following table.

Y00 =
1√
4π

Y10 =

√
3

4π
z
r Y1,±1 = ∓

√
3

8π
x±iy
r

Y20 =

√
5

16π
3z2−r2

r2
Y2,±1 = ∓

√
15
8π

(x±iy)z
r2

Y2,±2 =

√
15

32π
x2−y2±2ixy

r2
,

(1.830)

where Ylm = Ylm(x, y, z).

Example 1.4.32. Rotational symmetry implies the conservation of the angular moment.

Proof. We observe the infinitesimal rotation around z-axis. Then:

x′ = x + dθ y, y′ = y − dθ x.

Schrödinger’s equation takes the form:

Ĥψ(x, y, z) = Eψ(x, y, z) → Ĥψ(x + dθ y, y − dθ x, z) = Eψ(x + dθ y, y − dθ x, z),

and its Taylor development gives:

Ĥψ(x, y, z) + Ĥ dθ (
∂ψ

∂x
y −

∂ψ

∂y
x) = Eψ(x, y, z) +E dθ (

∂ψ

∂x
y −

∂ψ

∂y
x) .

By subtracting we find

Ĥ (
∂

∂x
y −

∂

∂y
x)ψ = (

∂

∂x
y −

∂

∂y
x) Ĥψ.

So, we found an operator that commutes with Hamiltonian, so it is

[Ĥ,−i~(
∂

∂x
y −

∂

∂y
x)] = 0,

where −i~ is constant for this operator to be

L̂z = −i~(
∂

∂x
y −

∂

∂y
x) = x̂p̂y − ŷp̂x,

that is, z component of the angular momentum L⃗ = r⃗ × p⃗. Finally, we have commutators:

[Ĥ, L̂z] = [Ĥ, L̂x] = [Ĥ, L̂y] = 0,

and we know that operators who commute with Hamiltonian implies that physical quantities
are preserved, that the law of conservation applies to them.

Therefore, in the closed quantum system, the law of conservation of the total amount
of spin of all particles is valid.
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1.4.13 Hydrogen atom

The simplest physical system containing potential interactions (not isolated particles) is
hydrogen atom whose solutions we have mentioned in Schrödinger’s equation mentioned in
the example 1.3.77. One proton, one electron and an electrostatic Coulomb’s potential that
holds them together

U = −
e2

4πε0r
, (1.831)

which is an attractive potential between the charges +e and −e at a mutual distance r.

Figure 1.90: Coulomb potential.

Using the coordinate transformation (1.745) between Cartesian Oxyz and the spherical
Orθφ system, we write Schrödinger equation in Cartesian

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
+

2m

~2
(E −U)ψ = 0, (1.832)

and spherical coordinates

1

r2

∂

∂r
(r2∂ψ

∂r
) +

1

r2 sin θ

∂

∂θ
(sin θ

∂ψ

∂θ
) +

1

r2 sin θ

∂2ψ

∂φ2
+

2m

~2
(E −U) = 0. (1.833)

When we include the Coulomb potential (1.831) and multiply both sides of this equation
with r2 sin2 θ, we get

sin2 θ
∂

∂r
(r2∂ψ

∂r
) + sin θ

∂

∂θ
(sin θ

∂ψ

∂θ
) +

∂2ψ

∂φ2
+

2mr2 sin2 θ

~2
(

e2

4πε0r
+E) = 0. (1.834)

The solution of this equation is a wave function ψ for an electron in the hydrogen atom. If
we find this solution, in principle, we will learn everything about the hydrogen atom.

When we have an equation like the one above, one of the ways to solve it is the separation
of variables, i.e. separating the equation into different parts with one variable in each part.
Therefore we are writing

ψ = ψ(r, θ, φ) = R(r)Θ(θ)Φ(φ) = RΘΦ. (1.835)
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After that we have the derivations:

∂ψ

∂r
= ΘΦ

dR

dr
,

∂ψ

∂θ
= RΦ

dΘ

dθ
,

∂2ψ

∂φ2
= RΘ

d2Φ

dφ2
, (1.836)

where the partial derivatives have become full derivations, since the functionsR,Θ,Φ depend
only on r, θ, φ in a row. We remove this into (1.834).

The substitution ψ = RΘΦ in the Schrödinger equation and division with RΘΦ gives

sin2 θ

R

d

dr
(r2dR

dr
) +

sin θ

Θ

d

dθ
(sin θ

dΘ

dθ
) +

1

Φ

d2Φ

dφ2
+

2mr2 sin2 θ

~2
(

e2

4πε0r
+E) = 0. (1.837)

The variable φ has been separated so that the expression

1

Φ

d2Φ

dφ2

is function of only φ. Let’s move it to the right side of the equation, we get

sin2 θ

R

d

dr
(r2dR

dr
) +

sin θ

Θ

d

dθ
(sin θ

dΘ

dθ
) +

2mr2 sin2 θ

~2
(

e2

4πε0r
+E) = −

1

Φ

d2Φ

dφ2
. (1.838)

The equation gets the form f(r, θ) = g(φ), where f is function of only r and θ, and g is
function of only φ variable. This is possible only if f(r, θ) = const, that is, the function f is
constant, that is, it is independent of r and θ. That’s why we write

−
1

Φ

d2Φ

dφ2
=m2

l , (1.839)

and the meaning of the constant ml will be seen later.

Divide the equation (1.838) with sin2 θ, to get

r

R

d

dr
(r2dR

dr
) +

2mr2

~2
(

e2

4πε0r
+E) =

m2
l

sin2 θ
−

1

Θ sin θ

d

dθ
(sin θ

dΘ

dθ
) , (1.840)

again, we have separate variables. On the left side of equality, the function is only r, and
on the right is the function θ itself. Again, this is only possible if each of the sides is the
equality of a constant, and in this case we will label this constant with l(l + 1).

So we came up to the three differential equations:

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

d2Φ
dφ2

+m2
l Φ = 0

1
sin θ

d
dθ

(sin θ dΘ
dθ

) + [l(l + 1) −
m2
l

sin2 θ
]Θ = 0

1
r2

d
dr

(r2 dR
dr

) + [2m
~2 ( e2

4πε0r
+E) −

l(l+1)
r2

]R = 0.

(1.841)

Instead of one large partial differential equation (1.837) with three variables, we have three
simpler differential equations with one variable.

Quantum numbers are constants that define the solutions of a Schrödinger equation. In
the case of the first equation (1.841) we have

Φ(φ) = Aeimlφ, (1.842)
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where A is the constant of the standardization (norm). How φ and φ + 2π represent one
point in the space, it will be

Aeimlφ = Aeiml(φ+2π),

which is true only for ml = 0,±1,±2, . . . , and for reasons that are not visible at this moment,
ml is called magnetic quantum number.

The second equation (1.841) is on θ. It includes a member

l(l + 1) −
m2
l

sin2 θ
, (1.843)

and it turns out that it can be solved only when l is an integer greater than or equal to ml.
Thus we find the orbit quantum number with the limit ml = 0,±1,±2, . . . ,±l.

The third equation (1.841) is radial, the solutions are functions of r. It can be solved
only for E energy that satisfy some of the conditions we know in the Bohr atomic model

En = −
me4

32π2n2ε0~2
=
E1

n2
, n = 1,2,3, . . . (1.844)

where n is called principal quantum number. In this third equation, the product l(l + 1)
appears. It follows from the theory of differential equations that the R solution can be found
only if n is greater than or equal to the number l + 1, in other words, when the condition
l = 0,1,2, . . . , n − 1 is applied.

n l ml ψ(r, θ, φ)

1 0 0 1
√
πa

3/2
0

e−r/a0

2 0 0 1

4
√

2πa
3/2
0

(2 − r
a0

) e−r/2a0

2 1 0 1

4
√

2πa
3/2
0

r
a0
e−r/2a0 cos θ

2 1 ±1 1

8
√
πa

3/2
0

r
a0
e−r/2a0 sin θ e±iφ

3 0 0 1

81
√

3πa
3/2
0

(27 − 18 r
a0
+ 2 r

2

a20
) e−r/3a0

3 1 0
√

2

81
√
πa

3/2
0

(6 − r
a0

) r
a0
e−r/3a0 cos θ

3 1 ±1 1

81
√
πa

3/2
0

(6 − r
a0

) r
a0
e−r/3a0 sin θ e±iφ

3 2 0 1

81
√

6πa
3/2
0

r2

a20
e−r/3a0(3 cos2 θ − 1)

3 2 ±1 1

81
√
πa

3/2
0

r2

a20
e−r/3a0 sin θ cos θ e±iφ

3 2 ±2 1

162
√
πa

3/2
0

r2

a20
e−r/3a0 sin2 θ e±2iφ

Table 1.6: The states of the hydrogen atom.

Therefore, the solutions of the Schrödinger equation (1.834) for the hydrogen atom must
be of the form (1.835), with the stated properties of the quantum numbers n, l and ml.
The first few of these solutions, the wavy functions of the hydrogen atom, are given in the
table 1.6. Constant a0 = 4πε0~2/mc = 5.292 × 10−11 m is the radius of the inner Bohr orbit.
For example, for the quantum number n = 3 corresponding to the second excited state of
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the Bohr atom of hydrogen and the orbital and magnetic numbers l = 2 and ml = −1, we
will have the normed solutions:

Φ(φ) =
1

√
2π
e−iφ, Θ(θ) =

√
15

2
sin θ cos θ, R(r) =

4

81
√

30a
3/2
0

r2

a2
0

e−r/3a0 , (1.845)

and ψ is the product of these three. This is the last but one line of the table.
The principal quantum number n depends on the energy of the electron and is shown to

be the same as previously known from Bohr’s model of atoms. This equation comes from
the wavelength of the electron, but with additional details brought about by a quantum
solution. It was known that the energies of the electron in the hydrogen atom are quantized
and have negative numbers, but now we know that positive energies can be solutions of the
Schrödinger equation, then for free electrons.

The differential equation for R(r) can be written

1

r2

d

dr
(r2dR

dr
) +

2m

~2
[Kr +Ko −

~2l(l − 1)

2mr2
]R = 0, (1.846)

where Kr and Ko are kinetic radial and orbital energy, where the total kinetic energy is
K = Kr +Ko, and the total energy is E = K + U , with Coulomb potential energy (1.831).
This kinetic energy is always positive. Kinetic energy is convenient to separate into Kr and
Ko, because if a radial equation has only a radial dependence, then a member with orbital
kinetic energy is negligible.

Ejecting orbital kinetic energy from the equation is achieved with

Ko =
~2l(l + 1)

2mr2
. (1.847)

We know that Ko =
1
2mv

2
o , where vo is the orbital velocity (tangent), and that the orbital

angular momentum is L = mvor, and hence Ko = L
2/(2mr2). By combining the above, we

find L =
√
l(l + 1)~, so the number l = 0,1,2, . . . , n − 1, that is quantum, so L is quantized.

The lowest possible non-zero value is L =
√

2~. The tags for l are in the table:

l = (
0 1 2 3 4 5 6
s p d f g h i

) . (1.848)

Thus, the electron with the numbers n = 3, l = 2 would be a 3d electron. It is 3d with any
of the few allowed numbers ml. There are still some conditions in the table 1.7.

l = 0 l = 1 l = 2 l = 3 l = 4 l = 5

n = 1 1s
n = 2 2s 2p
n = 3 3s 3p 3d
n = 4 4s 4p 4d 4f
n = 5 5s 5p 5d 5f 5g
n = 6 6s 6p 6d 6f 6g 6h

Table 1.7: The electron’s states in the atom.

The electron in the hydrogen atom is in orbit. It has its angular momentum L, a vector
whose intensity is

√
l(l + 1)~ and a direction that does not tell us much. An electron in
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orbit, like a circular current, produces a magnetic field that can interact with external
magnetic fields. Therefore, the outer field gives us a confirmation of the direction and aim
of the orbital angular momentum vector in the hydrogen atom. By agreement, we set z
axis along the magnetic field B. Then ml gives the component L in the direction B

Lz =ml~, (1.849)

where ml is at most l, so Lz is always less than L. It’s a seemingly “strange” thing in
quantum mechanics, which also has its meaning.

Figure 1.91: Magnetic moment.

In the figure 1.91 we see that if L points out exactly in the direction of z-axis (magnetic
axis), then the orbit of the electron lies exactly in the Oxy plane, so the uncertainty of the
moment in to the direction z-axis is “infinite”. As this is impossible, for an electron in the
atom, the rejections of z-axis are always present. That’s why Lz is generally less than L.

After disassembling the wave function on the factors (1.835), in order to separate the
variables and special solutions of the Schrödinger equation in spherical coordinates, we
define the density of probability with

Pr(r, θ, φ) = ψ∗ψdV = Pr(r)Pr(θ)Pr(φ)dV, (1.850)

where Pr(ω) is the probability of outcome ω, and dV is the infinitesimal volume element in
spherical coordinates

dV = r2 sin θ drdθdφ. (1.851)

Because the variables are separated and the functions R, Θ and Φ are ortonormed, the
integral probability density can be considered as a triple integral, or as a product of three
one-dimensional integrals. The product of these integrals is also standardized on the unit,
and the special integrals are:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Pr(r) =
´
R∗(r)R(r)r2 dR,

Pr(θ) =
´

Θ∗(θ)Θ(θ) sin θ dθ,
Pr(φ) =

´
Φ∗(φ)Φ(φ)dφ.

(1.852)

Maximum probability occurs at the core probability peaks, where the probability density
is greatest.
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Quantum Mechanics

The average value, say r, is equal to the expected value r. The most likely value of r
for 1s electron is r0 = a0, which should be, but the average value r is r̄ = 1.5a0, which is fine
in quantum theory but not in the earlier model.

Quantum mechanics has made other adjustments to the previous view of the atom.
For example, we only have the probability of finding an electron using a given coordinate
system. The electron does not move around the nucleus of the atom in any conventional
sense. On an unclear cloud in the figure 1.92, the electrons in the nucleus of the atom are
not shown, but the density of the probability of finding the single electron of the first orbit.
What is the cloud denser at some point, in the figure, it is more likely to find an electron
at that point.

Figure 1.92: Density of electron probability.

The Book is on hold for now ...
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[15] Rastko Vuković: Coordinates of inscribed circles in a triangle, academia.edu, 2015.
(https://www.academia.edu/11157402/)

[16] Momir V. Ćelić, Biljana Sukara-Ćelić: LINEARNA ALGEBRA, Glas Srpski, Grafika,
Banja Luka 2010.

[17] Ian J. R. Aitchison: Understanding Heisenberg’s ‘magical’ paper of July 1925 : a new
look at the calculational details; Department of Physics, Theoretical Physics, Uni-
versity of Oxford, Oxford OX1 3NP, UK; 1 Apr 2004. (https://arxiv.org/pdf/
quant-ph/0404009v1.pdf)

[18] A. Einstein, B. Podolsky, and N. Rosen, Can quantum-mechanical description of phys-
ical reality be considered complete? Phys. Rev. 47 777 (1935). (http://www.physics.
smu.edu/scalise/EPR/References/EPR1935.pdf)

[19] J. S. Bell: On the Einstein Podolsky Rosen paradox, Department of Physics, University
of Wisconsin, Madison, Wisconsin, 1964.
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